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Preface

This book grew out of a series of talks and closely related papers on tight and
taut submanifolds given at the Workshop on Differential Systems, Submanifolds,
and Control Theory held at MSRI on March 1–4, 1994. The workshop was
organized by Robert Bryant and Shiing-shen Chern.

The book is dedicated to the memory of Professor Nicolaas H. Kuiper, who
died on December 12, 1994. Kuiper made major contributions to the field of
tight and taut submanifolds over an extended period of time. In particular,
his technique of the analysis of topsets became an essential tool in almost all
work in the area of tight immersions and maps. The book begins with a short
description of Kuiper’s life and work, written by Thomas Banchoff. Six of the
seven subsequent articles cover various parts of the broad field of tight and taut
submanifolds. The book concludes with an extensive bibliography of the field
compiled by Wolfgang Kühnel and Thomas Cecil, a list of Kuiper’s publications,
and one of his doctoral students.

The first paper in the collection is an unfinished manuscript written by Kuiper
himself. The paper was intended to be a survey of the field, and it is based on
the Roever Lectures in Geometry that Kuiper gave at Washington University in
St. Louis during the period January 20–24, 1986. In its current state the article
is a masterly introduction to the subject and a good exposition of some more
advanced topics, concentrating on topological aspects, in particular the analysis
of topsets. It also contains a detailed proof of Kuiper’s remarkable result that a
tight two-dimensional surface substantially immersed in R5 must be a Veronese
surface. We have made a few editorial notes in the text to aid the reader at
appropriate points.

The second paper in the book, by Thomas Banchoff and Wolfgang Kühnel, is
a comprehensive survey of the smooth and polyhedral portions of the theory of
tight immersions, including many open questions. The article is self-contained,
and there is some overlap with Kuiper’s, since both begin with the basic defini-
tions and examples. However, the two works are written from different points
of view, and the polyhedral case is given far more emphasis in the second. Al-
though many aspects of the smooth and polyhedral theories are similar, there
are also points of significant divergence between the two theories. Banchoff and
Kühnel pay particular attention to these points of contrast.

xi



xii PREFACE

An important special case of the difference between the smooth and polyhe-
dral theories is the subject of the third paper, by Davide Cervone. In a paper
published in 1992, François Haab resolved a problem posed by Kuiper in the
early 1960’s by proving that there does not exist a tight smooth immersion of
the real projective plane with one handle (χ = −1) into R3. Surprisingly, Cer-
vone produced a tight polyhedral immersion of the same surface into R3. Here
Cervone describes his example in detail and provides a careful analysis of the
difference between the smooth and polyhedral theories in this important case.

The fourth paper in the collection, by Thomas Cecil, is a survey of the closely
related notions of taut and Dupin submanifolds in Euclidean space. This is
a rich theory with many beautiful examples from the theory of isoparametric
and homogeneous submanifolds. The relationship between the tautness and the
Dupin condition is discussed thoroughly. There are both local and global aspects
to the subject. Most local results have been obtained in the context of Lie sphere
geometry, and this approach is described in the article in some detail.

In the next article, Chuu-Lian Terng and Gudlaugur Thorbergsson use the
critical point theory of Raoul Bott and Hans Samelson to extend the notion of
tautness to submanifolds of arbitrary complete Riemannian manifolds. They
obtain several new classification results in this more general context. This far-
reaching paper opens up many new avenues for research. It is followed by a
short paper by Daniel Ruberman, where the author proves a topological result
needed by Terng and Thorbergsson about null-homotopic embedded spheres of
codimension one.

The final paper in the collection, by Ross Niebergall and Patrick Ryan, is
a survey of results on real hypersurfaces in complex space forms with special
curvature properties. This field has developed extensively over the past twenty
years, and the authors provide a cohesive context for a wide range of results,
leading to the frontiers of current research. Particular attention is given to Hopf
hypersurfaces and hypersurfaces with constant principal curvatures. These are
clearly related to isoparametric hypersurfaces in spheres, which play a prominent
role in the theory of taut and Dupin submanifolds.

We wish to thank the authors for their contributions and for their help with
various other aspects of the book. In particular, we appreciate the assistance of
Thomas Banchoff and Wolfgang Kühnel in preparing Kuiper’s article and the lists
of his publications and doctoral students. We wish to thank Christine Heinitz,
who prepared many of the figures for Kuiper’s paper, and Davide Cervone, who
did the same for Banchoff and Kühnel’s. We also thank Silvio Levy, editor of
the MSRI book series, for his assistance in preparing the book for publication,
and Carol Oliveira for her help in typing Kuiper’s manuscript.

Thomas E. Cecil
Shiing-shen Chern
Fall 1996
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Remembering Nicolaas Kuiper

THOMAS F. BANCHOFF

Tight and taut immersions are a living and growing part of contemporary
mathematics largely due to the legacy of Nicolaas Kuiper. He made central
contributions to many different areas of mathematics during his long and pro-
ductive career, but it is in tight and taut immersions that his geometric style
showed forth in a special way. In that subject, his personal enthusiasm and ex-
traordinary geometric insight combined to bring forth examples and theorems of
great conceptual and visual appeal. He delighted in discovering new phenomena,
and in presenting his examples using sketches and in cardboard or wire-frame
models. He found surprising connections among apparently unrelated areas of
mathematics, creating entirely new methods for handling a range of geometric
structures: analytic, differentiable, once-differentiable, combinatorial, and topo-
logical. He was the first to appreciate the essentially geometric character of
tightness, exploiting the relationship between the minimal total curvature con-
dition for smooth submanifolds and critical point theory so that the notion could
be extended to non-smooth objects. He guided generations of mathematicians
who have followed his lead.

In several other subjects his contributions were necessarily abstract, for exam-
ple in the embedding theorems he produced with John Nash, or the surprising
result that the unit sphere in Hilbert space is contractible. Often he would listen
to lectures on a new subject, read about it and study it, and come up with a
crucial insight that no one else was close to realizing. He would then leave the
field to other mathematicians, encouraging their efforts. He was particularly
supportive of young colleagues from many different countries, especially while
he was director of the Institut des Hautes Études Scientifiques.

What was special about the theory of tight and taut immersions that kept
bringing him back to the subject over a period of more than thirty years? Cer-
tainly it had to do with the original examples that kept appearing, illuminating
new parts of the subject. Many of these phenomena he discovered himself, but
equally important were the examples found by others, which he then helped to
bring into full flower. He had such a varied background that he could often
see some potential relationships that just about anyone else would have missed.

xiii



xiv THOMAS F. BANCHOFF

Who else would have recognized the central significance of the Veronese surface
as the unique smooth tight surface in five-dimensional space? The proof of that
result was based on theorems in projective differential geometry that almost no
one knew about, but he did, at just the right time.

Some mathematicians are renowned because they are the first to arrive at
a goal that many others are seeking at the same time. Others are remarkable
because they find things no one else even thought of looking for. Nico Kuiper
will be remembered as one of the most original mathematicians of his time.

In 1946, Kuiper received his Ph.D. at the University of Leiden working under
the direction of Willem van der Woude in the field of classical differential geome-
try. He then had the chance to come to the United States, first at the University
of Michigan where he met Raoul Bott and his student Steve Smale, and then
at the Institute for Advanced Study for a crucial interaction with Shiing-Shen
Chern. It is easy to see that even at this early stage in his career, Kuiper had a
characteristic way of working—he would pay attention to a result or an approach
of another mathematician and find that he was rephrasing the concepts in his
mind, asking new questions, and more often than not coming up with a fresh
insight. It is not surprising that he became a coauthor of a great many papers
over the years.

During the 1950’s he taught mathematics and statistics at the Landbouw-
hogeschool (Agricultural Institute) in Wageningen, contributing a number of
geometric insights to the theory of design of experiments. In the 1960’s, he was
professor of pure mathematics at the University of Amsterdam, concentrating
primarily in the fields of differential geometry, differential topology, and alge-
braic topology, and nurturing a number of doctoral students and post-doctoral
visitors. From 1971 to 1985, he was Director of the Institute des Hautes Études
Scientifiques at Bures-sur-Yvette near Paris, where he exercised leadership in
the world community of mathematicians. He was made a Knight of the Order of
the Golden Lion by the Dutch Government and he was a Chevalier in the French
Legion of Honor. In 1984, he received an honorary degree from Brown Univer-
sity. After his retirement, he remained in France until 1991, when he returned to
live in the Netherlands. He continued to participate in mathematical colloquia
at the University of Utrecht.

Nico Kuiper was only 74 years old when he died on December 12, 1994 after
a year-long illness that had taken away his strength but not his love for math-
ematics. On a personal note, I was privileged to be able to visit him and his
wife Agnete at their home in the Netherlands after the International Congress of
Mathematicians in Zürich in August of that year, and I could see how difficult it
was for him to be confined by his illness. He had attended so many Congresses,
and had taken a leadership role at an officer of the International Mathematical
Union. Now he could only hear reports of the new developments in the many
subjects in which he had made key contributions.
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One result that pleased him especially was a breakthrough in the theory of
tight immersions. Thirty years ago, he had singled out as a special challenge
the question of finding a tight immersion of the real projective plane with one
handle, the sole remaining case for surfaces in three-space. He and I had traded
letters on this subject for years, and more than once one of us would present
elaborate drawings of a purported solution, only to follow it the next day by
a “disregard previous letter” after finding an unallowable local self-intersection.
Just two years earlier, François Haab had shown that there was no tight smooth
immersion of this surface into three-space, and Nico himself had been instrumen-
tal in working with Haab to extend these results. He was surprised and delighted
to learn about the discovery by Davide Cervone of a tight polyhedral immersion
of this surface into three-space. It is too bad that he did not have access to the
Internet so he could work interactively with this beautiful example, but he did
draw the diagrams based on the coordinate description. In previous years, he
had only been able to look for examples with small numbers of vertices, and it
impressed us both to see how computer graphics had increased the opportuni-
ties to find and manipulate complicated new examples. (This example and some
crucial differences between the smooth and polyhedral cases are described in the
article of Cervone in this volume.)

Nico Kuiper is a model for so many of us. He left us a legacy of inspiring
mathematical results, and even more importantly, a lasting love of mathematics
that we can only hope to pass on to those who come after us, remembering our
great friend as we do so. With affectionate gratitude we dedicate this volume to
his memory.



xvi THOMAS F. BANCHOFF
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With wife Agnete and Tom Banchoff, at Brown University.
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Geometry in Curvature Theory

NICOLAAS H. KUIPER

Abstract. This article is based on the Roever Lectures in Geometry given
by Kuiper at Washington University, St. Louis, in January 1986. Although
incomplete, it is an excellent exposition of the topics it does cover, starting
with elementary versions of the notion of tightness and going through the
analysis of topsets, the classification in low dimensions, the notions of total
curvature for curves and surfaces in space, homological notions of tightness,
the Morse inequalities, and Poincaré polynomials. It contains a detailed
proof of Kuiper’s remarkable result that a tight two-dimensional surface
substantially immersed in R5 must be a Veronese surface.

Editors’ Note. At the time of Kuiper’s death in December, 1994, this paper
existed in the form of an unfinished typescript. For inclusion in this volume,
it was edited by Thomas Banchoff, Thomas Cecil, Wolfgang Kühnel, and Silvio
Levy. A few Editors’ Notes such as this one were included, mostly pointing to
additional references. Several minor typos were corrected and the numbering
was normalized for ease of reference; thus Sections 5 and 6 of the manuscript
were renumbered 4 and 5, since there was no Section 4. The present illustrations
were made by Christine Heinitz and by Levy, based on Kuiper’s hand drawings.

1. Banchoff’s two-piece property. Zero-tightness

Prerequisites and Notation. Euclidean space E = EN of dimension N is the
real vector space RN with norm ‖u‖ =

√
ΣN

1 (ui)2 for u = (u1, . . . , uN) ∈ RN

and distance ‖v − u‖ for u, v ∈ RN. The identification κ : RN → EN can be
replaced by any other preferred Euclidean coordinate system κ ◦ g : RN → EN ,
where g is an isometry:

g(u) = u0 + u · g0, for u0 ∈ RN and g0 ∈ O(N) an orthogonal matrix.

We use EN to emphasize Euclidean space aspects and RN for vector space as-
pects. A set X ⊂ E is called convex if

u+ λ(v − u) ∈ X for all u, v ∈ X and 0 ≤ λ ≤ 1.

1



2 NICOLAAS H. KUIPER

The smallest convex set containing X ⊂ E is its convex hull, denoted HX. The
smallest affine subspace (also a Euclidean space) that contains X is its span,
denoted span(X). If span(X) = E, then X is called substantial in E. The
boundary of HX in span(X) is called the convex envelope ∂HX of X ⊂ E. If
X is one point then HX = X and ∂HX = ?.

The subspaces {u : ‖u‖ < r} and {u : ‖u‖ = r}, for r > 0, are called the
N -ball BN and the (N−1)-sphere SN−1, respectively. As metric spaces they are
called the round ball and the round sphere. Let z : RN → Rbe a linear function,
z(u) =

∑
i ζiu

i for ζi ∈ R, with ‖z‖2 =
∑
ζ2
i > 0. The subspaces {u : z(u) ≥ c},

{u : z(u) > c} and {u : z(u) = c} of E are called the half-space h, its interior
the open half-space h̊, and its boundary the hyperplane ∂h, respectively. The
function z is often called a height function.

A metrizable topological space X is called separated if it is the disjoint union
of two nonempty open and closed subsets, say X1 and X2. If U ⊂ X contains
points x1 ∈ X1 and x2 ∈ X2, then U ∩X1 and U ∩ X2 are disjoint open and
closed in U , and so U is also separated. The space X is called connected if it is
not separated. A connected nonempty open closed subset of a metrizable space
X is called a topological component of X.

Example. The plane set

{(ξ, η) : ξ = 0 or η = sin(ξ−1)}

is connected (but not pathwise connected).

Consequence. If Y is a metrizable space and for any two points y1, y2 ∈ Y
there is a connected space W (y1, y2) ⊂ Y containing y1 and y2 (in other words,
if “any two points y1, y2 ∈ Y can be connected in Y ′′), then Y is connected.
Indeed Y separated would show an immediate contradiction.

Definitions and General Theorems. For given compact spaces X, either
embedded in E = EN or given independently, we are interested in embeddings
or other continuous maps in E with nice properties that generalize convexity.
We introduce the important notion and tool called a topset:

Definition. Suppose the half-space

h = hz = {u ∈ E : z(u) ≥ c}

for some linear function z : E → R supports (“leans against”) the compact set
X, without containing it completely:

X 6= h ∩X = ∂h ∩X 6= ?.

Then Xz = h ∩X is called a (proper) topset of the set X ⊂ E. It is the set of
points in X for which the function z : X → R attains its maximal (top) value.
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Note that h̊ ∩X = ?. More generally, if f : X → E is a continuous map of the
compact space X into E, and h ∩ f(X) is a topset of f(X) ⊂ E, then

f−1(h) = {x ∈ X : f(x) ∈ h} = f−1(∂h) ⊂ X
is called a topset of the map f . A topset of a topset is called a top2set. A topjset
for some j ≥ 1 is called a top∗set. If the span of a top∗set X′ of X has dimension
k, then X′ is called an Ek-top∗set.

Remark. Let X be a substantial set of N + 1 points e0, . . . , eN in EN . Then
HX, the convex hull, is an N -simplex σN . Any proper nonempty subset of X is
a topset.

Exercise. Determine all topsets of a standard torus in E3, obtained by rotating
a circle around a disjoint line in its plane.

Exercise. Determine the topsets of the map f : w → w3 of the unit circle
{w : |w| = 1} ⊂ C into C = R⊕R= E2.

Theorem 1.1. The convex envelope of a compact set X ⊂ E is the union of the
convex hulls of its topsets:

∂HX =
⋃
z

HXz.

The union may be taken only over all linear functions z : E → R with norm
‖z‖ = 1. If X consists of one point , both sides are the empty set .

Proof. We need to show the implications in both directions:

x ∈
⋃
z

HXz ⇐⇒ x ∈ ∂HX.

Assume that the span of X is span(X) = E = EN . For a topset Xz = h∩X, let
x ∈ HXz. Since h supports X, it supports also HX. Then x ∈ h∩HX ⊂ ∂HX.
Conversely if x ∈ ∂HX, then there is a HX-supporting half-space hz containing
x, and

x ∈ hz ∩ ∂HX = hz ∩HX = hz ∩HXz =HXz. �

Now we propose a preliminary generalization of convexity:

Definition (for compact sets). A connected compact set X ⊂ E is said to have
the two-piece property, or TPP [Banchoff 1971b], and is called 0-tight, in case
any of the following equivalent conditions hold:

(a) h ∩X is connected for every half-space h.
(b) h̊ ∩X is connected for every h.
(c) The set difference X \ ∂h has at most two components for every h (this is

the two-piece property).
(d) In terms of Čech homology and any coefficient ring, the homomorphism
H0(h ∩X)→ H0(X) is injective for every h.
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We mention this last condition now for the sake of completeness, but defer the
relevant discussion till later (page 35).

Proof of equivalence. (a) ⇒ (b). If (a) holds then any two points in h̊∩X
are contained for some half-space hi in hi∩X ⊂ h̊∩X, and they can be connected
in hi ∩X. Then h̊ ∩X is connected.

(b) ⇒ (a). Suppose h ∩X is not connected for some h = {u ∈ E : z(u) ≥ c},
let and Y1 and Y2 be disjoint nonempty open closed subsets with union Y1∪Y2 =
h ∩ X. Let U1 and U2 ⊂ X be disjoint nonempty open neighborhoods of the
compact subsets Y1 and Y2. If c − 2ε is the maximum of z on the compact set
X \ (U1 ∪ U2) and h̊0 = {u ∈ E : z(u) > c − ε}, then h̊0 ∩X is not connected.
This contradicts (b).

The equivalence (b) ⇔ (c) is tautological. �

The same proof works for the equivalences in the following more general situation.

Definition (for maps). A continuous map f : X → E of a connected compact
space X in E has the two-piece-property (TPP) and is called 0-tight if any of the
following equivalent conditions hold:

(a) f−1(h) is connected for any half-space h.
(b) f−1 (̊h) is connected for any h.
(c) f−1(E \ ∂h) has at most two components for any h (two-piece-property).
(d) H0(f−1(h))→ H0(X) is injective for any h.

Examples. The following are 0-tight sets:

(1) a convex body X = HX ⊂ EN , for N ≥ 0;
(2) a convex hypersurface X = ∂HX substantial in EN , for N ≥ 2 (convex

curve for N = 2);
(3) a hemisphere, {u ∈ R3 : ‖u‖ = 1, z(u) ≤ 0};
(4) the standard round torus in E3 (see the first exercise on page 3);
(5) the solid round ring (solid torus) bounded by the standard torus;
(6) the 1-skeleton Sk1(σN ) of the N -simplex σN ⊂ EN ; this is by definition the

union of all edges of σN , and as a topological space it is a complete graph on
N + 1 vertices.

Remark. These are corollaries of the definition:

(1) 0-tightness is invariant under linear embeddings i : RM → RN and projections
p : RN → R

M, where M < N . Indeed, if f : X → R
M and g : Y → R

N are
0-tight, then so are i ◦ f : X → EN and p ◦ g = Y → EM .

An example of a 0-tight map (immersion) is the projection of the 1-skeleton
Sk1(σ3) in E3 onto the union of edges and diagonals of a convex 4-gon in a plane
in E3. Note that f : X → point ∈ EN is 0-tight for any connected compact X.

(2) 0-tightness is an affine and even a projective property in the following sense.
Let PN be a real projective N -space and PN−1 a hyperplane. Then PN \PN−1



GEOMETRY IN CURVATURE THEORY 5

can be identified with EN , and this identification is natural up to affine trans-
formations u 7→ u0 + gu, where u0 ∈ RN, g ∈ GL(n,R). Given X ⊂ EN , let
η : PN → PN be a projective transformation such that η(X) ⊂ EN ⊂ PN . Sup-
pose f : X → EN is 0-tight. Then also η ◦ f : X → EN is 0-tight by condition
(c), which is expressed in terms of hyperplane sections.

Theorem 1.2. Any topset Xz of a 0-tight set X ⊂ E or of a 0-tight map
f : X → E is itself 0-tight . So is any top∗set .

Proof. We deal with the case of a set; the proof for a map is the same.
Suppose X ⊂ E has a topset that is not 0-tight, say Xz = hz ∩ X, where
hz = {u ∈ E : z(u) ≥ c1}. See Figure 1. Then there exists a half-space
h0 = {u ∈ E : w(u) ≥ c2} such that

? 6= h0 ∩Xz 6= Xz ,

X

∂h0

∂hz

∂hε

Xz

Figure 1. If a topset Xz of X is not 0-tight, some hyperplane ∂h0 cuts Xz

into more than two pieces. By tilting slightly the support hyperplane ∂hz of Xz

around the hinge ∂hz ∩ ∂h0, one can obtain a hyperplane that cuts X into more
than two pieces, so X is not 0-tight. (In the figure, the half-space h0 is to the

right of, and the half-spaces hz and hε are above, their bounding planes.)
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and h0 ∩Xz = h0 ∩ hz ∩X = X1 ∪X2 is separated with X1 and X2 open and
closed in the relative topology, compact, and disjoint. There is a (small) open
neighborhood U in X of X1 ∪X2 that is also separated:

U = U1 ∪ U2, U1 ∩ U2 = ?, U1 ⊃ X1, U2 ⊃ X2.

For small ε, the half-space

hε = {u ∈ E : (z(u)−c1) + ε(w(u)−c2) ≥ 0}
meets X in hε ∩X ⊃ h0 ∩ hz ∩X and

hε ∩X ⊂ U = U1 ∪ U2.

Therefore hε ∩X is not connected, so X is not 0-tight. �

Theorem 1.3 (classification of plane 0-tight sets). Any plane compact
0-tight substantial set X ⊂ E2 can be obtained from its convex hull HX by
deleting a countable family of disjoint open convex subsets from the interior :

X = HX \
r⋃

i=0

Ui, where 0 ≤ r ≤ ∞.

Proof. Let X be substantial and 0-tight in E2. Every topset Xz of X is 0-tight
and lies in a supporting line ∂hz, so it is either a point or a line segment, and in
any case convex. By Theorem 1.1 we have

⋃
z Xz =

⋃
z HXz = ∂HX, and ∂HX

is contained inX. The set X is then obtained fromHX by deleting disjoint open
connected sets (holes) U . Any embedded circle in a hole U does not separate X,
and can be contracted inside U to a point. So each hole U is contractible and
homeomorphic to an open disc.

Now suppose U is not convex, so there are distinct u1, u2 ∈ U and 0 < λ < 1
such that u1 + λ(u2 − u1) /∈ U . The smallest such value λ for given u1 and u2

yields a point x = u1 + λ(u2 − u1) in X. Let h and h− be the two half-planes
having as common boundary the line u1u2 = ∂h = ∂h−. Connect u1 and u2

by an embedded polygonal arc β ⊂ U that meets the line ∂h transversally in
every intersection point (see Figure 2). Since X is 0-tight, h∩X and h−∩X are
connected. Then x and h ∩ ∂HX can be connected in h ∩X and (even better)
in the component of (h ∩HX) \ β, which contains h ∩X. In h ∩X, the points
x and h∩ ∂HX can be connected by a polygonal arc α, which meets ∂h only in
the point x.

There is another such polygonal arc α− in (h− ∩HX) \ β connecting x with
h−∩ ∂HX. The union α∪α− lies in HX \ β and divides the segment ∂h∩HX,
as well as HX, into two parts, one containing u1 and the other containing u2.
This contradicts the existence of the arc β from u1 to u2. So all holes U are
open convex discs.

Any collection of disjoint open sets in the plane is countable. �
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u1 u2x

β

U

∂HX

α

α−

h

h−

Figure 2. The holes in a 0-tight plane set must be convex (see the proof of

Theorem 1.3).

Example. For later reference we mention a curious example of 0-tight plane set,
the limit Swiss cheese. A Swiss cheese is a round 2-ball (disc) in E2 from which
a union of disjoint open round discs is deleted; see Figure 3. Touching of discs
in their boundaries is permitted. If the union of the open discs is everywhere
dense, the resulting 0-tight set is called a limit Swiss cheese.

Figure 3. A Swiss cheese has the TPP.

Definition. The subspace Y ⊂ X ⊂ EN is a local topset of X if Y has an open
neighborhood U in X such that Y is a topset of Ū ⊂ E (here as elsewhere the
bar indicates closure). That means

X 6= Y = h ∩ Ū = ∂h ∩ Ū 6= ?

for some half-space h. Note that Y is then open and closed in ∂h ∩X.
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Theorem 1.4 (topsets). The connected compact set X ⊂ E is 0-tight if and
only if every local topset of X is a connected topset of X; equivalently , if and
only if every height function z has one (connected) maximum on X.

The generalization for maps is as follows:

Definition. The subset Y ⊂ X is a local topset of the map f : X → E if
Y has an open neighborhood U in X such that Y is a topset of the restriction
f |Ū : Ū → E, that is

X 6= Y = (f |Ū )−1h = (f |Ū )−1(∂h) 6= ?,
for some half-space h.

Theorem 1.4 (maps). Let X be connected and compact . The map f : X → E

is 0-tight if and only if every local topset Y of f is a connected topset of f ; that
is, if and only if every z has one connected maximum on X.

Remarks. If the continuous function f : X → R has exactly one local topset,
and so does the function −f , then f is 0-tight. The map z 7→ z3 for |z| = 1 (see
the second exercise on page 3) is not 0-tight.

Proof of Theorem 1.4 for sets. If X is not 0-tight, there is a half-space
h′ = {u ∈ E : z(u) ≥ c′} for which h′∩X is separated and is the disjoint union of
two open closed subsets X1 and X2. Let c ≥ c′ be the maximal value for which
h ∩X1 and h ∩X2 are both nonempty, where h = {u ∈ E : z(u) ≥ c}. One at
least of h ∩X1 and h ∩X2 is then a local topset and not a connected topset.

Conversely, if Y ⊂ X is a local topset in ∂h∩X and ∂h∩X is not a connected
topset, then ∂h ∩X = Y ∪ Z is the disjoint union of Y and Z and h ∩X is the
disjoint union of Y and h ∩ X \ Y ⊃ Z, both open and closed. So h ∩ X is
separated and X is not 0-tight. �

Exercise. Prove Theorem 1.4 for maps.

Example. Let σ4 = H({e1, . . . , e5}) ⊂ E4 be a four-simplex, and let M be the
union of five triangles H({ei, ei+1, ei+2}), for i = 1, . . . , 5 (indices being taken
modulo 5). Then M is a 0-tight Möbius band, substantial in E4. Observe that
M contains the 1-skeleton Sk1(σ4). Figure 4 shows a projection in E3 (a 0-
tight embedding), as well as a projection in E2 (a 0-tight map) with folds along
the edges e1e2, e2e3, e3e4, e4e5, and e5e1. The boundary of M is the polygon
e1e3e5e4e2e1. To prove that M ⊂ E4 is 0-tight, we observe that any local topset
Y of M contains at least one vertex and cannot cut any opposite edge in σN

transversally. Then Y lies in a supporting half-space h and Y = h∩M = ∂h∩M .

Remark. For the same reason any union X of Sk1(σN) ⊂ EN with some of
the simplices of σN of various dimensions is 0-tight. In particular, Ski(σN) is
0-tight, for 1 ≤ i ≤ N .
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Figure 4. A Möbius band made from five of 2-faces of a tetrahedron. The

embedded in E3 is 0-tight, as is the projection onto the plane of the paper.

Zero-Tight Balls and Spheres of Dimension 1 and 2. We now prove some
classification theorems with the help of our tool, the topsets.

A 0-tight embedded arc (1-ball) X ⊂ EN in EN is necessarily a straight line
segment. If not, there is a point y ∈ X not on the line connecting the endpoints
x0 and x1, and a half-space h containing x0 and x1 but not y. So h ∩ X is
separated and X is not 0-tight.

Theorem 1.5 (0-tight circles, spheres, balls).

(i) A 0-tight embedded closed curve in EN is a plane convex curve.
(ii) A 0-tight substantial 2-sphere in EN is a convex surface X = ∂HX in 3-

space E3.
(iii) [Lastufka 1981] A 0-tight substantial 2-ball (disc) in EN is either

(a) a convex plane disc in E2, or
(b) X = ∂HX \ U in E3, where the deleted set U is an open disc of a plane

convex topset (∂HX)z = HXz (see Figure 5).

Figure 5. Zero-tight disc in E3.

Proof. If X ⊂ E is 0-tight, then by Theorem 1.2 so are any of its top∗sets.
An E0-top∗set of X is a point; an E1-top∗set of X is a line segment; possible
E2-top∗sets of X are described in Theorem 1.3.
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(i) If X is a 0-tight closed curve, or “circle” for short, in E2, then

∂HX =
⋃
z

HXz =
⋃
z

Xz

is a circle embedded in X, hence equal to X, and X is a plane convex curve.
Now let X be a 0-tight substantial circle X in EN , where N ≥ 3. Choose

a nonplanar 4-gon with vertices u1, u2, u3, u4 on X, cyclically ordered on this
circle. Let h be a half-space whose boundary ∂h passes through the midpoints
of u1u2, u2u3, u3u4, and u4u1, and such that h does not contain u1. Then h

contains u2 and u4 and not u1 and u3; thus h∩X is separated and X cannot be
0-tight.

(ii) Let X be a 0-tight 2-sphere in EN . First let N = 3. Any topset of X is a
point, a line segment, or an E2-topset Y = Xz. We show that in the latter case
Y has to be convex. Indeed, X contains the convex envelope ∂HY ⊂ Y ⊂ X. If
Y is not convex then HY \Y contains at least one hole U as component and the
open half-space h̊ = E3 \ hz intersects X in X \ Y , which has nonempty open
pieces in X, separated by Y , also separated by the circle ∂U ⊂ X = S2 . This
contradicts 0-tightness. So all topsets Xz of X are convex and the “convex”
surface ∂HX is contained in the 2-sphere X. Then X is equal to this convex
surface ∂HX.

Next suppose X is a 0-tight substantial 2-sphere in EN for N > 3. Let Y
be as before a nonconvex E2-top∗set. Then ∂HY ⊂ Y ⊂ E2 ⊂ EN . Choose x1

and x2 in X \ Y ⊂ X \ ∂HY in different components of X \ Y . There exists a
half-space h such that x1, x2 ∈ h, but h ∩ Y = ?. Then h ∩X = h ∩ (X \ Y ) is
separated, contradicting 0-tightness of X. So all E2-top*sets are convex. If Y is
an E3-top*set, then all topsets of Y are convex and the 2-sphere ∂HY ⊂ Y ⊂ X
must be equal to X. It cannot be substantial in EN , for N > 3. So there is no
E3-top*set. Let k be either N or the smallest number k < N with k > 3 for
which there is an Ek-top*set Y . Then all topsets of X and of Y , are convex. So
∂HX ⊂ X and ∂HY ⊂ Y ⊂ X. But the dimension of ∂HY is k − 1 > 2. This
is absurd for dimension reasons. The desired result follows.

(iii) A 0-tight 2-disc in E2 is a convex disc by Theorem 1.2. We can therefore
assume the 0-tight disc X embedded in EN , where N ≥ 3. First let N = 3. A
0-tight nonconvex top∗set Xz is necessarily an E2-topset Xz , obtained from the
convex disc HXz by deleting one or more open sets U . If U is one of them and
∂U is not the boundary ∂X of the disc X, then X \Xz = X \ hz contains at
least two points x1 and x2, which are separated by ∂U . As X \hz = (E \hz)∩X
is then separated and E \ hz is an open half-space, this contradicts 0-tightness.
There is only one boundary ∂X for X, so that only one topset of X is nonconvex
and it has only one convex hole U . This is the conclusion of the theorem for
N = 3.
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Finally let X be a 0-tight substantial 2-disc in EN , where N > 3. Let Y
be a nonconvex E2-top∗set. As before, HY \ Y contains at least one hole U as
component. If ∂U is not the boundary ∂X of X, then X \ Y has at least two
points x1 and x2 that are separated in X \ Y ⊂ X \ ∂U . As in (ii) we find a
contradiction. Also there can be at most one hole U . Since ∂U must be the
boundary of X, we can fill in U to obtain U ∪X, a 0-tight embedded S2 in EN ,
for N > 3. This led to a contradiction in (ii), and part (iii) of Theorem 1.5 is
proved. �

Problem. Let Y be a plane 2-disc from which a number of disjoint open 2-discs
are deleted. Determine all continuous 0-tight embeddings of Y in EN . Lastufka
[1981] found that all 0-tight immersions are embeddings.

Background: Manifolds and the Topological Classification of Surfaces.
Although we are mainly interested in surfaces, we make some general remarks
on higher-dimensional manifolds.

A compact n-dimensional topological manifold (or simply n-manifold) is a
metrizable topological space M such that each point x ∈ M can be assigned a
homeomorphism or chart

κx : Ux → κx(Ux) ⊂ hn = {u ∈ Rn : un ≥ 0} ⊂ Rn

of some open neighborhood Ux onto κx(Ux), an open set in hn. The maps

κyx = κyκ
−1
x : κx(Ux ∩Uy)→ κy(Ux ∩ Uy),

for x, y ∈M , are local homeomorphisms in hn. The pieces κ−1
x (∂hn) constitute

the boundary ∂M of M . If ∂M = ?, we say that M is a closed manifold, that
is, compact without boundary. If ∂M 6= ?, it is easy to see that ∂M is a closed
(n− 1)-manifold.

If choices for κx are given such that every change-of-coordinate map κyx is
smooth (by which we mean C∞, that is, such that all derivatives exist), we
can consider the set of all functions locally generated from functions ui ◦ κx :
Ux → R, i = 1, . . . , n by smooth compositions ψ (smooth functions of n variables
u1, . . . , un): ψ(u1 ◦κx, . . . , u

n ◦κx). This set of functions is called a smoothing of
M , and M with this smoothing is called a smooth manifold. Any smooth closed
manifold determines a topological manifold by forgetting the smoothness. It is
known that for n ≤ 3 every closed topological n-manifold can so be obtained
from some smooth n-manifold, which smooth n-manifold is moreover unique but
for differentiable equivalence. For n ≥ 4 there are topological closed manifolds
for which existence fails, and others for which existence holds but not uniqueness.
(The result for n = 4 is due to deep work of M. Freedman [1982] and S. Donaldson
[1983; 1986].)

A finite simplicial complex W can be defined as a union of affine subsimplices
H(ei0, . . . , eir ) of various dimensions r ≥ 0 of an N -simplex σN = H(e0, . . . , eN)
in EN for some N . A homeomorphism λ : W → X of W onto a given topological
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space X is called a triangulation of X. If ν : W1 → W is a triangulation of W
that is affine on each simplex of W1 and restricts to a triangulation onto each
simplex of W , then the triangulation λ ◦ ν : W1 → X is called a subdivision of
λ : W → X.

A triangulation of a closed n-manifold is called Brouwer if the union of all
n-simplices with a common vertex, admits a homeomorphic embedding into En

for which the image of each n-simplex is an affine n-simplex in En. One can
prove that every smooth n-manifoldM has a Brouwer triangulation with smooth
embeddings for each simplex, which is unique modulo subdivision and modulo
diffeomorphisms of M .

A topological n-manifold has, for n ≤ 3, a unique Brouwer triangulation
[Moise 1952]. This is not so for n ≥ 4. Some subdivision of a Brouwer triangu-
lation of a closed n-manifold has in any case a compatible smoothing for n ≤ 7,
which is unique for n ≤ 6, but not so for larger dimensions. The n-sphere has a
few-vertex triangulation as the boundary of the n-simplex σn ⊂ En. This is a
Brouwer triangulation. A few-vertex triangulation of the Möbius band was seen
in Figure 4. In these examples the number of vertices is minimal.

An orientation of a manifold M at a point x ∈ M is a choice of one of the
two generators of the homology group H0(M, M\x; Z) ≈ Z. For an embedded
arc I ⊂ M with end points x0 and x1, the axioms of homology [Spanier 1966,
p. 294 ff.] give natural isomorphisms by inclusions of spaces

Z≈ H0(M, M\x0; Z)← H0(M, M\I; Z)→ H0(M, M\x1; Z),

which permit unique transport of an orientation from x0 to x1. Transport along
homotopic paths gives the same result. If the result is the same for any paths
connecting two points x0 and x1 then it defines a global orientation on M , now
assumed connected, and M is called orientable and oriented by this choice. The
local orientations determine a two-point bundle (double covering of M) and M
is orientable if and only if this bundle is a product bundle. The Möbius band is
not orientable.

Let Bx be an embedded n-ball around x ∈ M , with boundary the embedded
(n−1)-sphere ∂Bx = Sx. Then there are natural isomorphisms (by excision and
exactness)

H0(M, M\x; Z) = H0(Bx, Sx;Z)→ H0(Sx;Z)≈Z.

Thus an orientation of M at x determines a generator of H0(Sx;Z) = Z.
Given connected closed topological n-manifolds M1 and M2, one constructs

a new n-manifold M1 #M2 called the connected sum as follows (Figure 6). For
i = 1, 2, delete from Mi, a small open ball Ui interior of an n-ball Bi ⊂Mi with
boundary an (n− 1)-sphere Si = ∂Bi, and glue M1 \U1 to M2 \U2 by a homeo-
morphism λ : ∂U1 → ∂U2. IfM1 andM2 are orientable and oriented, one chooses
λ moreover in such a way that for x1 ∈ (M1 \B1) and x2 ∈ (M2 \B2), there is
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Figure 6. The connected sum of two closed surfaces.

an orientation on M1 # M2 such that local generators that define orientations
correspond in the sequence of isomorphisms:

Z←→ H0(M1, M1\x1; Z)←→ H0(M1 #M2, M1 #M2\x1; Z)

←→ H0(M1 #M2, M1 #M2\x2; Z)←→ H0(M2, M2\x2; Z2).

It is known (only recently for n = 4) that the connected sum for topological
closed manifolds so defined is unique up to equivalence. If at least one of M1

and M2 is nonorientable, then we get always the same (unique) connected sum.
For closed oriented n-manifolds M1 and M2 and n ≥ 3, the orientations may
give two nonhomeomorphic results. For any two closed surfaces (n = 2) the
connected sum is however a unique closed surface.

Remark. A continuous map f : X → Y is called an embedding if f : X → f(X)
is a homeomorphism. It is called an immersion if f |Ux : Ux → Y is an embedding
for some neighborhood Ux of any x ∈ X. If X and Y are manifolds of dimension
n and N ≥ n, the immersion f is called tame in case for any x ∈ X there is a
commutative diagram concerning neighborhoods Ux ⊂ X and Uy ⊂ Y , y = f(x),
charts κx and κy, and a linear embedding i :

Ux Uy

Rn RN .

-f

-i
? ?

κx κy

These definitions for topological manifolds have natural counterparts in the
smooth context. Most of these facts were known for dimension n 6= 4 around
1971. For n = 4 the breakthrough came since 1982 with the work of Casson
[1986], Freedman [1982] and Donaldson [Donaldson 1983; 1986].

Every orientable closed surface is the (repeated) connected sum of a two-sphere
S2 and some number g ≥ 0 of tori T :

Mg = T # T · · ·# T, M0 = S2.

We say Mg has genus g and has Euler characteristic χ = 2− 2g. Every nonori-
entable closed surface is a connected sum of the form

P #Mg , for some g ≥ 0,
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S2 Mg P # Mg K # Mg

Figure 7. The classification of closed surfaces.

or of the form

P # P #Mg = K #Mg, for some g ≥ 0,

where P is the real projective plane and K = P #P is the Klein bottle. Surfaces
of these types have Euler characteristic χ = 1 − 2g and χ = −2g, respectively.
See Figure 7.

Any compact surface with boundary is obtained from a unique closed sur-
face by deleting the interiors of a finite number r ≥ 1 of disjoint embedded
2-balls (discs). The same classifications for surfaces hold in the smooth as in the
triangulated (modulo subdivision) context.

The Möbius band is a projective plane from which the interior of one open
2-ball is deleted, and the projective plane is obtained from the Möbius band by
closing it with a disc.

Zero-Tight Immersions of Surfaces in the Plane. If a compact surface
(M, ∂M) admits an immersion f : M → E2 in the plane, it is orientable (because
it gets, by virtue of the immersion, a unique orientation from an orientation of
E2) and has at least one boundary component (embedded circle), because any
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point on the boundary of f(M) must be an image of boundary points of M
by definition of immersion. For any such surface M (r)

g of genus g, with r ≥ 1
interiors of disjoint discs deleted, there is an immersion in the plane, as seen in
the examples in Figure 8.

Figure 8. Left: The surface with boundary obtained by removing an open disk

from the torus T 2 = M1 is denoted M
(1)
1 . Middle: Immersion of M

(1)
1 in E2.

Right: Immersion of M
(1)
2 (genus-two surface minus a disk) in E2.

Next let f : X = M
(r)
g → E2 be a 0-tight immersion. By Theorem 1.2 any

topset Xz = f−1(∂hz) is connected and immersed in the line ∂hz . So it is
embedded as a convex set (a point or a segment). The union of these topsets,
f−1∂Hf(X), is then a topological circle in X embedded into the convex curve
∂Hf(X), and this circle is one boundary component ∂1X of X = M

(r)
g . If there

are no other boundary components (r = 1), then f : X → E is an immersion
onto the convex disc Hf(X), and every image-point Y ∈ Hf(X) is covered by
the same finite number of points by the immersion f . This number is 1 because
that’s what it is on the boundary. Then f is an embedding onto HfX and X is
a disc: X = M

(r)
g = M

(1)
0 . In particular, g = 0. For g ≥ 1, the 0-tight immersed

surface must have at least two boundary circles, ∂X = ∂1X ∪ · · ·∪ ∂rX, and the
first f∂1X = ∂HfX is embedded and convex.

Next consider a boundary point x on another component ∂iX, where i ≥ 2.
Let

κx : Ux → h2 = {(u1, u2) ∈ R2 : u2 ≥ 0}
be a chart for a connected neighborhood Ux of x inX, so small that the restriction
f |Ux is an embedding into E. (See Figure 9.) We can assume that f

(
κ−1

x (∂h2)
)

and κ−1
x (∂h2) are connected. The first of these sets is an open arc (1-manifold).

By 0-tightness of f , no straight line segment [y1, y2] ⊂ E with end-points y1 and
y2 in f

(
κ−1

x (∂h2)
)

can divide f(Ux). That is,
(
f(Ux)\[y1, y2]

)
must be connected.

Components of Ux \ [y1, y2] that touch [y1, y2] in interior points must then be
convex. Therefore f

(
κ−1

x (∂h2)
)

is nonconvex (call it concave) with respect to
the interior of f(Ux). We conclude that f immerses each boundary circle ∂i(X)
for i ≥ 2 in a locally concave manner.
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u1

u2

κx

x

Ux

y1

y2

x

Figure 9. A 0-tight immersion of a surface with boundary in E2 maps all but
one boundary component in a concave manner.

Figure 10 shows 0-tight immersions of M (2)
1 and M (2)

2 . Following the pattern
of this figure we can conclude (and summarize):

Theorem 1.6. There are 0-tight immersions of the compact surfaces X = M
(r)
g

(genus g, r ≥ 1 holes) in the plane if g = 0, r ≥ 1 and if g ≥ 1, r ≥ 2, but not
if g ≥ 1, r = 1. The boundary components of ∂X = ∂1X ∪ · · · ∪ ∂rX have one
convex image f(∂1X) and further locally concave immersions f : ∂iX → E for
i ≥ 2.

Exercise. In Figure 10, left, the 0-tight immersion of Sk1(σ3) “embeds in” the
0-tight immersion of M (2)

1 .

Zero-Tight Immersions of Closed Surfaces in Space. In Figure 11 we
show examples of 0-tight immersed surfaces in E3. Every height function z is
seen to have, and must have, exactly one local top set, a maximum, and one local
minimum (maximum of −z). This characterizes 0-tightness by Theorem 1.4. We
now prove for smooth immersions:

Theorem 1.7 (smooth version). If f : M → E3 is a 0-tight smooth immersion
of a closed surface M 6= S2 , there is a decomposition of M as a union of surfaces
with boundary M = M+ ∪M−, where M+ is connected , M− =

⋃r
j=1M

−
j , and

Figure 10. Zero-tight immersions of M
(2)
1 and M

(2)
2 .
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Figure 11. A 0-tightly smoothly immersed closed surface in E3 splits into

one component M+ of positive curvature and one or more components M−
j

of negative curvature. These pieces join along plane curves Xi, called windows.

the boundary ∂M+ = M+ ∩M− =
⋃r

i=1Xi is a union of r ≥ 2 closed curves
with the following properties:

(i) M+ → fM+ ⊂ E3 is embedded into the convex surface ∂HfM as the com-
plement of the union of the interiors of r disjoint plane convex discs, called
windows. The Gauss curvature K(p) is nonnegative for p ∈M+ and nonpos-
itive for p ∈M−.

(ii) No local topset A ⊂M is contained completely in M̊−.
(iii) Each closed curve Xi carries an essential cycle of H1(M,Z2).
(iv) χ(M) = χ(M+) +

∑r
j=1 χ(M−

j ), χ(M+) ≤ 0, and χ(M−
j ) ≤ 0.

(v) MK>0 = ∂H(M)K>0.

(For convenience we will write M+ for fM+ and Xi for fXi.)

Proof. The 0-tight restriction of f to an Ek-top∗set X is a 0-tight immersion
of a connected set onto one point for k = 0, and onto a straight segment for
k = 1. So for k = 0 and k = 1, it is an embedding onto a convex set. An
E2-topset X = Mz ⊂ M immerses 0-tightly into a subset of the plane convex
set HfX and restricts to an embedding on (each of the points of) the circle
X′ = f−1∂HfX ⊂ X ⊂M . Suppose the circle X′ bounds in M , that is M \X′

has two components. If both components have image points under the topset
level of z, then z ◦ f has two minima on M , and f is not 0-tight. So one of
the components immerses into HfX and its boundary into ∂HfX. Such an
immersion is a topological covering of HfX. As it covers each boundary point
once, it is an embedding onto HfX, and X = f−1HfX is an E2-topset disc
X ⊂ M . The union of all convex topsets X = fX ⊂ M so far discussed is, by
definition, the set M+ = fM+ ⊂ ∂HfM . It is bounded by plane convex curves
X′ = fX′ = ∂HfX, for which X′ ⊂ M is not bounding in M . The circle X′

then carries a generator of H1(M,Z2) and is called an (essential) top cycle. This
proves (iii). As (ii) is obvious, there remains the proof of the last part of (iv).
Suppose M+ or M−

j has only one boundary component. Then this boundary
component bounds in M and is a top cycle, a contradiction. �
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Figure 12. A 0-tight smooth immersion of the nonorientable surface of Euler

characteristic −2 (K # T ). There are three windows (front, back, and top)
and one curve of self-intersections, where the central column goes through the

“ceiling”.

Corollary. There is no smooth tight immersion of the projective plane P into
E3.

Proof. By (iv) χ(M) ≤ 0, but χ(P ) = 1. Another proof: Every closed
embedded curve in P which is nonbounding has a Möbius band as neighborhood.
Every top cycle for a smooth 0-tight surface in E3 can have only a (trivial) band
as neighborhood. “The M -normal bundle is trivial along the top cycle.” �

For topological immersions, we mention without proof a more subtle result:

Theorem 1.8 (topological version). If f : M → E3 is a 0-tight C0-immersion
of a closed surface M , there is a decomposition of M as M = M+ ∪ M̊−,
M+ ∩ M̊− = ?, M̊− = ∪M̊−

j , M− an open surface, satisfying furthermore
the following properties:

(i) M+ = fM+ ⊂ E3 is an embedded subset of M , embedded in the convex
surface ∂HfM = ∂HfM+, as the complement of the union of r disjoint
interiors of plane convex sets HfXj . Here Xj ⊂ M+ ⊂ M is an embedded
circle.

(ii) No local topset A ⊂M is completely contained in the open set M̊−.
(iii) Each closed curve Xj compactifies one end of M̊− as a boundary .
(iv) χ(M) = χ(M+) +

∑r
j=1 χ(M−

j ), χ(M+) ≤ 0, χ(M−
j ) ≤ 0.

See Figure 13 for an example, a 0-tight torus.
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X1

X2

X1 ∩X2

Figure 13. A 0-tightly embedded PL torus, showing that windows can intersect

(Theorem 1.8).

2. Curvature and Knots

Definitions of Curvature. A closed curve γ : S1 → RN in Euclidean space is
a continuous immersion of the circle

S1 = {(cos 2πt, sin 2πt) : t ∈ R}.
It can be parametrized and oriented by tmod 1. For convenience, we only discuss
the case N = 3.

A polygon P (n-gon γn) is a closed curve γn with vertices ui = γn(ti) ∈ R3,
i mod n, for 0 ≤ t1 < t2 < . . . < tn < 1, connected by straight line segments
γn(t), ti−1 ≤ t ≤ ti.

The curvature on a curve is a measure. For a polygon the measure is concen-
trated in the vertices. Let αi ∈ [0, π) be the angle between two successive edges
meeting at ui, that is the angle between the unit vectors vi−1 and vi, where

vj =
uj − uj−1

‖uj − uj−1‖ ∈ S
2 , j taken mod n.

Choose an open interval Ui on γn between ui−1 and ui+1 that covers ui. Then
the normalized curvature on Ui is τ (γn , Ui) = αi/π. The (normalized) total
curvature of γn is τ (γn) =

∑
i(αi/π). We connect the points vi and vi+1 in S2

by a geodesic segment of length αi in S2 and obtain a “tangential image”, a
continuous image of an oriented circle. This leads to the following equivalent
definition:

Definition 2.1. The (normalized) total absolute curvature τ (γn) is 1/π times
the length L(tan γn) of the tangential image tan γn : S1 → S2 in S2 .

Next we consider the normal unit vectors along the open edge from ui−1 to ui. At
each point they form a unit circle, which we carry over by parallel displacement
to 0 ∈ R3 to obtain a great circle S1(vi) in S2 orthogonal to vi ∈ S2 . We rotate
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v1

v2

v3

A1

A2

S1(v1)

S1(v2)
S1(v3)

Figure 14. At a vertex of a polygonal line the direction changes from vi to

vi+1. The smaller pair of segments bounded by the circles of normals S1(vi) and

S1(vi+1) is denoted Ai.

S1(vi) into S1(vi+1) through circles S1(v), orthogonal to v, moving along the
geodesic arc with ends vi and vi+1 in S2. The point set swept by the circles is
denoted Ai. It consists of two congruent diametrical sectors (see Figure 14). Let
|Ai| be the area of Ai and |S2| the area of S2. Clearly |Ai|/|S2| = αi/π. So we
have the following equivalent definition:

Definition 2.2. Let τ (γn, Ui) = |Ai|/|S2| be the swept-out area of the unit
normal bundle on the interval Ui. The total absolute curvature is

τ (γn) =
∑

i

τ (γn, Ui).

Critical Points. Let z : R3→ R be a linear function

z = 0

z = 1

z∗
satisfying ‖z‖ = 1, and denote the gradient of z by
z∗ ∈ S2 (see right). The restriction z|Ui may or may
not have a maximum or minimum on Ui. We assign to z
(and to z∗) the number µz(γn, Ui) of such maxima and
minima. Clearly µz(Ui) = 1 if z∗ ∈ Åi, the interior
of Ai, and µz(Ui) = 0 if z∗ /∈ Ai. Functions z that
have a constant value on an edge of γn are called degenerate; the set of z∗ ∈ S2

for which this occurs has measure zero and can be neglected. Let Ez denote the
expectation or mean value with respect to the standard SO(3)-invariant measure
for z∗ on S2. If |Ai| and |S2| denote the area of Ai and S2 , respectively, then
clearly

Ez(µz(γn , Ui)) = |Ai|/|S2| = αi/π.

Therefore we have another equivalent definition:

Definition 2.3. The total absolute curvature is the mean number of critical
points of z∗ on γ, with respect to the standard measure on S2 .

τ (γn , Ui) = Ezµz(γn, Ui), τ (γn) = Ezµz(γn).
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Total Curvature for General Closed Curves. Let γ : S1 → R
N be a closed

continuous immersed curve. A polygon P with vertices ui = γ(ti), i mod n,
0 ≤ t1 ≤ . . . ≤ tn < 1 is called an inscribed polygon; we denote this by P ≺ γ.
We propose:

Definition 2.4. The total curvature of a continuous closed immersed curve
γ : S1 → RN is the least upper bound of τ (P ) for inscribed polygons

τ (γ) = sup
P≺γ

τ (P ) ≤ ∞.

In this section we will recover the important Definition 2.3 for general closed
curves thanks to the following result:

Theorem 2.5. If the total curvature τ (γ) of a continuous immersed curve
γ : S1 → R

N is finite, it equals the mean number of maxima and minima:

τ (γ) = Ezµz(γ).

To begin the proof, we first prepare the definition of µz(γ) and again elaborate
only the case N = 3. The function z|γ is called degenerate if it is constant on
some maximal arc on γ. If this arc is on a straight line in R3, it “belongs to”
at most a great circle of points z∗ ∈ S2 . Such arcs can be counted by their
nonincreasing lengths in the parameter t. The corresponding circles on S2 are
countable in number, and their union has measure zero in S2 . Any nonlinear
planar arc “belongs to” two points z∗ and −z∗ in S2. Such arcs can be counted
as well. It follows that the points z∗ that belong to degenerate z|γ have a union
of measure zero in S2.

Definition. One maximum of z|γ is a point or a maximal arc σ on γ in which z
is constant, and such that some open neighborhood of σ gives no greater values
for z|γ . One maximum of −z|γ is called one minimum of z|γ . If z|γ is constant
we count one maximum and one minimum.

The total number of maxima and minima of z|γ is denoted µz(γ) ≤ ∞. It
is twice the number bz(γ) of maxima. Note that bz(γ) can be infinite for a
nondegenerate function, when the isolated (maximal) points have one or more
accumulation points.

For the proof of Theorem 2.5 we need some lemmas.

Lemma 2.6. If P ≺ γ is an inscribed polygon of γ, then µz(γ) ≥ µz(P ) for all z.

Proof. Suppose z|P attains a maximum on P in one point, the vertex ui =
γ(ti). Then

z(γ(ti−1)) < z(γ(ti)), z(γ(ti+1)) < z(γ(ti)).

Therefore z has a maximum on the open interval {γ(t) : ti−1 < t < ti+1}. If z|P
attains a maximum at the maximal segment from ui to ui+l of P , then

z(γ(ti−1)) < z(γ(ti)) = . . . = z(γ(ti+l)) > z(γ(ti+l+1)),
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and z has a maximum on the open interval {γ(t) : ti−1 < t < ti+l+1}.
If z is constant on P the conclusion is obvious. The same applies to minima

of z and the lemma follows. �

Corollary 2.7. If P ≺ P ′ is an inscribed polygon in the polygon P ′ (obtained ,
for example, by deleting one vertex of P ′), then Ezµz(P ′) ≥ Ezµz(P ), and so
τ (P ′) ≥ τ (P ).

Corollary 2.8. µz(γ) ≥ supP≺γ µz(P ).

Let {ti : i = 1, 2, . . .}, with 0 ≤ ti < 1 and tj 6= th for j 6= h, be a countable
dense subset of [0, 1), and let Pj ≺ γ be the inscribed polygon with vertices
γ(t1), . . . , γ(tj). Then Pj is said to converge to limj→∞Pj = γ. From the defini-
tion of τ (γ) and Corollary 2.7, follows another equivalent definition of curvature:

Definition 2.9. τ (γ) = limP→γ τ (P ) ≤∞.

Corollary 2.10. µz(γ) ≥ limP→γ µz(P ).

Next suppose z|γ is nondegenerate. Then z|Pj has a maximum (minimum) as
near as we please to any finite number of isolated maxima (minima) of z|γ , for
j sufficiently large. Therefore:

Lemma 2.11. If z|γ is nondegenerate, then µz(γ) ≤ limP→γ µz(P ) ≤ ∞.

Theorem 2.5 follows from Corollary 2.10 and Lemma 2.11.

Exercise. Define suitably the total curvature of an immersed closed curve in
R

N and an immersed arc γ : {t : 0 ≤ t ≤ 1} → R
N, so that Theorem 2.5 applies

also to arcs. Hint: Use µz(interior of arc γ) instead of µz(γ) to avoid curvature
at the end points.

Exercise. Consider the arc γ ⊂R2 defined by

u = (u1, u2) =
{

(t, 0) for −1 ≤ t ≤ 0,
(tα, sin 2πt−1) for 0 < t ≤ 1.

Prove that:

(a) γ(t) has a tangent for all t if and only if α > 1.
(b) The tangent depends continuously on t if and only if α > 2.
(c) τ (γ) <∞ if and only if α > 3.
(d) γ has continuous second derivatives if and only if α > 4.

Hint: Consider by way of comparison the inscribed polygons Pj, j → ∞, with
vertices for t = 0, t = −1, t−1 = 1, and for t−1 = (1 + 2i)/4 for i = 4, 5, . . . , j.

As a corollary of Theorem 2.5 we have Fenchel’s Theorem:

Theorem 2.12 [Fenchel 1929]. The total curvature of a continuous closed im-
mersed curve γ : S1 → R

N is τ (γ) ≥ 2. Equality is attained if and only if γ is
plane convex .
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Fenchel proved this for smooth curves in R3, Borsuk [1947] for N ≥ 3.

Proof. Any continuous function on the circle has at least one maximum and
one minimum. So µz ≥ 2 for all z∗ ∈ S2 , therefore

τ (γ) = Ezµz(γ) ≥ Ez(2) = 2.

If τ (γ) = 2, then τ (P ) = 2 for any inscribed polygon P as well. So µz(P ) =
2 and P has Banchoff’s two-piece property, is 0-tight, hence plane convex by
Theorem 1.5. Adding vertices yields polygons, say Pj, converging to γ. All Pj

are convex in the same plane. So γ is plane convex, N = 2. �

Next we prepare the generalization of the curvature as π−1 times the length of
a tangential image, a result due to van Rooij [1965]. If u(t) ∈ R3 is an immersed
arc or a closed curve in R3 and(

u(t) − u(t0)
)
(t− t0)∥∥u(t)− u(t0)∥∥ |t− t0|

converges to a unit vector v(t0) for t → t0+, t → t0− or t → t0, then v(t0)
is called a right, left or general tangent unit vector, respectively. It is denoted
by u̇+(t0), u̇−(t0), and u̇(t0), respectively. Here the dot does not (yet) mean
differentiation! The parallel lines through u(t0) are called right, left and general
tangents, respectively. A plane convex curve has a right and left tangent at every
point.

Lemma 2.13. Let γ(t) = u(t), 0 ≤ t < 1, t mod 1, be a continuous closed curve
in R3 with τ (γ) <∞. Then:

(i) γ has a right and left tangent at every point t.
(ii) The set of points t for which u̇+(t) 6= u̇−(t) is countable.
(iii) The right (left) tangent vector is continuous on the right (left).

Proof. (i) If u(t) has no right tangent for t = 0, at say u(0) = 0 ∈ R3, there
exists a sequence t1 > t2 > . . . > 0 converging to 0 and unit vectors v and
w 6= v ∈ S2 such that

u(tj)/‖u(tj)‖ →
{
v for j = 2i− 1→∞,
w for j = 2i→∞.

We can assume moreover that

‖uj+1‖ < 1
100
‖uj‖ for j ≥ 1.

Then the inscribed polygon Pk with vertices γ(t1), . . . , γ(tk−1) and γ(0) = 0 has
curvature τ (Pk) converging to ∞ for j →∞, a contradiction.

(ii) If u̇−(t0) and u̇+(t0) form an angle α(t0) > 0, then a polygon with vertices
at γ(t0−δ), γ(t0) and γ(t0 +δ) will contribute, in the limit for δ → 0, an amount
α(t0)/π to τ (γ). The sum of such amounts is bounded by τ (γ). We can count
such vertices by their nonincreasing contributions to τ (γ). The set of values t
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for which u̇+(t0) 6= u̇−(t0) is therefore countable. All other points have a unique
tangent u̇(t) = u̇+(t) = u̇−(t).
(iii) If u̇+(t) is not continuous on the right at u(0) = 0 ∈ R3 for t = 0, then there
exist v and w 6= v ∈ S2 and tj > tj+1 > . . . > 0 converging to 0, with limits

u̇+(t2i−1)→ v, u̇+(t2i)→ w, for i→∞,
and we can assume∥∥∥∥∥

u(t2i) − u(t2i−1)∥∥u(t2i) − u(t2i−1)
∥∥ − u̇+(t2i−1)

∥∥∥∥∥ < 1
10‖v − w‖ for all i ≥ 1.

The inscribed polygons Pj with vertices u(ti), i = 1, . . . , j, and u(0) = 0 ∈ R3

have unbounded curvatures τ (Pj) for j →∞, a contradiction. �

Let γ(t) = u(t) be as before and assume τ (γ) < ∞. Let u(ti), for i = 1, . . . , h,
0 ≤ h ≤ ∞, 0 < ti < 1, be the points where u̇−(ti) and u̇+(ti) form a positive
angle. Insert an interval of length 2−i at ti in the parameter space of t ∈ R
mod 1, so as to obtain a parameter space with a new parameter t′ ∈ Rmodulo
(1+

∑h
i=1 2−i), 0 ≤ h ≤∞. We define as follows a map tan γ that generalizes the

tangential map for polygons. It has as embedded image the geodesic arc in S2

between u̇−(t) and u̇+(t) for an inserted interval at t = ti, where u̇−(t) 6= u̇+(t).
For other points, it has as image u̇(t) = u̇−(t) = u̇+(t). It is continuous in t′ and
is again called the tangential map tan γ : S1 → S2 . We recover Definition 2.1 in
this result:

Theorem 2.14 [van Rooij 1965]. If τ (γ) <∞, there is a continuous tangential
map tan γ : S1 → S2 . The length of the image L(tan γ) is bounded , and the total
curvature τ (γ) is τ (γ) = L(tan γ)/π. (Here the length L(tan γ) is defined to be
the least upper bound of the length of inscribed polygons.)

Proof. Let γ have the parameter t, 0 ≤ t ≤ 1. Consider a sequence of j-gons
Pj ≺ γ with vertices at u(t2i−1,j) for i = 1, . . . , j, with 0 < t2i−1,j < t2i+1,j < 1.
Suppose Pj converges to γ for j → ∞. For each Pj add vertices and obtain a
2j-gon P̄2j with vertices at u(ti,j) for i = 1, . . . , 2j, 0 < ti,j < ti+1,j < 1 and
such that ∥∥∥∥∥

u(t2i,j)− u(t2i−1,j)∥∥u(t2i,j)− u(t2i−1,j)
∥∥ − u̇+(t2i−1,j)

∥∥∥∥∥ < εj.

The points u̇+(t2i−1,j) are image points of tan γ. They determine an “inscribed
polygon” Tj for tanγ with length L(Tj). Note that some edges of Tj may be
degenerated to a point. Clearly L(Tj) has as limit

lim
j→∞

L(Tj) = L(tan γ).

If εj is chosen very small, half of the points of tanP2j are as near as we please
to the vertices of Tj in S2 . Therefore we can assume

(1− 2−j)L(Tj) ≤ L(tan P̄2j) = τ (P̄2j),
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and in the limit

L(tan γ) ≤ τ (γ) <∞.

To prove the reverse inequality we start by observing that the properties
(i)–(iii) in Lemma 2.11 imply that γ(t) is rectifiable: it has length L(γ) =
limP→γ L(P ) and can be parametrized by arclength s(t) such that the right-
hand derivative of u(s) exists and equals

(
du(s)/ds

)
+

= u̇+(t), s = s(t).
For convenience suppose L(γ) = 1, s ≡ t. Let Qj(t) be the unique polygonal

arc in R3 for 0 ≤ t ≤ 1, with vertices for t = i2−j for i = 0, . . . , 2j with edges of
length 2−j and such that the initial point is

Q(0) = u(0) = γ(0)

and

Qj((i+ 1)2−j) = Qj(i2−j) + 2−j u̇+(i2−j) for i = 0, 1, . . . , 2j−1.

If z|γ is nondegenerate, one can verify that

lim
j→∞

µz(Qj) ≥ µz(γ).

But Ezµz(γ) = τ (γ), and Ezµz(Qj) = τ (Qj) = L(Qj) which for j →∞ converges
to L(tan γ). Therefore

L(tan γ) ≥ τ (γ).

This completes the proof of van Rooij’s Theorem 2.14. �

Corollary. Let γ(t) = u(t) be a closed curve of class C2. The usual definition
of total curvature and our definition are equivalent:

1
π

∫ ∥∥∥∥d
2u

ds2

∥∥∥∥ ds =
1
π
L(tan γ) = τ (γ) = Ezµz(γ).

Proof. If s is the arclength on γ, then (tan γ)(s) = du/ds ∈ S2 , and the length
of the curve tan γ is

∫ ‖d2u/ds2‖ ds. �

Exercise. Use each of the definitions to calculate τ (γ) for the
plane closed curve on the right, consisting of three semicircles
(see Definition 2.4, Theorem 2.5 and Theorem 2.12).

Editors’ Note. For results on the total curvature of knots, see [Fáry 1949;
Milnor 1950; 1953]. For knotted surfaces, see [Kuiper and Meeks 1983; 1984;
1987].
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3. Smooth Submanifolds

Definitions of Curvature. In Section 1 we defined topological n-manifoldsM
with charts κx : Ux → κxUx ⊂ hn ⊂ Rn. A two-manifold is called a surface. If
the homeomorphisms

κyx = κyκ
−1
x : κx(Ux ∩ Uy)→ κy(Ux ∩ Uy)

all belong to the pseudogroup Ck (continuous k-th derivatives, for k ≤ ∞), Cω

(analytic), or CNash (the graph of κyx in Rn×Rn is a nonsingular part of a real
algebraic variety given by polynomial equations), then M has a Ck-structure, and
is called a Ck-manifold. (Here k can be a nonnegative integer, ∞, ω or Nash.)
Two Ck-manifolds M1 and M2 are Ck-equivalent if there is a homeomorphism
ϕ : M1 →M2 that is expressed in Ck-charts in a commutative diagram

x ∈ U κx(U) ⊂ Rn

y ∈ V κy(V ) ⊂Rn

-κx

-κy

? ? ?

ϕ ψ

where ψ is Ck. If l < k then M ∈ Ck determines a unique (up to equivalence)
C l-structure. Here 0 < 1 < . . . <∞ < ω < Nash.

Another pseudogroup onRn, called PL, consists of homeomorphisms ψ : U1 →
U2, with U1, U2 open subsets in Rn, that are affine on each affine simplex of a
finite triangulation of some compact part of Rn. Manifolds with such a structure
are called piecewise linear manifolds or PL-manifolds. Obviously 0 < PL.

For closed surfaces all Ck-equivalence classes for k < ω correspond one-to-one
to all C0-equivalence classes. Recall from Section 1 the classification of smooth
closed surfaces, summarized in Figure 7.

The Z2-Betti numbers βi = rankHi(M,Z2) of the surface are β0 = β2 = 1,
β1 = 2−χ. The alternating sum β0−β1 +β2 is χ, the Euler characteristic. The
sum of the Betti numbers is β = β0 + β1 + β2 = 4 − χ. Note that the height
function z on the smooth surfaces of Figure 7 has exactly β nondegenerate critical
points, the minimum possible number. Note also that the surface obtained from
M by deleting an open disc can be contracted over itself to a wedge of β1 circles
S1 ∨ S1 ∨ · · · ∨ S1 . These circles carry generators for H1(M,Z2). A Ck-map
f : Mn → RN of an n-manifold is called a Ck-immersion for k ≥ 1 if its
derivative has maximal rank n. It is then clearly a tame immersion in the
topological sense.

Remark. There is no smooth (or even topological) embedding of a closed nonori-
entable surface in R3.
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Proof. Let M ⊂ R3 be such a smooth embedding. Take a small orthogonal
vector v at a point p ∈ M . Move p along a closed embedded curve γ in M and
drag v along, so that on returning to p the vector has the opposite direction.
Move γ away from M in the direction of the transported vectors v. The end
points at p of the curve γ′ so obtained are connected by a straight segment
orthogonal to M . Now you have a closed curve in R3 that meets M in one (odd
number) point. Make it a smooth curve and move it far away into space R3, but
in such a way that the number of intersection points changes each time by two
(“transversal move”). The final curve γ′′ meets M in an odd number of points,
but also in no point, a contradiction. �

If f : M → R
3 is a smooth immersion, there is a choice of charts near p ∈ M

and orthogonal Euclidean coordinates z, x, y for E3 = R
3 so that the surface has

near P an equation

z = 1
2 (k1x

2 + k2y
2) + O(x2 + y2)3/2.

The numbers k1 and k2 are the principal curvatures and their product is the
Gaussian curvature (a density) K = k1k2. It can be positive, zero or negative.

The normalized absolute curvature of an open set U ⊂M is defined by

τ (U) =
∫

U

|K dσ|
2π

where dσ is the volume element (a two-form) induced by the immersion in R3.
It differs from the classical curvature by a normalization factor.

Consider all unit vectors (p, z∗) at points p ∈ U orthogonal at f(p) to f(U) ⊂
R3, for some small U for which f : U → f(U) is an embedding. These vectors,
displaced parallel to (p, 0), form a surface N(U) ⊂M × S2 ⊂M ×R3 consisting
of two parts, one for each side of f(U) in R3. There is a natural projection

γ : N(U)→ S2 .

The surface N(U) is called the unit normal bundle of M on U . If K > 0 on U
(or K < 0 on U) then γ sweeps out a set A ⊂ S2 consisting of two diametrically
opposite parts. See Figure 15. Each is called a Gauss-map image of U . It is well

U A

A

M

Figure 15. The Gauss map.
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known that its total area |A| determines the curvature:

τ (U) =
∫

U

|K dσ|
2π

= |A|/4π = |A|/|S2|.

Another expression for the measure τ is

τ (U) = c−1

∫
N(U)

|ν∗(ω)|,

where c = |S2| = 4π, and ν∗(ω) is the pull-back of the volume form ω on S2 .
The unit normal bundle space N of f over M ,

N = N(f) = {(p, z∗) : z∗ orthogonal to f(M) at f(p)} ⊂M ×R3

is a double covering of the surface M . It is connected if and only if M is
nonorientable. We thus derive an equivalent definition of the total absolute
curvature, in terms of the swept-out area of unit normal bundle:

Definition 3.1. The total absolute curvature of a smooth immersion f : M →
R3 is

τ (f) = c−1

∫
N

|ν∗(ω)| =
∫

M

|K dσ|/2π.

Remark. A smooth C∞-map ν such as our ν : N → S2 is called critical at a
point q ∈ N if its derivative dν does not have maximal rank. An image of such a
point q is called a critical value. The theorem of Sard says that the set of critical
values (here in S2) has measure zero. A generalization by A. P. Morse [1939] says
more, namely that the same conclusion holds if ν is a C1-map between manifolds
of the same dimension.

Morse’s Lemma and Inequalities. A smooth function ϕ : M → R is non-
degenerate at a critical point p ∈ M(dϕ(p) = 0) if d2ϕ(p) has maximal rank.
(Recall that d2ϕ(p) is expressed in coordinates by the matrix {∂2ϕ/∂xi∂xj}.)
By linear algebra one has for some coordinate chart near p:

ϕ = ϕ(p) −
i∑

j=1

(xj)2 +
n∑

k=i+1

(xk)2 + O(‖x‖2).

The number i is called the index of the critical point. We can do even better
with the various results knows as Morse’s Lemma, after M. Morse:

Lemma 3.2 (C∞ version [Milnor 1963, p. 6]). In suitable C∞-coordinates, ϕ
is expressed near a nondegenerate critical point p ∈M of index i by

ϕ = ϕ(p) −
i∑

j=1

(xj)2 +
n∑

k=i+1

(xk)2.
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Lemma 3.2 (Ch
version [Kuiper 1966]). A Ch-function (2 ≤ h ≤ ω) ϕ on Mn

can with suitable Ch−1 coordinates be expressed near a nondegenerate critical
point p ∈M of index i by

ϕ = ϕ(p) −
i∑

j=1

(xj)2 +
n∑

k=i+1

(xk)2.

So for Ch-functions (2 ≤ h <∞) one loses one class of differentiability!
The function ϕ : M → R is called nondegenerate if it is so at every critical

point.
The Ch-Morse lemma for 2 < h < ω also holds on infinite-dimensional mani-

folds modelled on Hilbert space [Palais 1963].
Let f : M2 → R3 be our smooth immersion. Consider as before linear func-

tions z : R3 → R, ‖z‖ = 1. The real function z ◦ f : M → R is the restriction
of z to M . It is clearly nondegenerate at points p ∈ M where K(p) 6= 0. Take
a small disc U on M where K(p) > 0 and count, for every point z∗ ∈ S2 , the
number of critical points µiz(U) of index i of the function z on U . See Figure 16.
The sum µz(U) =

∑
i µiz(U) is one or zero. It is one in the case where z∗ ∈ Å

and zero in the case where z∗ /∈ A. The value of the function µz(U) for z∗ ∈ S2

has therefore a mean (expectation) of

τ (U) = Ezµz(U) = c−1

∫
S2
µz(f)|ω| = |A|/4π.

In this way we get positive contributions near points p ∈ M where K > 0, or
where K < 0. These points form an open set on M . We can now state the
definition of total curvature in terms of the mean number of critical points:

Definition 3.3. The total curvature of the smooth (or C2) immersion f : M →
R3 is

τ (f) = Ezµz(f) = c−1

∫
S2
µz(f)|ω|. (3.1)

To show that this is equivalent to Definition 3.1, observe that the set z∗ ∈ S2

for which z ◦ f is a degenerate smooth (or C2) function is just the set of critical
values of the C∞ (or C1) map ν : N → S2. This set has measure zero and can

µz = 1

µz = 0

Figure 16. The number of critical points of z in a neighborhood U ⊂ M , as a
function of z∗.
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be neglected in the integral. The equality then follows from our discussion of the
parts K > 0 and K < 0 of M .

We now formulate Definitions 3.1 and 3.3 for dimension n, but leave the proof
of their equivalence to the reader.

Let f : M → RN be a smooth (or C2) immersion of a closed manifold,
N = (p, z∗) ⊂ M × SN−1 the unit normal bundle, an SN−n−1-bundle over M ,
and ν : N→ SN−1 the projection into SN−1 ⊂ RN.

Definition 3.4. The total (absolute) curvature of the smooth immersion f :
Mn → RN is

τ (f) = c−1

∫
N

|ν∗(ω)| =
∫

M

|τ (p) dσ|, c = |SN−1|.

Here τ (p) is a continuous curvature density function, and dσ is the volume el-
ement of M induced by the immersion f . τ (p) is obtained by integration over
the fibres. For hypersurfaces it corresponds to K = k1 · · ·kN−1, with principal
curvatures k1, . . . , kN−1.

Definition 3.5. The total curvature of the smooth immersion f : Mn → RN is

τ (f) = Ezµz(f) = c−1

∫
z∗∈SN−1

µz(f)|ω|.

Clearly the definition implies

τ (f) ≥ min
z
µz(f),

where the minimum is taken over all z such that z ◦ f is nondegenerate. If
γ(N) = γ(Mn,RN) is the minimum of minz µz(f) for all immersions f and γ is
the minimal number of critical points a nondegenerate function ϕ : Mn → R

can have, then minz µz(f) ≥ γ(N) ≥ γ(N+1) = γ ≥ β. Here γ(N+1) = γ because
we can introduce the optimal ϕ as the (N+1)-st coordinate for RN+1. By the
Morse inequalities (see Theorem 3.8 below) one has µz(f) ≥ β for β = β(F ) =
rankH∗(M,F ) for any coefficient field F . For surfaces in R3 we saw in Figure 7
immersions with µz(f) = β, for z pointing in the vertical direction. Thus we can
conclude part (i) of next theorem:

Theorem 3.6. (i) The total curvature of a smooth immersion f : Mn → RN is

τ ≥ γ(N) ≥ γ(N+1) = γ ≥ β.
For surfaces, γ ≥ β.

(ii) The greatest lower bound of τ (f) for all immersions f : Mn → R
N is

inff τ = γ(N) ≥ γ ≥ β.
For surfaces in RN, with N ≥ 3, this is

inff τ = β = 4− χ.
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Remark. Sharpe [1989] proved that γ(N) = γ for n > 5.

Part (ii) of Theorem 3.6 follows from the next result:

Lemma 3.7 [Kuiper 1959; Wilson 1965]. Let z◦f be nondegenerate with k critical
points for the smooth immersion f : Mn → R

N and let fε = gε ◦ f where for
ε > 0 we define gε by

gε(x, z) = g(εx, z), x = (u1, . . . , uN−1) ∈ RN−1, z = uN , (x, z) ∈ RN.

Then limε→0 τ (fε) = k.

Motivation: for ε→ 0, it seems that all curvature gets concentrated around the
critical points of z ◦ fε (which correspond, one to one, to those of z ◦ f) and they
contribute k in τ (fε).

Proof of lemma 3.7. Any unit vector in SN−1 can be written

cos θ z∗ + sin θ w∗, for some w∗ ∈ SN−2 ⊂ RN−1 ⊂ RN.

The volume element on SN−1 is

ωN−1 = ωN−2 ∧ cosN−1 θ dθ.

There exists θ0 near π/2 such that µz(f) = k for all z∗ with |θ(z∗)| > θ0 .
The mapping gε induces a map of tangent hyperplanes. A normal vector

cos θ z∗+ sin θ w∗, is replaced by a new normal vector cos θ′ z∗+ sin θ′ w∗, where
tan θ′ = ε tan θ; hence

dθ′

cos2 θ′
= ε

dθ

cos2 θ

and

cosN−1 θ′ dθ′ = ε
cosN+1 θ′

cosN+1 θ
cosN−1 θ dθ.

For |θ| < θ0 one finds for the volume element ω on SN−1:

|ω′| = ε
(cos θ′

cos θ

)N+1

|ω| < ε

(cos θ0)N+1
|ω|.

Consider the contributions of the two parts defined by |θ| > θ0 and |θ| < θ0 in
the integral τ (f) in (3.1). The first part is replaced by an integral of the constant
k over the part |θ′| > θ′0. As θ′0 converges to zero this converges, for ε→ 0, to k.
The second part is replaced by an integral which is smaller than ε/ cosN+1 θ0
times what it was. It converges to zero for ε→ 0. This proves the lemma

lim
ε→0

τ (fε) = k. �
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Theorem 3.8 (Morse inequalities). Let ϕ : Mn → R be a smooth nonde-
generate function with µk critical points of index k and with Betti numbers βk =
rank Hk(M,F ) for a field F (we mainly use Z2 = Z/2Z). Suppose the critical
points have different values . Then∑n

0 µkt
k −∑n

0 βkt
k

1 + t
=

n∑
0

Kkt
k

is a polynomial in t with nonnegative integer coefficients Kk ≥ 0. In particular ,

(i) µi ≥ βi;
(ii) µ ≥ β (µ =

∑
µi, β =

∑
βi);

(iii)
∑

(−1)iµi =
∑

(−1)iβi = χ (t = −1);
(iv)

∑n
0 (µi − βi)ti(1− t+ t2 − · · ·) =

∑
l Klt

l;
(v) (µl − βl)− (µl−1 − βl−1) + · · ·+ (−1)l(µ0 − β0) = Kl ≥ 0.

Proof. Let B ⊃ A be a pair of spaces with finite-dimensional homology groups.
Then we have the exact triangle

H∗(A) H∗(B)-i

H∗(B,A)
@
@
@I �

�
�	

∂ α

or, in detail,

Hk(A) Hk(B) Hk(B,A) Hk−1(A) Hk−1(B)- - - -
ik αk ∂k ik−1

where H∗(A) =
⊕

k Hk(A), etc. Exactness means that Im i = Kerα, etc. The
commutative groups then split into direct sums

Hk(A) ' Ker ik ⊕Kerαk,

Hk(B) ' Kerαk ⊕Ker ∂k,

Hk(B,A) ' Ker ∂k ⊕ Ker ik−1

Define Poincaré polynomials in t:

P (A) =
∑

k

dimHk(A)tk,

P (B) =
∑

k

dimHk(B)tk,

P (B,A) =
∑

k

dimHk(B,A)tk,
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P (Ker i) =
∑

k

dim(Hk(A) ∩Ker i)tk,

P (Kerα) =
∑

k

dim(Hk(B) ∩Kerα)tk,

P (Ker ∂) =
∑

k

dim(Hk(B,A) ∩Ker ∂)tk.

Note that ∂ decreases the dimension from k to k − 1. We calculate:

P (A) = P (Ker i) + P (Kerα),

P (B) = P (Kerα) + P (Ker ∂),

P (B,A) = P (Ker ∂) + tP (Ker i).

Therefore
P (B,A)− (

P (B)− P (A)
)

= (1 + t)P (Ker i). (3.2)

This shows that:

Lemma 3.9 (Preliminary Morse formula). The expression

P (B,A)− (
P (B)− P (A)

)
1 + t

= P (Ker i)

is a polynomial
∑
Kktk with integer coefficients Kk ≥ 0.

Next we discuss a smooth function ϕ : M → R on the closed n-manifold M .
Recall that the critical set is defined as Cr(ϕ) = {p ∈ M : dϕ = 0} ⊂ M .
The set of critical values ϕ(Cr(ϕ)) has measure zero on R by the Theorem of
Sard (this is also true for a Cr-function for r ≥ n). Assume, as in the case of
Theorem 3.8, that the critical values form a finite set. This is also the case when
ϕ is an algebraic function on an algebraic manifold.

We define the croissant

Mt = {p ∈M : ϕ(p) ≤ t}
and its interior

Mt− = {p ∈M : ϕ(p) < t}.
Let c1 < c2 < · · · < cL be the critical values of ϕ. Consider an arbitrary
Riemannian metric on M . Then ϕ has as differential the one-form dϕ, whose
dual with respect to the metric is the gradient grad ϕ = ∗dϕ. It vanishes at p
if and only if p is a critical point. Integral curves of the vector field grad ϕ are
transversal (not tangent) to the levels of ϕ, except at critical points. Then we
see that, if ck < a < b < ck+1, the croissant Mb is diffeomorphic to Ma and

Hk(Mb,Ma) = 0, H∗(Mb) = H∗(Ma).

In other words, the diffeomorphy type of Mt can only change at critical values.
There are at most 2L types, namely for t < c1, t = c1, c1 < t < c2, . . . , t = cL.
The first type is the empty set, the last type is that of M . The open manifolds
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Mt− have at most L+1 types, namely for t ≤ c1, c1 < t ≤ c2, . . . , cN−1 < t ≤ cN ,
t ≥ cN . They carry at most L + 1 homotopy types. Note that the real function
ϕ : u → u3 on M = R has only one type for Mt− = {p : ϕ(p) < t}. Let
t0 < c1 < t1 < · · · < cL < tL, and consider the sequence of spaces

? = Mt0

i1⊂Mt1 · · ·
iL⊂ MtL = M.

By (3.2) we have

P (Mtj ,Mtj−1) −
(
P (Mtj) − P (Mtj−1 )

)
1 + t

= P (Ker ij).

Summation for j = 1, . . . , L yields
∑L

j=1 P (Mtj ,Mtj−1)− P (M)
1 + t

=
L∑

j=1

P (Ker ij). (3.3)

We now take the assumptions of Theorem 3.8; there is exactly one nondegen-
erate critical point in {p ∈ M : tj−1 < ϕ(p) < tj}. Suppose it has index k. In
local coordinates near p the Morse lemma gives on an n-ball Bδ =

∑
x2

j < δ2

the expression

ϕ = cj −
k∑
1

x2
j +

n∑
k+1

x2
l .

Then

H∗(Mtj ,Mtj−1) = H∗(p ∪Mc−j
,Mc−j

)

= H∗(p ∪ {q ∈ Bδ : ϕ < cj}, {q ∈ Bδ : ϕ < cj})

= H∗

({
q ∈ Bδ :

n∑
k+1

x2
l = 0

}
,

{
q ∈ ∂Bδ :

n∑
k+1

x2
l = 0

})

= Hk

({
q ∈ Bδ :

n∑
k+1

x2
l = 0

}
,

{
q ∈ ∂Bδ :

n∑
k+1

x2
l = 0

})

= F.

Thus P (Mtj ,Mtj−1) = tk. Counting critical points of all indices yields

L∑
j=1

P (Mtj ,Mtj−1) =
∑

k

µkt
k.

Since P (M) =
∑

k βkt
k, (3.3) yields Theorem 3.8. �

Editors’ Note. See [Kuiper 1962; 1971] for more on Morse relations and
tightness.
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Minimal Total Curvature and Tightness. An embedding of topological
spaces f : A ⊂ B is called injective in homology over Z2, or H∗-injective, in case
the induced homomorphism in Z2-homology

f∗ : H∗(A)→ H∗(B)

is injective. It is easy to show that:

Lemma 3.10. If A ⊂ B ⊂ C, and A ⊂ C as well as B ⊂ C are H∗-injective,
then so is A ⊂ B.

Remark. Čech cohomology theory and Čech homology theory have been intro-
duced for spaces whose singular homology does not give satisfactory answers.
For manifolds and CW-complexes they give the same answer. If X is a compact
subset of a manifold or a CW-complex Y , then HČech∗ (X) is the inverse limit
of Hsing

∗ (Ui(X)) for Ui ⊃ Ui+1 ⊃ · · · ⊃ X any nested sequence of open sets of
Y converging to X. For such cases this can be used as definition. In general
it is known that if the compact space X is embedded in any space Y , then
HČech∗ (X) is the inverse limit of HČech∗ (Yi) for any nested sequence of subspaces
Y ⊃ Yi ⊃ Yi+1 ⊃ · · · ⊃ X converging to X. In our applications we will not use
more than these facts from the notion of Čech homology. We will use Z2-Čech
homology, denoted H∗. We remark also that Čech cohomology has better general
properties than Čech homology and for this reason is used more.

Exercise. If

X = {(u, v) ∈ R2 : u = sin(1/v) for v > 0 or u = 0 for v ≤ 0 or v = 0}
then HČech

0 (X) = Z2 but Hsing
0 (X) = Z2⊕Z2.

In Theorem 3.6 we saw that the total curvature of a smooth immersion f : M →
RN of a closed n-manifold M has total curvature τ (f) ≥ β(M). We now study
equality:

Theorem 3.11. The smooth immersion f : M → R
N has total curvature

τ (f) = β(M) if and only if the embeddings f−1(h) ⊂ M are homology injective
for every half-space h ⊂ RN. The same statement holds if we replace half-spaces
h by open half-spaces h̊.

Proof. Let τ (f) = Ezµz(f) = β. Then µz(f) = β and µkz(f) = βk for all
indices k, of any nondegenerate height function z with ‖z‖ = 1. The croissant

Mt = {p ∈ M : zf(p) ≤ t}
equals f−1(h) for the half-spaces h = {q ∈ RN : z(q) ≤ t}. Assume that the
initial values c1, . . . , cL are all different (L = β(M)) and let noncritical values
tj be chosen such that t0 < c1 < t1 < c2 · · · < cL < tL, as in the proof
of Equation (3.3). Any given noncritical value t can be assumed to be tj for
some j. As µk = βk for all k, Kk = 0 for all k. So all the polynomials vanish
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in (3.3), Mtj−1 ⊂Mtj is H∗-injective and so is the composition Mt = Mtj ⊂M .
The space f−1(h) ⊂ M is for every half-space h the limit of a nested sequence
of spaces

M ⊃ f−1(hi) ⊃ f−1(hi+1) · · · ⊃ f−1(h)

for which f−1(hi) ⊂ M is already known to be H∗-injective. Then the same
follows for f−1(h) ⊂M . In fact the limit H∗(f−1(h)) = H∗(f−1(hi0 )) is already
attained for some integer i0, because H∗(M) = ⊕β

1Z2 is finite. For any open
half-space h̊ we find a sequence of half-spaces hj such that the nested sequence

f−1(hi) ⊂ f−1(hi+1) · · · ⊂ f−1 (̊h) ⊂M
exhausts f−1 (̊h). The limit H∗(f−1 (̊h)) = H∗(f−1(hi0)) is again already at-
tained for some integer i0. �

Definition. We call a continuous map f : X → RN of a compact connected
metrizable space X tight or perfect if f−1(h) ⊂ X is H∗-injective for every half-
space h ⊂RN. We call f k-tight if f−1(h) is Hi-injective for all i ≤ k and all h.

Exercise. A map f : X → RN into one point is tight.

For k = 0 our definition agrees with Section 1 where 0-tightness, the two-piece
property, was studied. We can now reformulate Theorem 3.11 with a slight
extension as follows:

Theorem 3.12. The smooth immersion f : M → RN of a closed n-manifold
has minimal total curvature equal to τ (f) = β(M) if and only if f is k-tight ,
where n− 2 ≤ 2k ≤ n− 1.

Proof. By Poincaré duality βi = βn−i. For any nondegenerate z one has
µn−i(z) = µi(−z). So if f is k-tight, then µi = βi for i ≤ k and for n − i ≤ k.
There only remains to show for n even the equality µk+1 = βk+1. This follows
from

∑n
0 (−1)iµi =

∑n
0 (−1)iβi = χ. �

Corollary. A smooth immersion f : M2 → R
N of a closed surface M2 has

minimal total curvature τ (f) = β(M2) if and only if f is 0-tight.

Example. A 0-tight smooth embedding f : S3 →
R4 need not have have minimal total curvature (need
not be tight). For example, consider the surface
D ⊂ h ⊂ E3 ⊂ E4 with boundary ∂D ⊂ ∂h = E2

shown on the right. Assume D orthogonal to ∂h

along ∂D. Rotate (D, h) in E4 around the (fixed
point set) plane ∂h = E2 to form the three-sphere
M ⊂ E4. See [Kuiper 1970, pp. 221–224] for more
detail.

Exercise. Prove that the limit Swiss cheese in E2

(page 7) is tight.

∂D

D

∂h

h



GEOMETRY IN CURVATURE THEORY 37

Open Question. Is there a 0-tight smooth S3 embedded substantially in R5?

For topological or PL embeddings (see also [Banchoff 1965]) the possibilities are
richer:

Theorem 3.13 [Banchoff 1971a]. There is for every N > n ≥ 3 a substantial
0-tight polyhedral embedding f : Sn → EN .

4. Tight Smooth Surfaces in Codimensions 3 and Higher

This section is devoted to the proof of the following result:

Theorem 4.1 [Kuiper 1962]. Let f : M → EN be a 0-tight smooth closed
embedded surface substantial in EN . Then N ≤ 5. For N = 5, M is the real
projective plane and f is an embedding onto a Veronese surface.

Tightness and “high” codimension (at least 3) therefore dramatically impose
uniqueness and rigidity up to projective transformation.

Proof. We prove the theorem in a sequence of steps.

(a) N ≤ 5.

Proof. Let f fulfill the conditions of the theorem and let z be a height function
with nondegenerate maximum at p ∈M . Then p will be called a nondegenerate
top point. Choose Euclidean coordinates u1 . . . uN−2, v1, v2 vanishing at p = 0 ∈
R

N, and such that u1, . . . , uN−2 vanish on the tangent space Tp(M), and u1 is
nondegenerate maximal at p. Then v1 and v2 (or more precisely v1f and v2f)
are coordinates for M near p. The height functions that vanish at p form a
vector space

W = {w1u1 + . . .+wN−2uN−2 : (w1, . . . , wN−2) ∈ RN−2}.
Denote J2z = J2(zf) (J2 for 2-jet) the part up to degree two of the Taylor series
of zf , in terms of v1, v2. It is a quadratic function. The induced map J2 : W → Z

into the 3-space Z of quadratic functions in v1 and v2 is a homomorphism.
Suppose J2z = 0 for some height function z with ‖z‖ = 1 and z 6= ±u1. Then

J2(u1 +λz) = J2u1 is negative definite and u1 +λz has a nondegenerate isolated
maximum at p for all λ. If z(p1) 6= 0 for some p1 ∈M then the half-space

h = {q ∈ RN : u1(q) + λz(q) ≥ 0, u1(p1) + λz(p1) = 0}
meets M in an isolated point p and in another part containing p1, contradicting
tightness. So z(p1) = 0 for all p1 ∈ M , contradicting the substantiality of f . It
follows that J2 must be injective and dim W ≤ dim Z = 3, so N ≤ 5. �

Remark. The codimension of a 0-tight smooth closed n-submanifold substan-
tially in En is N − n ≤ 1

2
n(n+ 1), by the same argument [Kuiper 1970].
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From now on assume N = 5.

(b) Preferred affine coordinates at p ∈M , and the topsets

Mθ = Mθ(p) ⊂ E3
θ ⊂ E4

θ .

Since N = 5, J2 : W → Z is bijective onto Z. Choose u′1, u′2, u′3 ∈ W such
that J2(u′1) = −v2

1 − v2
2 , J2(u′2) = −v2

1 + v2
2 , J2(u′3) = 2v1v2. Denote them

by u1, u2, u3 and consider u1, u2, u3, v1, v2 as an orthonormal basis of Euclidean
space E. Let

z = w1u1 +w2u2 + w3u3 = sinϕu1 + cosϕ cos θ u2 + cosϕ sin θ u3.

Then
J2z = w1(−v2

1 − v2
2) + w2(−v2

1 + v2
2) + w32v1v2,

with determinant∣∣∣∣−w1 −w2 w3

w3 −w1 +w2

∣∣∣∣ = w2
1 − w2

2 −w2
3 = sin2 ϕ − cos2 ϕ = − cos 2ϕ.

Therefore z is nondegenerate at p and its index is

2 (maximum) if and only if π/4 < ϕ ≤ π/2,
1 if and only if −π/4 < ϕ < π/4,
0 (minimum) if and only if −π/2 < ϕ < −π/4.

The height function z has, for ϕ = π/4− ε with ε > 0 small, a critical point of
index 1 at p. Then we see that the half-space

h = h(ϕ, θ) = {q ∈ E5 : z = zϕ,θ ≥ 0}
contains in h ∩M an essential one-cycle of M , and so does the limit for ε = 0,
ϕ = π/4.

We now denote the half-space h(π/2, θ) by h(θ) and conclude that the topset
Mθ = M ∩ h(θ) carries an essential 1-cycle of M . The boundary ∂h(θ) is the
4-plane with equation u1 + cos θ u2 + sin θ u3 = 0; see Figure 17.

The half-spaces h(θ) envelop a solid cone with equations

u1 ≤ 0, u2
1 ≥ u2

2 + u2
3

with boundary the quadratic 4-dimensional cone with equation

u1 ≤ 0, u2
1 = u2

2 + u2
3. (4.1)

It contains as u1-topset the whole tangent plane Tp(M) with equation u1 = u2 =
u3 = 0. The half-space h(θ) and the 4-plane ∂h(θ) support the cone in a 3-plane
E3

θ with equation
u1+ cos θ u2 + sin θ u3 = 0,

− sin θ u2 + cos θ u3 = 0.
(4.2)

The second equation is obtained from the first by differentiation with respect
to θ.
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u1

u2
u3

E3
θ

∂h(θ)

θ

p

φ = π/4

v2

v1

p θ/2

Figure 17. Left: normal space at p. The cone has equation (4.1). The 3-plane

E3
θ has equation (4.2); dimensions v1 and v2 are not shown. E3

θ is the intersection

of the cone with E4
θ , the 4-plane generated by E3

θ and the u1-axis. Moreover
E3

θ = E4
θ ∩ ∂h(θ). Right: tangent space at p.

The 4-plane with equation − sin θ u2 +cos θ u3 = 0 is denoted E4
θ . It contains

E3
θ as well as E3

θ+π . In summary,

p ∈ Mθ ⊂ E3
θ ⊂ E4

θ .

(c) Mθ has a tangent line at p with equation

cos(θ/2) v1 − sin(θ/2) v2 = 0, u1 = u2 = u3 = 0. (4.3)

Proof. Consider the function on M

u1 + cos θ u2 + sin θ u3 = (−v2
1 − v2

2) + cos θ(−v2
1 + v2

2) + sin θ2v1v2 +O(‖v‖3).
Here O(‖v‖3) means that the remainder R(v1, v2) is such that R(v1, v2)/‖v‖3 is
bounded for small ‖v‖ =

√
v2
1 + v2

2 . As the expression vanishes on Mθ we obtain
after calculation

−(
cos(θ/2) v1 − sin(θ/2) v2

)2 +O(‖v‖3) = 0.

Hence
cos(θ/2) v1 − sin(θ/2) v2 = O

(‖v‖ 3
2
)
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and ∣∣cos(θ/2)
(
v1/‖v‖

)− sin(θ/2)
(
v2/‖v‖

)∣∣ = O
(√‖v‖).

The unit vector ‖v‖−1(v1, v2) goes in the limit to ±(sin(θ/2), cos(θ/2)), for
(v1, v2) ∈ Mθ, ‖v‖ → 0. �

(d) Mθ is a smooth curve near p.

Proof. It suffices to prove this for θ = 0. The equations (4.2) for θ = 0 are

u1 + u2 = 0, u3 = 0,

and we obtain

v1 = O(‖v‖ 3
2 ),

v1
‖v‖ = O

√
‖v‖, v2

‖v‖ → 1,

and
2v1v2 − ϕ(v1, v2) = 0. (4.4)

The function ϕ is C∞ with J2(ϕ) = 0 at (v1, v2) = (0, 0):

ϕ(v1, v2) = O(‖v‖3).
Consider for any fixed v2 the function in v1 given by

η : v1 7→ v1 − (2v2)−1ϕ(v1 , v2).

Since dη/dv1 6= 0 for small ‖v‖, the map η is a C∞-diffeomorphism for any small
value v2. Call its inverse η−1. Then the solution of (4.4) is

v1 = η−1(0).

Its dependence on v1 is expressed as

v1 = ψ(v2).

The inverse function theorem says that ψ is also C∞. �

We obtain for every tangent line (4.3) a smooth curve. The 4-planes E4
θ cut out

these curves in pairs near p, Mθ and Mθ+π , with tangent lines

cos(θ/2) v1 − sin(θ/2) v2 = 0, sin(θ/2) v1 + cos(θ/2) v2 = 0.

(e) Any component of Mθ(p) ∩ U is a plane convex curve.

Proof. If z has a nondegenerate maximum, then so has any height function z1
near to z. The nondegenerate top points therefore form an open set U in M . We
study the levels of the function θ = arctan(u3/u2) on M in a small neighborhood
U(p) ⊂ U of p (but p is excluded as θ is not defined there). By Sard’s theorem,
the critical values of θ on M \ E2,3, (E2,3 : u2 = u3 = 0) have measure zero.
For a regular value θ0 the level {q ∈ M \ E2,3 : arctan(u3(q)/u2(q) = θ0} is a
smooth curve. Its intersection with ∂h(θ0) can be completed with the point p to
obtain the top set Mθ0 , a tight connected closed curve. By Fenchel’s Theorem
(Theorem 2.12) it is a convex plane curve. As θ0 is a regular value, the function
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θ is not critical on Mθ0 , hence on some neighborhood of Mθ0 in M . Then θ is
also a regular value on that neighborhood, and Mθ is also a plane convex curve
for |θ − θ0| small. So the set of θ for which the topset Mθ is plane convex is
open and dense in Rmod 2π. But inside the small neighborhood U(p) of p in
M the limit of a set of plane curves Mθ for θ → θ1 must be a plane curve as
well. So every topset Mθ has a plane convex curve part in U(p) ⊂ U. The same
arguments apply for any p ⊂ U, hence to U. �

(f) Any component of Mθ(p) ∩ U is part of a conic.

Proof. Consider q ∈ Mθ1(p) and Mθ2(q) = γ 6= Mθ1 (p). There is an open
interval of regular values θ near to θ1 giving rise to curves Mθ(p) ∩U that meet
γ in some open interval near q. That interval lies in the intersection of the
plane of γ and the quadratic cone for p. This proves statement (f) locally, hence
globally. �

(g) The remaining part of the proof belongs to classical projective geometry. We
only indicate the main ideas. Take the above situation in some neighborhood
U(q0) of

q0 ∈Mθ1(p), Mθ2(q0) = γ 6= Mθ1(p).

Consider an interval of top conic sections Mθ(p), θ1 − δ < θ < θ1 + δ, and a
two-parameter family of top conic sections Mω(p) parametrized by q ∈ Mθ1 (p),
q near to q0, and ω, θ2 − δ < ω < θ2 + δ, such that every Mθ(p) meets every
Mω(q) in exactly one point inside U(q0) ⊂ U . We consider E5 = P 5 \ P 4 as the
complement of a projective 4-plane P 4 in real projective space P 5. We project
U(p) from the center P ∈ E5 into P 4. The point p is itself excluded from this
projection, which is denoted p̂. We see that:

(i) p̂(Tp(M) \ p) is a line L0 ⊂ P 4.
(ii) p̂(Mθ(p)) is a line Lθ ⊂ P 4, and L0 ∩ Lθ is a point.
(iii) p̂(Mω(q) is a conic γ(ω, q) ⊂ P 4 in a plane Π(ω, q).
(iv) Every line Lθ meets every conic γ(ω, q) in one point in Π(ω, q).

These are very strong conditions on the lines Lθ and planes Π(ω, q).
In P 4 the family of all 2-planes that meet 4 lines in general position is a two-

dimensional family of planes all meeting one more (fifth) line. However, if the
four lines Lθ, for θ = θ1, θ2, θ3, θ4, are in general position but for the fact that
they all meet one and the same line L0, then there is a complete one-parameter
family of such lines [Kuiper 1941] and a degenerate Veronese surface V1, that
can be described as follows.

Take three points θ1 , θ2, θ3 on a projective line L0 ⊂ P 4. Take a disjoint plane
Π and in it a conic E ⊂ Π. Let ρ : L0 → E be a birational correspondence. V1 is
the union of all lines Lθ from θ ∈ L0 to ρ(θ) ∈ E.

From our description it follows that V1 has no projective invariants. A
Veronese surface V can be found in E5 which passes through p, has the same
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tangent plane Tp(V) = Tp(M), and yields the projection p̂V = V1. As other
points p′ ∈ U(q0) also give algebraic projections p̂′(U(q0)) in a projective surface
V′1 we can succeed in finding a unique Veronese surface V which contains all of
U(p) and then by continuation all of U . By extension we also see that the set
of nondegenerate top-points U ⊂M is not only open but also closed in V. Then
f(M) = U = V, the Veronese surface. This ends the proof of Theorem 4.1. �

Details of the last part can be found in [Kuiper 1980], which contains Theorem 4.3
below.

Generalization. The conclusion of Theorem 4.1 remains true if we assume f :
M → E5 to be an immersion. We mention, without proof, a deep generalization
of Theorem 4.1:

Theorem 4.2 [Little and Pohl 1971]. Let f : Mn → RN be a 0-tight smooth
substantial immersion of a closed n-manifold n ≥ 2. Then N − n ≤ 1

2
n(n + 1).

If we assume equality , N −n = 1
2
n(n+1), then M is real projective n-space and

f(Mn) is the standard Veronese n-manifold (up to projective transformation).
Note that only 0-tightness is used .

Hard to prove is:

Theorem 4.3 [Kuiper 1980]. Let f : M2d → E3d+2 be a smooth substantial tight
embedding of a manifold M like a projective plane (that is, β0 = βd = β2d = 1,
β =

∑
βi = 3) into E3d+2, d = 1, 2, 4 or 8. Then f(M2d) is an algebraic variety .

For d = 1, we have Theorem 4.1. For d = 2, f(M4) is the standard model V(C )
of the complex projective plane, up to real projective transformation in E8.

In both theorems the assumptions lead to a high degree of rigidity of the em-
bedding.

Open Question (perhaps not difficult). It is conjectured that the conclusions
of Theorem 4.3 for obtaining the standard models for projective planes over C
also hold for quaternion planes (or even the same conclusion for 3-connected
8-manifolds) and for the Cayley-plane (or even for 7-connected 16-manifolds).

Editors’ Note. See also [Kuiper and Pohl 1977], in which it is shown that
a TPP topological embedding of the real projective plane into E5 is either a
Veronese surface or Banchoff’s piecewise linear embedding with six vertices [Ban-
choff 1974].

5. Tightness of Topsets

Theorem 5.1. If Y ⊂ RN is compact and tight , then so is every topset X of
Y , and the inclusion X ⊂ Y is homology injective. In particular , every essential
cycle in X carries an essential cycle in Y .
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h0

h

hj+1

hj

Y

X = h ∩ Y h0 ∩ Y

Figure 18. Proving that the topset X of a tight set Y is tight.

Theorem 5.2. If f : M ⊂ RN is a smooth embedding of a closed manifold M
with minimal total curvature τ (f) = β(M), then every topset X ⊂ M is tight ,
and every essential cycle in H∗(X) carries an essential cycle in H∗(M).

Note that there is no reason for X to be a manifold! This is one motivation for
our generalization. Theorem 5.1 is a special case of the next result:

Theorem 5.3. If f : Y → RN is a tight map of a compact connected metrizable
space Y and if X ⊂ Y is any topset , then f : X → R

N is tight and X ⊂ Y is
homology injective. In particular every essential cycle in X carries an essential
cycle in Y .

Proof. (Compare the examples of tight spaces given so far). If the conclusion
holds for any topset of a tight map, it holds for a topset of this topset by compo-
sition. Then, it holds for any topkset for k ≥ 1 by induction. It suffices therefore
to prove the theorem for a topset X ⊂ Y , say

? 6= X = f−1(h) = f−1(∂h) 6= Y,

h a supporting half-space. Let h0 be another half-space. Say it “meets” X in
(f |X)−1 = X ∩ f−1(h0) = f−1(h ∩ h0) 6= ?. See Figure 18. There is a sequence
of half-spaces h1, h2, . . . in RN such that

f−1(h1) ⊃ f−1(h2) ⊃ · · · ⊃ f−1(hj) ⊃ · · · ⊃ f−1(h ∩ h0) =
⋂
j

f−1(hj) = X

is a nested sequence of subspaces of Y , converging to X.
The inclusions X = f−1(h) ⊂ Y and f−1(hj) ⊂ Y are H∗-injective by tight-

ness of f . The inclusion f−1(h∩ h0) ⊂ Y is H∗-injective because f−1(h ∩ h0) is
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the inverse limit of {f−1(hj)}. Then the first inclusion in the sequence

(f |X)−1(h0) = f−1(h ∩ h0) ⊂ f−1(h) = X ⊂ Y
is H∗-injective by the easy Lemma 3.10. This means that the restriction f |X is
tight. �

Our theorem is proved for topsets and holds then for top∗sets in general.

Exercise. Formulate and prove the analogous theorems concerning k-tightness.

Tight Balls and Spheres. A compact space X with H∗(X) = H0(X) = Z2 is
called a homology point space.

Theorem 5.4. If f : X ⊂ EN is a substantial and tight embedding of a homology
point space X in EN then X = f(X) is a convex set .

Proof. The conclusion is true for N = 0. Suppose it is true for all N < k.
Let f : X → Ek be substantial. All topsets X′ of X are H∗-injective in X. So
they are homology points, and convex by induction. Therefore ∂HX ⊂ X is a
(k − 1)-sphere in X. It is bounding because Hk−1(X) = 0. Then, no point of
HX can be not in X, so X = HX. By induction the theorem follows. �

We next prove the analogous theorem for maps.

Theorem 5.5. If f : X → EN is a tight substantial map of a homology point
space X, then f(X) is convex .

Proof. Assume the theorem true for all N < k. It is true for n = 0. Let
f : X → Ek be substantial tight. All topsets are homology injective in X, so
they are homology point spaces, their images are convex sets by induction. Their
union is contained in fX, i.e., ∂HfX ⊂ fX. Denote W = f−1∂HfX ⊂ X. Let
R ⊂W × Sk−1 be the compact relation

R = {(w, z∗) : max
p∈X

zf(p) = zf(w)}.

Given z we see that the set of w for which (w, z∗) ∈ R is just the topset deter-
mined by the maximal value of zf on X. It is a homology point space. Therefore
the projection pS : W ×Sk−1 → Sk−1 induces a projection pS : R → Sk−1 whose
fibers are all homology-point spaces. Then by a theorem of Vietoris and Begle
[Spanier 1966, p. 344], pS induces an isomorphism in homology:

H∗(R) ∼−→ H∗(Sk−1).

Given w ∈ W , the set of z∗ ∈ Sk−1 for which (w, z∗) ∈ R is nonempty and
convex by geometry (convexity of HfX containing f(w)). Therefore, the fibers
of the projection pW : R → W are also homology point spaces, and again the
theorem of Vietoris and Begle reads that H∗(R) → H∗(W ) is an isomorphism.
By composition, we see that

Hk−1(W ) = Hk−1(Sk−1) = Z2.
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As W ⊂ X and H∗(X) = H0(X) = Z2, the space W is bounding in X and so is
its image ∂HfX in fX. Then fX =HfX is convex. �

Theorem 5.6 [Kuiper 1980]. Let f : Sn → EN be a substantial tight map. Then
either N = n + 1 and f(Sn) is a convex hypersurface or N ≤ n and f(Sn) is a
convex set .

Corollary [Chern and Lashof 1957]. Let f : Mn → EN be a substantial
smooth immersion of a closed n-manifold Mn with total curvature τ (f) = 2.
ThenMn is the n-sphere with standard smooth structure (not exotic), N = n+1,
and f(M) is a convex hypersurface.

Proof of Corollary. Since τ (f) = Ezµz(f) = 2, we have µz(f) = 2 and M
must be homeomorphic to a n-sphere. There is no immersion in RN for N ≤ n,
so f is a smooth immersion onto a smooth convex hypersurface in Rn+1. Then,
it is an embedding and f(Sn) has the standard smooth structure. �

Proof of Theorem 5.6. Given f one observes that every topset X ⊂ Sn

misses at least one point of Sn and it is homology injective in Sn. Therefore
H∗(X) = H∗(point). So by Theorem 5.5 every topset is a homology point space.
As in the proof of Theorem 5.5, we get an isomorphism

H∗(W ) ' H∗(∂HfSn) ' H∗(SN−1),

where ∂HfSn ⊂ fSn ,W = f−1(∂HfSn). As W ⊂ Sn, then N − 1 ≤ n. If
N − 1 < n, then W ⊂ Sn bounds in Sn , that is HN−1(W ) → HN−1(Sn) maps
into zero. Then also

0 6= HN−1(fW ) = HN−1(∂HfX) → HN−1(fX)

maps into zero. Then f(X) = Hf(X) is convex.
If N − 1 = n then W ⊂ Sn induces an isomorphism Hn(W ) → Hn(Sn) and

so W = Sn and f(W ) = ∂HfSn , a convex hypersurface in En+1. �

Application: Tight Projective Planes. A closed manifold P 2d that contains
a tame embedded d-sphere Sd so that P 2d\Sd is homeomorphic to R2d is called a
manifold like a projective plane. Such manifolds were studied in [Eells and Kuiper
1962]. P 2d is a CW-complex with three cells; β = β0 +βd +β2d. Necessarily d =
1, 2, 4, 8. Examples are the standard projective planes overR, C , H (quaternions)
and Ca (octaves or Cayley numbers), for d = 1, 2, 4, 8 respectively. The self
intersection of the essential d-cycle in P 2d is one. Here we prove:

Theorem 5.7. Let f : P ⊂ EN be a tight substantial embedding of a manifold
like a projective plane P = P 2d. Then N ≤ 3d+ 2.

Proof. Let k be the smallest number for which there exists an Ek-top∗set X
that contains an essential cycle in H∗(X). If there is no such k, let k = N .
Clearly, k > 1 because every E0- or E1-top∗set is convex.
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Every topset Y of X is homology injective in X and is therefore a homology
point space. Then Y is convex. Consequently, the (k− 1)-sphere ∂HX, a union
of such convex topsets, is in X. If k − 1 6= d or 2d, then ∂HX bounds in X

because by tightness if not, it also does not bound in P . Then every point inside
∂HX must belong to X, and X = HX, contradicting the assumption on k.

Now assume that k − 1 = d. Then ∂HX carries the d-cycle of P 2d. Now we
project EN parallel to Ek = span(X) into a Euclidean space EN−k orthogonal
to Ek. Every height function z which is constant on Ek has µz(X) = 3. There
is a minimum µ0z(X) = 1 for some z ≤ z(X), a maximum µ2dz(X) = 1 for
some z ≥ z(X) and no other critical point for z 6= z(X). This is so because any
d-cycle in {p ∈ X : z(p) < z(X)} has to meet geometrically the d-cycle in X

by nonzero self intersection in homology. The space P \X can be exhausted by
a nested sequence of half-space sections f−1(hj) ⊂ f−1(hj+1) . . . ⊂ P \X. As
they do not meet X they are (open) homology point spaces all homeomorphic to
R

2d. The one point compactification P/(X = point) is then a sphere S2d with a
tight map into En−k :

P EN

P/X EN−k.

-

-
? ?

By Theorem 5.5 then N − k = N − d− 1 ≤ 2d+ 1, and N ≤ 3d+ 2.
If k − 1 6= d we are in the case k − 1 = 2d. Then ∂HX is a 2d-sphere in

X ⊂ P . This is a contradiction. �

Remarks. Equality N = 3d+ 2 is attained for the standard smooth models of
standard projective spaces. It has also been attained for polyhedral embeddings
for the real projective space, for the standard complex projective space in [Kühnel
and Banchoff 1983] and for some P 8 (perhaps HP(2)) in [Brehm and Kühnel
1992]. By projection one finds tight embeddings for N = 3d + 1. There are no
embeddings for N ≤ 3d by characteristic class obstructions.

By projections one finds tight maps for all N ≤ 3d+ 2.

Open Question. Let f : P 2d → RN be a tight substantial map. Is N ≤ 3d+2?
For N = 2d+ 1, is f(P ) a convex hypersurface in E2d+1? For N ≤ 2d, is f(P )
a convex set?

Counting Critical Points. A continuous function ϕ : M → R on a compact
space M is said to have a Poincaré polynomial in case there exists for every
value t, a number ε > 0, such that if t − ε < r < t ≤ s < t + ε, the following
conditions are satisfied:
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(a) the homomorphisms

H∗(Mt−ε)→ H∗(Mr) and H∗(Ms)→ H∗(Mt+ε)

induced by inclusions, are bijective.
(b) the group H∗(Mt+ε, Mt−ε) = H∗(Mt,Mt−) is finitely generated.

Here Mt = {p ∈M : ϕ(p) ≤ t}.
The value t is called critical in case this group is nonzero. Clearly any real

algebraic function on a compact real algebraic manifold M ⊂ EN has a Poincaré
polynomial.

Call the finitely many critical values c1 < c2 . . . < cL. Choose noncritical
values t0, . . . , tL such that

t0 < c1 < t1 < . . . < cL < tL.

Definition. The Poincaré polynomial of ϕ is

P (ϕ) =
L∑

j=1

P (Mtj ,Mtj−1) =
∑

k

µk(ϕ)tk.

It is independent of the choice of t0, . . . , tL. As in equation (3.3), it obeys the
Morse inequalities:

P (ϕ)− P (M)
1 + t

=
∑

k(µk(ϕ) − βk)tk

1 + t
=

∑
k

Kkt
k

is a polynomial with integer coefficients Kk ≥ 0.

In particular, putting µk = µk(ϕ), we deduce all the inequalities of Theorem 3.8
for this more general case.

The function ϕ is perfect or tight in case Kk = 0 for all k, because this holds if
and only if the inclusion Mt ⊂M is homology-injective for all t. This is the case
if and only if µk(ϕ) = βk(M) for all k. Equivalently Mc−ε ⊂ Mc is homology
injective for small ε > 0 and every critical value c = cj .

Lemma 5.8 (the lacunary principle). Suppose µ2l+1(ϕ) − β2l+1(M) = 0
for all l. Then ϕ is perfect . In particular ϕ is perfect in case µ2l+1 = 0 for all l.

Proof. Write µi for µi(ϕ). By the Morse inequalities (Theorem 3.8) we have

(µ2l − β2l)− (µ2l−1 − β2l−1) + . . .+ (µ0 − β0) = K2l ≥ 0

and

(µ2l+1 − β2l+1)− (µ2l− β2l) . . . = (µ2l+1 − β2l+1)−K2l = 0−K2l = K2l+1 ≥ 0.

Therefore K2l = K2l+1 = 0 for all l. �

Remark. The limit Swiss cheese M (page 7) is tight and its height functions
are tight as well but they have no Poincaré polynomials, since H1(M) has no
finite basis.
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Rew3

∼ ∼ S1 ∨ S1 ∨ S1

Figure 19. There is homotopy equivalence (indicated by ∼) between the set of
(5.1) and a bouquet of r circles.

Definition. If P (Mc,Mc−) =
∑

k µkct
k, the critical value c counts for µkc

critical points of index k, with total number

P (Mc,Mc−)t=1 = Σkµkc = µc

critical points for the critical value c.

Exercise. Let the smooth function ϕ : M2 → Rhave at most one critical point
p at level ϕ−1(p) (given by dϕ(p) = 0) which in some topological chart is locally
expressed by (u, v) → Re(u + iv)r+1 . Then our count is µ1 = r for r ≥ 1. The
contribution in P (ϕ) is tr . The case r = 1 gives a nondegenerate critical point,
r = 2 a monkey saddle, r ≥ 3 an octopus saddle.

Proof. (See Figure 19, where r + 1 = 3.) Look at the set of points

{w = u+ iv : |w| ≤ 1, Rewr+1 ≤ 0 or |w| = 1} (5.1)

modulo the set {w : |w| = 1}. �

Exercise. Let ϕ be a PL-function on a PL-surface with one critical point p
in the level ϕ−1(p). The level curve of ϕ near p is then in
some chart either one point (minimum µ0 = 1 or maximum
µ2 = 1; in both cases we have µ = 1) or it is the union of
2(r + 1) ≥ 4 straight segments ending in p. In a suitable
topological chart, we obtain the figure on the right. The
contribution in P (ϕ) at level ϕ(p) is tr [Kuiper 1971].

+
+

+

−

−

−
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Abstract. We begin by defining and studying tightness and the two-piece
property for smooth and polyhedral surfaces in three-dimensional space.
These results are then generalized to surfaces with boundary and with
singularities, and to surfaces in higher dimensions. Later sections deal with
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Twenty-six open questions and a number of conjectures are included.
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Introduction

The theory of tight submanifolds starts with attempts to generalize theorems
about convex surfaces to topologically more complex surfaces such as the torus.
For surfaces, it is possible to develop this generalization in terms of an elemen-
tary notion, the two-piece property, which then leads to the study of critical
points of height functions and the theory of total absolute curvature. These no-
tions can then be applied for higher-dimensional objects in higher-dimensional
Euclidean spaces, producing a rich collection of examples and theorems in the
global geometry of submanifolds.

An object in ordinary three-dimensional space is said to have the two-piece
property, or TPP, if any plane cuts it into at most two pieces. Examples of sur-
faces with the TPP are spheres and ellipsoids and, more generally, the boundary
of any bounded convex body. There are also nonconvex objects with boundaries
that have the TPP: for example, a torus of revolution (Figure 1), or, more gener-
ally, a surface of revolution obtained by revolving a convex curve around an axis
in the plane of the curve and not meeting the curve. If we deform a sphere into
a nonconvex surface, for example a U-shaped object, or a sphere with a dent in
it, the resulting surfaces (Figure 2) will not have the TPP.

Figure 1. A torus of revolution has the two-piece property.

Figure 2. Smooth spheres without the two-piece property.



TIGHT SUBMANIFOLDS, SMOOTH AND POLYHEDRAL 53

For closed subsets, the TPP is equivalent to the condition that the intersection
of the object with every closed half-space is connected.

For compact surfaces (without boundary), the TPP is closely related to the
study of critical points of height functions. Any plane in space can be considered
a level set of a height function in a direction perpendicular to the plane. If a
plane cuts a surface into more than two pieces, a height function perpendicular
to this plane must have at least one maximum or minimum on each piece. It
follows that if a surface does not have the TPP, there must be a height function
with at least two (strict) local maxima on the surface. Conversely, if a height
function has two strict local maxima on a surface, the half-space above the level
set containing the lower of the two will intersect the surface in at least two pieces.
It follows that a surface has the TPP if and only if no height function restricted
to the surface has more than one strict local maximum. A surface with this
property is called tight. An equivalent definition for a surface to be tight is that
every local support plane be a global support plane.

The TPP is a topological condition, so it applies to any surface in space,
whether it be smooth, polyhedral, or just a one-to-one continuous image of such
a surface. If the surface happens to be sufficiently smooth, it is possible to
characterize the tightness condition in terms of the surface’s total or Gaussian
curvature. Any point of positive curvature is a local extremum of the height
function perpendicular to the tangent plane at the point. So the tightness con-
dition implies that in any direction there is at most one point on the surface with
positive curvature that is critical for that direction. For almost any direction,
the maximum of the height function in that direction on the surface will occur
at a point of positive curvature. It follows that, if a smooth surface is tight, the
only strict local maxima of any height function must occur on the “outside”,
where the surface intersects its convex hull, the smallest convex set containing
the surface.

For a smooth surface embedded in three-dimensional space, tightness can be
expressed in terms of the Gauss spherical image mapping, which sends each point
of the surface to the point of the unit sphere centered at the origin having the
same outer unit normal vector. (This definition assumes that a consistent field
of unit normals has been chosen over the whole surface.) For any smooth surface
without boundary, almost every point of the sphere is the image of at least one
point with positive curvature, so the total area of the spherical image of the part
with positive curvature is at least 4π. For a tight smooth surface, almost every
point of the sphere is the image of exactly one point of the surface with positive
curvature, so the total area of the spherical image of the positive curvature part
of the surface achieves the minimum value, namely 4π. Originally this property
was used as the definition of tightness for smooth surfaces in ordinary space.

Although the first definition of tightness was given in terms of curvature,
the critical point or TPP reformulation is much broader in scope. It applies
not only to smooth surfaces in space but also to polyhedral surfaces. The crit-
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ical point condition and the TPP extend naturally to surfaces embedded in
higher-dimensional Euclidean spaces, and to immersions and to mappings with
singularities.

It was Nicolaas Kuiper who made the first wide-ranging and systematic study
of tight embeddings and immersions of surfaces, in three dimensions and higher.
He produced tight embeddings of all orientable surfaces and tight immersions of
all but three nonorientable surfaces in three-dimensional space. He proved that
two of the remaining surfaces, the real projective plane and the Klein bottle,
could not be immersed tightly in three-space even as topological surfaces, and
he conjectured that the final case, a real projective plane with one handle, could
not be immersed tightly into three-space. Only recently was François Haab
able to prove that conjecture for smooth immersions, and even more recently
Davide Cervone produced a surprising example to show that this surface can be
immersed tightly as a polyhedral surface.

There are still a number of unsolved problems concerning immersions of sur-
faces into four-space, but thanks to the work of Kuiper the situation for five-space
is better understood. First of all, Kuiper showed that any smooth immersion of
a surface into Euclidean n-space for n ≥ 5 must lie in a five-dimensional affine
space; moreover, if the image does not lie in a four-dimensional subspace, the
surface is the real projective plane and the immersion is affinely equivalent to the
Veronese embedding, an algebraic surface. An even stronger result by Kuiper
and William Pohl states that any topological tight embedding of the real pro-
jective plane into five-space whose image does not lie in a four-space must be
either the smooth Veronese embedding or a simplexwise linear embedding of a
triangulation with exactly six vertices.

In order to appreciate the nature of the theorems of Kuiper, it is useful to
consider the TPP and tightness for closed curves in Euclidean spaces. A convex
curve in the plane has the TPP, whether it is smooth or polygonal or a more
general topological embedding of the circle. If an embedded curve in the plane is
not convex, it does not coincide with the boundary of its convex hull, and there
is a segment in the convex hull boundary containing points not in the curve. A
line containing this segment bounds a half-space meeting the curve in at least
two pieces, so a nonconvex plane curve does not have the TPP. Furthermore, if
a curve is not planar, then there are four points on the curve, in cyclic order,
not lying in a plane, and it is possible to find a plane with the first and third
of these points on one side and the second and fourth on the other; this plane
separates the curve into at least four pieces. Thus a TPP curve in n-space is
necessarily contained in an affine two-space.

When the curve is smooth, we may recast the preceding result in terms of
curvature to obtain a famous theorem in global differential geometry due to
Werner Fenchel: the total curvature of a smooth closed curve in any dimension
is at least 2π, and if it is exactly 2π, the curve is a convex plane curve.
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For two-dimensional surfaces, the TPP restricts not only the number of max-
ima and minima of height functions but also the total number of critical points.
This follows from the critical point theorem of elementary Morse theory: for
almost every height function on a smooth surface, the only critical points are
maxima, minima, and ordinary saddle points, and the number of maxima plus
the number of minima minus the number of saddles is constant and equal to the
Euler characteristic of the surface, also described as the number of vertices mi-
nus the number of edges plus the number of triangles in any triangulation of the
surface. By “integrating” this theorem over all height functions, we obtain one
of the most famous of all theorems in global differential geometry, the Gauss–
Bonnet Theorem, relating the integral of the total curvature of a smooth surface
to its Euler characteristic. We may use this fact to obtain other characterizations
of tightness.

For higher-dimensional manifolds, the situation is quite different. The two-
piece property no longer places such a strong restriction on the nature of the
critical points of height functions. We say that an n-manifold is tight if the
intersection of the object with any half-space is no more complicated than it
has to be, that is, if the homology of the intersection is not greater than the
homology of the whole object. For example, if a manifold is simply connected,
we require that the intersection with every half-space also be simply connected.
Thus a closed hemisphere has the TPP, but it is not tight since it is simply
connected but there is a half-space that intersects it in a circle.

Morse theory gives lower bounds for the numbers of critical points of various
types for almost all smooth functions defined on a higher-dimensional manifold.
Tightness for higher-dimensional submanifolds of a Euclidean space requires that
almost all height functions have the minimal number of critical points. Fenchel’s
theorem was generalized by Chern and Lashof by considering the Lipschitz–
Killing curvature of a submanifold of a higher-dimensional Euclidean space. The
total measure of the absolute value of this curvature is equal to the integral over
the sphere of the number of critical points of height functions on the submanifold.
Fenchel’s theorem is generalized by the result that an m-dimensional sphere is
immersed with minimum total absolute curvature if and only if it is a convex
hypersurface in an affine subspace of dimension m + 1.

In this article, we will develop the theory of tight submanifolds primarily in
the smooth and polyhedral situations. A related article based on the work of
Nicolaas Kuiper will develop this theory for topological immersions.

1. Tight Surfaces

1.1. Definitions and notations. By a surface, we mean a connected two-
dimensional manifold without boundary, unless stated otherwise (Section 1.5).
We use the term closed surface to denote a compact surface without boundary.

For any closed surface M embedded in Euclidean three-space E 3, and for
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any unit vector z, the height function in the direction of z achieves its abso-
lute maximum on some subset of M . A point of M is a local maximum for z

when a neighborhood of the point is contained in the half-space below the plane
perpendicular to z through the point.

We say that the surface M is tight if, for almost every unit vector z, the height
function in the direction of z has a unique local maximum on M . This condition
is equivalent to the Two-Piece Property, or TPP, which states that any plane in
space cuts the surface into at most two pieces. Equivalently, a surface M has
the TPP if the intersection of M and any open or closed half-space is connected.
Note that the property of tightness is invariant under projective transformations
of three-space, since such transformations are homeomorphisms that send planes
to planes.

If the closed surface satisfies some additional properties, we may find equiv-
alent formulations of the tightness condition in terms of familiar quantities like
curvature and critical points. We will be especially concerned with two impor-
tant classes of surfaces: smooth and polyhedral.

For a smooth surface M in E 3, at every point there is a well-defined tangent
plane and a pair of unit normal vectors perpendicular to the tangent plane.
When M is smooth and embedded, the surface is orientable and it is possible to
make a choice of unit normal vector at each point over the entire surface. The
Gauss mapping assigns each point of M to the point on the unit sphere having
the same unit normal vector. For a region U , the algebraic area of the image of
U under the Gauss mapping is given by the integral

∫
U

K dA

of the Gaussian curvature function K, where the Gauss mapping preserves the
orientation in a neighborhood of a point when the sign of K is positive at that
point and it reverses orientation in a neighborhood of a point when the sign of
K is negative at that point.

For almost all directions z on the unit sphere, only a finite number of points of
M are sent to z under the Gauss mapping. At the one among those points that
is highest in the direction for z, the orientation of the surface will be preserved.
It follows from this observation that∫

M∩{K≥0}
|K| dA ≥ 4π.

Equality occurs when there is exactly one local maximum for almost every height
function, so this condition gives an equivalent definition of tightness in the case of
a smooth surface. This definition first appears in the work of A. D. Aleksandrov
[1938].

One of the most fundamental results in elementary differential geometry is
the Gauss–Bonnet Theorem, which states that the total algebraic area over an
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entire smooth closed surface M is independent of the embedding, and is given
by

∫
M

K dA = 2πχ(M), where χ(M) denotes the Euler characteristic of the
surface M , the number of vertices minus the number of edges plus the number
of triangles in a triangulation of the surface.

It follows that∫
M

|K| dA =
∫

M∩{K≥0}
K dA−

∫
M∩{K≤0}

K dA

= 2

(∫
M∩{K≥0}

K dA

)
− 2πχ(M) ≥ 2π

(
4− χ(M)

)
.

The integral
∫
M
|K| is called the total absolute curvature of M , and M is tight

when this functional achieves its minimum value.
By a fundamental result in elementary Morse theory, for almost all unit vectors

z, the height function in the direction of z, when restricted to the smooth closed
surface M , is nondegenerate, with isolated singularities that are either local
maxima, local minima, or ordinary saddle points. For any such function, the
number of maxima plus the number of minima minus the number of (ordinary)
saddles equals the Euler characteristic χ(M).

If M is tight, almost every height function will have exactly one maximum and
one minimum, so the number of saddles will be 2−χ(M) and the total number of
critical points will be 4− χ(M), the minimum number of nondegenerate critical
points a function can have on a closed surface. The total absolute curvature of
a surface M equals the integral over the unit sphere, in the sense of Lebesgue,
of the number of critical points of height functions on M corresponding to unit
vectors on the sphere.

We may summarize these comments about smooth surfaces as follows:

Definition 1.1.1 (smooth tight closed surfaces). A smooth (at least
C2) immersion of a closed surface f : M → E

3 is said to be tight if one of the
following equivalent conditions is satisfied:

(i) 1
2π

∫
M
|K| dA = 4− χ(M).

(ii) Every nondegenerate height function zf : x 7→ 〈fx, z〉 in the direction of a
unit vector z ∈ R3 has exactly one local minimum and one local maximum
(and, consequently, 2− χ(M) saddle points).

(iii) 1
2π

∫
M |K| dA =

∑
i bi(M ;Z2). Here bi(M ;Z2) denotes the i-th Betti number

bi = dimZ2 Hi(M ;Z2).
(iv) f has the Two-Piece Property (TPP): For every plane H ⊂ E

3, the com-
plement f−1(M \H) has at most two connected components.

(v) For every open half-space h bounded by a plane H , the induced morphism
H∗(f−1(h)) → H∗(M) is injective, where H∗ denotes the singular homology
with coefficients in Z2.

Note. The TPP condition is also called 0-tightness because in this case the
homomorphism H0(f−1(h)) → H0(M) is injective for any open half-space h.
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The equivalence of (i) and (ii) and (iv) has been established above. The equiva-
lence of (ii) and (iii) follows from elementary Morse theory, and that of (iv) and
(v) follows from Poincaré duality. For orientable surfaces one can replace Z2 by
any field or by Zin condition (v).

In the case of a smooth immersion of a nonorientable surface M into E 3, we
will not have a field of unit normal vectors, and even in the case of an immersion
of an orientable surface, it may be that the Gauss mapping is not surjective. We
can take care of each of these situations by considering not just one but both
unit normal vectors at each point of the surface. We define a double spherical
image mapping that assigns to each point the pair of unit vectors perpendicular
to the tangent plane at the point, and we get the total curvature by taking half
the total integral of this double spherical image mapping.

For an immersion f : M → E
N of the closed surface M for N > 3, the

equivalences in Definition 1.1.1 still hold if we replace the word “plane” by “hy-
perplane” and if we no longer use the Gaussian curvature of the surface itself but
rather the Lipschitz–Killing curvature of the unit normal bundle of the surface;
that is, if we replace the total absolute curvature 1

2π

∫
M
|K| dA by

TA(f) :=
1

cN−1

∫
⊥f

|K| dV,

where K denotes the Lipschitz–Killing curvature (the determinant of the shape
operator) in a normal direction, ⊥f denotes the unit normal bundle with its
canonical volume element, cN−1 denotes the volume of the unit sphere SN−1.
Compare [Willmore 1971; Cecil and Ryan 1985] for more details.

For the total absolute curvature of immersions into the sphere see [Teufel
1982]. For a generalization of tightness to the case of hyperbolic space or mani-
folds without conjugate points other than EN see [Cecil and Ryan 1979; Bolton
1982].

The Two-Piece Property is a purely topological condition, and as such it can
be applied even to topological embeddings or immersions where it does not make
sense to talk about a curvature measure K or the collection of nondegenerate
height functions. In particular, for polyhedral surfaces embedded in E 3 we may
use the TPP as the definition of tightness. Condition (ii) still applies, since we
may consider surfaces for which almost all height functions have exactly one local
maximum. We can no longer assume that almost all height functions restrict to
functions on the surface with only maxima, minima, and ordinary saddles, since
there might be more complicated isolated critical points. Nonetheless, for each
unit vector not perpendicular to any edge of a closed polyhedral surface M , it is
possible to assign an index of singularity to each vertex such that maxima and
minima have index 1 and such that the sum of the indices equals χ(M). The
number of critical points, counted with multiplicities, once again is greater than
or equal to the sum of the Betti numbers of the surface, with equality when M
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has the TPP. For further discussion, see [Banchoff 1970a; Banchoff and Takens
1975].

Definition 1.1.2 (polyhedral curvature). In the case of a polyhedral
surface, we can also find analogues for the concept of curvature. Although there
is not a well-defined Gauss mapping at the vertices of a polyhedron, we may
assign to each vertex v the integral of the indices of singularity at v for all height
functions determined by points of the unit sphere. This average can be shown
to equal the polyhedral curvature K(v) given by

K(v) := 2π −∑
i αi,

where the αi, for i = 1, 2, . . . denote the interior angles of the faces at v.
The analogue of the Gauss–Bonnet formula for a closed polyhedral surface is

then
∑

v K(v) = 2πχ(M).

In the case of a smooth immersion, a fundamental theorem of Gauss states that
the curvature K is intrinsic, dependent only on measurements made along the
surface and not depending on the way the surface sits in space. The situation
is quite different for polyhedra. Although the quantity K(v) depends only on
intrinsic measurements, these measurements do not give as much information
about the way the surface is embedded in space. For example, if two smooth
surfaces are intrinsically the same and if one is convex, then the other is as well.
This is not true for polyhedra: for example, a regular icosahedron is intrinsically
the same as a nonconvex polyhedron where one of the vertices is pushed in.

Nevertheless, we can define a concept of the positive curvature at a vertex v

of a polyhedral surface M in E 3: Namely, K+ is the polyhedral curvature of the
local convex hull around v. If v happens to be an interior vertex of the convex hull
of its neighbors, we set K+ := 0. Thus K+ represents the area of the collection
of unit vectors such that the associated height function has index 1 at v. Define
K− by the condition K = K+ −K−. Then K∗ := K+ + K− is the analogue of
the absolute Gaussian curvature. As in the smooth case,

∑
v K+(v) ≥ 4π, and

we obtain the inequality [Brehm and Kühnel 1982]
∑

v K∗(v) ≥ 2π(4− χ(M)).

As before, the polyhedral surface M will be tight if equality is achieved.
One of the consequences of tightness for polyhedral surfaces is that a vertex

v with K(v) > 0 (or K+(v) > 0) has to lie on the boundary of its convex hull.
More precisely, it has to be an extreme vertex of the convex hull, not contained
in the interior of any segment in the convex hull.

We say that a height function in the direction of the unit vector z is general
with respect to M if it takes distinct values at distinct vertices (so it is never
constant on an edge). For an embedded polyhedral surface M , the nongeneral
height functions correspond to unit vectors contained in a finite union of great
circles. So almost all height functions are general for M .
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We may summarize our discussion of tight polyhedral surfaces as follows:

Definition 1.1.3 (polyhedral tight closed surfaces). A polyhedral im-
mersion of a closed surface f : M → E

3 is said to be tight if one of the following
equivalent conditions is satisfied:

(i) 1
2π

∑
v K∗(v) = 4− χ(M) =

∑
i≥0 bi(M ;Z2).

(ii) Every height function zf : x 7→< fx, z > in the direction of a unit vector
z ∈ E 3 that is general for M has exactly one local minimum and one local
maximum (and, consequently, b1 = 2 − χ(M) saddle points, counted with
multiplicity).

(iii) 1
2π

∫
M
|K| dA =

∑
i bi(M ;Z2).

(iv) f has the TPP.
(v) For every open half-space h bounded by a plane H , the induced morphism

H∗(f−1(h)) → H∗(M) is injective.

(The last three conditions are the same as their counterparts in Definition 1.1.1.)

In contrast to the smooth situation, where we had to modify the definitions of
curvature for immersions of surfaces, or surfaces in higher codimension, these
five conditions remain equivalent for any polyhedral mapping of a triangulated
surface into Euclidean space of any dimension. For polyhedral surfaces in EN ,
with N ≥ 4, condition (i) is not well defined, but the conditions (ii), (iii), (iv)
still remain unchanged, and they are still equivalent.

Definition 1.1.4 (topsets, substantial codimension). A supporting hy-
perplane for a compact subset M of EN is a hyperplane that contains at least
one point of M such that M is entirely contained in one of the two half-spaces
determined by the hyperplane. The intersection of M with a supporting hyper-
plane is called an i-topset if it is contained in an i-dimensional linear subspace
but not in any (i − 1)-dimensional linear subspace. A topset is defined as an
i-topset for some i. A topset of an immersion is defined as the preimage of a
supporting hyperplane. A topset is thus a subset of M where a certain height
function attains its maximum (or minimum).

A closed surface M is called substantial in EN if it is not contained in any
hyperplane. An immersion f is called substantial if its image is substantial. If f

is polyhedral and substantial in EN , the convex hull of f(M) is an N -dimensional
convex polytope, or N -polytope for short. The topsets are the preimages under
f(M) of the faces of this polytope. For general facts about convex polytopes see
[Grünbaum 1967; Brøndsted 1983].

If f is smooth, its convex hull admits a stratification into smooth i-topsets of
various dimensions. Not necessarily every i between 0 and N − 1 has to occur
in this case: The standard sphere has only 0-topsets, while the convex hull of
a torus of revolution in E 3 and the Veronese surface in E 5 (see Example 1.2.4
below) possess only 0-topsets and 2-topsets. A piece of cylinder capped off by
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two hemispheres has 0- and 1-topsets. An analytic tight closed surface can never
have 1-topsets or 2-topsets.

1.2. Basic examples: smooth and polyhedral.

Example 1.2.1 (Genus 0). The boundary of any bounded three-dimensional
convex body is a tightly embedded two-sphere. The easiest condition to verify
is the TPP, which works no matter what degree of smoothness is present. It
is possible to find smooth examples of any order Ck, for k ≥ 0. The unit
two-sphere is an example of a real analytic tight embedding. The boundary
polyhedral surface of a Platonic solid, or of any convex three-polytope, is a
polyhedral tightly embedded two-sphere.

Example 1.2.2 (Genus 1). A torus of revolution, obtained by revolving a
circle around a disjoint axis in its plane, is a tight analytic surface in E 3. Such
a torus can be obtained by stereographic projection of the Clifford torus S1 ×
S1 ⊂ E

2 × E 2 = E
4, a tight torus contained on the three-sphere S3 of radius√

2 in four-space. (Any tight surface situated on a sphere satisfies a stronger
condition, called tautness or the spherical TPP ; see [Cecil 1997] in this volume.)
A polyhedral analogue of the Clifford torus is the Cartesian product of two square
polygons in two-dimensional planes in four-space, regarded as a subcomplex of
the four-cube, which it itself a Cartesian product of two square regions. The
vertices of this polyhedron lie on a three-sphere, and stereographic projection
from the north pole of this sphere sends the vertices of the tight “polyhedral
torus of revolution” to the vertices of a Schlegel diagram of the four-cube.

An essentially different example of a tight polyhedral torus in 3-space is
Császár’s torus, a polyhedron without diagonals [Császár 1949; Bokowski and
Eggert 1991]; see Figure 3. Any two of the seven vertices are joined by an edge.
As a consequence, any simplexwise linear embedding of this particular triangula-
tion into E 4, E 5 or E 6 is tight. The abstract 7-vertex triangulation of the torus
was already known to Möbius [1886], and, as the union of two disjoint triple
systems on 7 points, it was mentioned by Cayley [1850].

Example 1.2.3 (Higher genus). In order to construct smooth tight orientable
surfaces of higher genus in E 3, we start with the boundary of the convex hull
of a thin torus of revolution (an ε neighborhood of a horizontal circle). This
convex smooth surface contains horizontal circular discs. We may then remove
smaller circular discs from these discs and attach rotationally symmetric handles
given by the parts of negative curvature of other tori of revolution. This is an
instance of what is known as “tight surgery” S0 × B2 → B1 × S1 . One can
see that condition (i) of Definition 1.1.1 remains satisfied. Polyhedral analogues
are obtained by removing pairs of small square discs from parallel faces of a
cube, then connecting the square boundaries by tubes with square cross-section.
We can also carry out a similar polyhedral construction to join pairs of convex
polygons in disjoint planar faces of a tight polyhedral surface.
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Figure 3. Császár’s seven-vertex embedding of the torus.

A similar type of construction is possible in the case of a tight smooth surface
in E

4 that contains a pair of parallel planar pieces. We can obtain such a
tight torus as the product of a pair of curves consisting of a pair of parallel
segments capped by two semicircles. This surface contains a pair of parallel
square regions lying in a three-dimensional affine subspace of E 4, so we may add
negative curvature tubes as above. Note that these examples will not be real
analytic, and in fact there are no real analytic surfaces of genus greater than 1
in E 4 not lying in any affine hyperplane [Thorbergsson 1991]. This leads to an
open problem:

Question 1. For a polyhedral tight surface in E
4, it is possible to join two

polygons in different faces by a polyhedral tube, preserving tightness, even if
the two faces do not lie in any three-dimensional subspace. Is an analogous
construction possible for smooth surfaces, to produce examples of tight surfaces
of higher genus by adding handles to nonparallel flat pieces?

For any N it is possible to construct tight polyhedral surfaces in EN not ly-
ing in any hyperplane. We can obtain such examples recursively as follows:
Start with any tight polyhedral closed surface substantially embedded in EN ,
and translate a copy of it into a parallel hyperplane of EN+1. Then remove
a number of open two-faces with pairwise disjoint boundaries such that every
vertex of the given surface is contained in one of the boundaries. Remove the
corresponding faces in the parallel copy, and join corresponding boundaries by
polyhedral tubes. The resulting surface has the TPP, so this procedure gives a
tight polyhedral surface substantially embedded in EN+1, of at least twice the
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genus of the original surface. Applying this procedure to the boundary of the
three-cube gives the polyhedral torus in the four-cube constructed earlier. We
may repeat the procedure to obtain a series of highly symmetric tight surfaces
embedded as subcomplexes of higher-dimensional cubes. This series of examples
has been developed independently by various authors [Banchoff 1965; Coxeter
1937; Kühnel and Schulz 1991; Kühnel 1995]. Surprisingly, these examples can
also be realized as embedded polyhedra in E 3 where the number of vertices can
be smaller than the genus [McMullen et al. 1983].

Example 1.2.4 (The Klein bottle). According to a theorem of Kuiper
[1960; 1983b], it is not possible to find a tight immersion of the Klein bottle
into E 3, even as a topological surface. However, following a procedure analogous
to the one used in the previous paragraph, we can construct a tight polyhedral
embedding of the Klein bottle into E 4. We start with a Möbius band in E 3 with
five vertices, all ten edges connecting pairs of vertices, and five triangular faces.
Take a copy in a parallel hypersurface in E 4 and connect corresponding vertices
by segments and corresponding boundary segments by rectangles. The resulting
tight polyhedral surface contains all edges of the convex hull of the ten points in
E

4. Compare [Ba7].

Question 2. Is there a tight smooth embedding or immersion of the Klein
bottle substantially into E 4? (Haab [1994/95] has announced that the answer is
negative.)

Example 1.2.5 (The projective plane). There is no tight immersion of the
real projective plane into E 3. This was proved by Kuiper [1960], who showed that
it was not possible even for topological immersions. One of the most famous and
most beautiful examples in the theory of tight surfaces is the Veronese surface
contained substantially in a five-dimensional hyperplane in E 6. It is defined as
the immersion of the unit sphere

S2 = {(x, y, z) : x2 + y2 + z2 = 1}
into E 6 by the formula

(x, y, z) 7→ (
x2, y2, z2,

√
2xy,

√
2yz,

√
2zx

)
.

Since antipodal points of the unit sphere are sent to the same image, and no
other disjoint pairs are sent to the same point, this defines an embedding into
E

6 of the real projective plane, thought of as the unit sphere with antipodal
points identified. The sum of the first three coordinates is 1, so the image is
contained in a five-dimensional hyperplane, but it is not contained in any four-
dimensional affine subspace. It is, however, contained in the five-sphere of radius
1, so also in the small four-sphere obtained by intersecting the unit sphere with
the hyperplane. It follows that this surface is not only tight but also taut; see
[Cecil 1997] in this volume.
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The Veronese surface has the TPP. We can see this using projective geometry,
since any hyperplane cuts the surface in a projective quadric that separates the
projective plane into at most two pieces. Alternatively, one can verify condi-
tion (ii) in Definition 1.1.1 because any nondegenerate height function on the
Veronese surface can be regarded as a quadratic function on S2 . Using Lagrange
multipliers, we see that there are exactly six critical points on S2, three pairs
of antipodal points, giving the minimum number of critical points on the real
projective plane RP2.

By stereographic projection, we can obtain a taut (therefore tight) embedding
of the real projective plane into E 4. The Veronese surface has a very special
property called secant-tangency. Any secant joining two points of the Veronese
surface is parallel to a line in a tangent plane to the surface, and from this it
follows that any orthographic projection into four-space that leads to an immer-
sion does in fact lead to an embedding. Such an embedding is automatically
tight since almost all height functions on the projected image will still have the
minimal number of critical points.

Question 3. Is it possible to attach a handle tightly to the Veronese surface
projected into E 4?

By a result of Kuiper, it is not possible to carry out this construction smoothly
in E 5, and the construction in E 4 would require very subtle details; compare
Question 1.

A tight polyhedral embedding of the real projective plane into E 5 is given by
any simplexwise linear embedding of the unique six-vertex triangulation obtained
by identifying antipodal points on a regular icosahedron (this is called the hemi-
icosahedron in [Coxeter 1970]). As an abstract triangulation, the six-vertex RP2

was already known to Möbius [1886]. In this embedding the TPP follows from
the fact that any two vertices are joined by an edge. As in the case of the
Veronese surface, any orthogonal projection of this surface into E 4 that results
in an immersion automatically produces a tight embedding.

Example 1.2.6. Nonorientable surfaces with even Euler characteristic χ ≤ −2
To construct a smooth tight immersion of a Klein bottle with one handle

[Kuiper 1961], start with a tight torus smoothly embedded into E 3 such that
some line intersects the surface in four parallel flat pieces. We can then con-
struct a tight tube as above, intersecting the original torus in a curve, thus
producing an immersion of a nonorientable surface of Euler characteristic −2
(see Figure 4). Attaching additional handles produces tight immersions of all
nonorientable surfaces with negative even Euler characteristic. Similar construc-
tions can be carried out on polyhedral tori to obtain tight polyhedral immersions
of such surfaces.
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Figure 4. Kuiper’s tight immersed Klein bottle with one handle, with a detail

showing the self-intersection.

Example 1.2.7 (Nonorientable surfaces with odd Euler character-

istic χ ≤ −1). An example with χ = −3 can be obtained by attaching a certain
interior part (two handles together with one cross-cap) to a convex outer part.
The idea was described in [Kuiper 1961]; a more concrete description of a poly-
hedral example admitting a tight smoothing was given in [Kühnel and Pinkall
1985]. Additional handles can be attached tightly.

This covers the case of odd Euler characteristic χ ≤ −3. The case χ = −1, a
projective plane with one handle, was mentioned as an open problem in [Kuiper
1961] and remained open until recently. For a long time it has been conjectured
that existence or nonexistence would be the same for the smooth and the poly-
hedral case. The solution was quite surprising: F. Haab [1992] proved that no
smooth tight surface with χ = −1 can exist, and recently D. Cervone [1994]
found a polyhedral tight example (see also [Cervone 1997] in this volume).
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Example 1.2.8 (Combinatorial). Assume there is given an abstract simpli-
cial triangulation of a closed surface M with n vertices and

(
n
2

)
edges (that is,

any two vertices are joined by an edge). Regard the union of the triangles as a
subcomplex of the (n − 1)-dimensional simplex spanned by n vertices in E n−1.
Then M is tightly and substantially embedded into E n−1 [Banchoff 1974; Kühnel
1980]. Special cases are the 7-vertex torus and the 6-vertex real projective plane.

1.3. Tight smooth surfaces. In a series of papers starting in 1958, Kuiper
studied tight smooth embeddings and immersions of surfaces using a variety
of approaches. He obtained existence and uniqueness results, obstructions to
tight immersions, and characterizations of special examples. One of his basic
observations is the following:

Proposition 1.3.1 [Kuiper 1962]. If f : M → E
N is a smooth and substantial

0-tight immersion of a closed surface, then N ≤ 5. In other words, a smooth
closed surface immersed tightly in a Euclidean space must be contained in a
three-, four-, or five-dimensional affine subspace.

It is instructive to consider the analogue of this statement for a lower-dimensional
situation, that of a smooth immersion of a closed one-dimensional manifold (a
closed curve) into EN possessing the TPP. We know that even for a topological
immersion the TPP for a closed curve implies that the image is contained in a
two-dimensional affine subspace. In the case of a smooth immersion, we observe
that if the curve is not contained in the plane of the velocity and the acceleration
vectors at a particular point, we can find a different plane containing the tangent
line that cuts the curve away from a neighborhood of the point. This violates
the TPP.

In the case of a two-dimensional surface in EN , at any given point all the
tangent vectors to curves in the surface are contained in a two-dimensional affine
subspace, and all the acceleration vectors are contained in a five-dimensional
affine subspace containing that plane. If the surface is not wholly contained in
that five-dimensional space, there is an affine hyperplane through the tangent
plane meeting the surface away from a neighborhood of the point. This violates
the TPP.

We can reformulate this argument in terms of the space of second fundamental
forms as follows (compare [Cecil and Ryan 1985, p. 34]):

Let zf denote a nondegenerate height function attaining its maximum at a
point p ∈ M . For any normal ξ at p, let Aξ denote the second fundamental form
in direction ξ. If the mapping ξ 7→ Aξ is injective, the codimension N−2 cannot
exceed the dimension of symmetric bilinear forms on the tangent plane, which
for a two-dimensional surface is 3.

If this mapping were not injective, then for some ξ, the associated bilinear
form would be zero. For any t, the height function in the direction of zf + tξ

would have a local maximum at p; but since f is assumed to be substantial, the
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height function in the direction of ξ is not constant, so for some point q of M , it
has a higher value at q than at p, contradicting the TPP.

Proposition 1.3.2 [Chern and Lashof 1957; Kuiper 1960]. Let f : S2 → E
N

be a smooth and substantial tight immersion. Then N = 3, and f(S2) is the
boundary of a convex body in E 3.

Proof. Let H denote the convex hull of f(S2). A nonempty intersection of
H with a hyperplane bounding a half-space containing the image of f is called
a topset. If f is tight, every topset A of H is a convex set. A 0-topset is a
point that must be contained in f(S2). A 1-topset is an interval that, by the
TPP, is entirely contained in f(S2). A 2-topset of H has the property that its
boundary is contained in f(S2), and the preimage of this boundary curve will
separate the two-sphere into two pieces, each topologically equivalent to a disc.
If the 2-topset is not contained in the image, the TPP is violated. Inductively, it
follows that f(S2) would have to contain all of the topsets of H and finally the
boundary of H itself. But this is impossible if N ≥ 4. Hence N = 3, and f(S2)
is a closed surface that contains the boundary of the convex body H. This can
only happen if f(S2) coincides with the boundary of its convex hull. �

Theorem 1.3.3 (existence of smooth tight surfaces). A tight and
smooth immersion f : M → E

3 exists if

(i) M is orientable (and in this case, f can be chosen to be algebraic [Banchoff
and Kuiper 1981]), or

(ii) M is nonorientable with χ(M) ≤ −2 (and if χ is even, f can be chosen to
be algebraic [Kuiper 1983a]).

Moreover , if M is not topologically equivalent to a two-sphere, then there exists
a tight and substantial smooth immersion f : M → E

4 if

(iii) M is orientable (but f can only be analytic in the case where M is the torus
[Thorbergsson 1991]), or

(iv) M is nonorientable with χ = 1, χ = −2 or χ ≤ −4.

Proof. The existence in (i) and (ii) follows from the basic examples in Sec-
tion 1.2. Case (iii) is also contained in Example 1.2.3, and the case χ = −1 in
(iv) is mentioned in Example 1.2.4.

For the nonorientable case χ = −2 in E 4 we start with the 4 × 4 torus as a
subcomplex of the 4-cube [0, 1]4 of Example 1.2.2, and consider the diagonally
opposite squares with vertices (0, 0, x, y) and (1, 1, x, y). Since these squares lie
in a common three-plane, it is possible to attach a polyhedral or smooth handle
tightly. The outer torus can be chosen to be smooth as well; see Example 1.2.2.
Additional handles can be attached tightly. This covers the case of even Euler
characteristic χ ≤ −2. Note that these examples are embedded.

For the case of odd Euler characteristic one would like to have a starting
example with χ = −3 (or, even better, χ = −1), which does not seem to be
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known. For χ = −5 one can start with the torus in E 4 as above and then attach
in a certain three-plane the inner part of the surface with χ = −3 in E 3, as
in Example 1.2.7. Then additional handles can be attached. This construction
leads to self-intersections, which are not really necessary from the differential
topological point of view; compare Question 7. �

Note that in each of cases (i)–(iv) (except possibly for χ = 1) the smooth tight
surface can be approximated by polyhedral tight surfaces, and it can also be
obtained as the smoothing of a certain polyhedral example.

Proposition 1.3.4 (top-cycles [Cecil and Ryan 1984]). Let f : M → E
3 be

a tight immersion of a closed surface (smooth or polyhedral), and let H denote
the convex hull of f(M). Then ∂H \ f(M) consists of a finite number of convex
planar discs. Their boundaries are called top-cycles. The number α(f) of these
top-cycles satisfies 2 ≤ α(f) ≤ 2 − χ(M). Moreover , if α(f) = 2 − χ(M), the
top-cycles are joined pairwise by cylinders of nonpositive Gaussian curvature, or
by cylinders of K+ = 0 in the polyhedral case. For nonorientable surfaces the
sharper inequality 2 ≤ α(f) ≤ 1− χ(M) holds.

Sketch of proof. If the surface is not an immersed sphere, obviously there
must exist at least one top-cycle. In a first step one has to show that the number
of top-cycles is finite. Furthermore, each of the top-cycles lies in the part of the
surface with vanishing Gaussian curvature. By the tightness, the part with
positive Gaussian curvature is contained in the boundary of the convex hull, and
the part with negative Gaussian curvature lies in the interior, connecting the
various top-cycles with one another. Finally, their number can be related to the
topology of the surface by a decomposition argument and the additivity of the
Euler characteristic. �

In fact, any value for α(f) within the range of the inequalities above can be
realized by a tight surface; for examples, see [Cecil and Ryan 1985, § 7.27].

Example 1.3.5. There exists a tight smooth immersion of the torus into E 3

that is not an embedding (i .e., that has double points).

The key to creating a tight smooth immersion of the torus that is not an em-
bedding is to find a nonsingular tube with everywhere nonpositive curvature
joining two convex curves in parallel planes. If X(t) and Y (t) are two convex
closed curves both defined over the same interval {a ≤ t ≤ b}, with X(t) in the
horizontal plane through the origin and Y (t) in the horizontal plane at height 1,
then we may define a surface

Z(t, u) = uX(t) + (1−u)Y (t).

The partial derivative with respect to t will be horizontal, while the partial with
respect to u is a nonzero vector from the plane at height 0 to the plane at
height 1. These vectors can only be linearly dependent when the first is zero,
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Figure 5. Construction of the inner part of a tight smooth immersion of a torus
with self-intersections.

that is, when uX′(t) + (1−u)Y ′(t) = 0 for some t and u, so the tube will be
nonsingular if X′(t) is never parallel to Y ′(t). One way to arrange this is to
start with an ellipse X(t) with unequal axes, then let Y (t) be the parallel curve
at distance r, where the distance is greater than the radius of curvature at any
point of the ellipse. The tube constructed for these two curves will have four
cuspidal edges meeting pairwise in a set of four swallowtail points, and there are
two curves of double points. If we then rotate Y (t) slightly, no X′(t) will be
parallel to the corresponding Y ′(t), so there will be no singularities. However for
small enough rotations, there will still be intersection points near the original
double point arcs. See Figure 5.

A similar example of a tight polyhedral immersion of a torus that is not an
embedding is described in [Kuiper 1983b].

Theorem 1.3.6 [Kuiper 1962; 1997]. A tight and substantial smooth immersion
f : M → E

5 exists only if M is the real projective plane, and its image is the
Veronese surface (up to projective transformations of E 5).

This result is quite surprising, and the proof is difficult; compare the higher di-
mensional generalization given below as Theorem 2.4.2. It is also surprising that
the tight Veronese surface f : RP2 → E

5 cannot be approximated by polyhedral
tight surfaces [Kuiper and Pohl 1977]. Conversely, the tight polyhedral RP2 in
5-space cannot be approximated by smooth tight surfaces.
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Theorem 1.3.7 (nonexistence results). There is no tight and smooth im-
mersion into E 3 of the projective plane [Kuiper 1960], the Klein bottle [Kuiper
1960], or the surface with χ = −1 [Haab 1992].

The assertions for the projective plane and the Klein bottle follow from Proposi-
tion 1.3.4, because there is no possibility for α(f). The proof in the case χ = −1
is much more involved.

The remaining open cases lead to the following questions.

Question 4. Is there a smooth tight immersion of the surface with χ = −1 or
χ = −3 into E 4?

Question 5. Are there tight algebraic surfaces in E 3 with odd Euler character-
istic?

Question 6. Are there tight analytic immersions of nonorientable surfaces into
E

4 if χ 6= 1? See [Haab 1994/95].

Question 7. Does there exist a smooth tight embedding into four-space of a
surface with odd Euler characteristic χ ≤ −1?

Question 8. Is it possible to approximate the Veronese surface in E 4 by tight
polyhedral surfaces? A positive answer would also shed some light on Question 2.

Question 9. Is it possible to approximate Császár’s seven-vertex torus in E 3

by tight smooth surfaces? One may start with any version of this polyhedron
[Bokowski and Eggert 1991].

Question 10. Is there any difference between the case of C2-immersions and the
case of C1-immersions, as far as existence or nonexistence of tight immersions
is concerned?

1.4. Tight polyhedral surfaces. Tight polyhedral surfaces were introduced
in [Banchoff 1965]. There are a number of analogies with the smooth case, but
also a number of significant differences. In particular, the structure of the topsets
can be different from those in the smooth case, and the substantial codimension
can be arbitrarily large (see Example 1.2.3). In [Banchoff 1974] the relationship
with Heawood’s map color problem was mentioned, and this was developed in a
systematic way in [Kühnel 1980]. In this section we summarize the main results.
For the details and proofs see [Kühnel 1995].

The 1-skeleton of a convex polytope, denoted by Sk1, is defined as the set
of all extreme vertices and extreme edges of the polytope. For example, the
1-skeleton of an N -dimensional simplex is the complete graph KN+1 on N + 1
vertices.

Lemma 1.4.1. (i) [Banchoff 1965] Let M ⊂ E
d be a 0-tight and connected

polyhedron. Then M contains the 1-skeleton of its convex hull : Sk1(H) ⊂ M .
(ii) A polyhedral surface M with convex faces is 0-tight if and only if its 1-

skeleton is 0-tight .
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Proof. (i) Let e be an extreme edge of H with the extreme vertices v, w as its
endpoints. By construction M contains v and w. There is a half-space h of E d

such that h ∩H = e. Consequently we have {v, w} ⊂ h ∩M ⊂ h ∩H = e. By
the 0-tightness, h ∩M must be connected. It follows that h ∩M = e.

(ii) If the one-skeleton is 0-tight, M is 0-tight because adding higher dimen-
sional faces preserves the connectedness of M ∩ h. Conversely, if M ∩ h is con-
nected then Sk1(M) ∩ h must be connected because the faces are convex.

Note that this is not true if there are nonconvex faces. For example, if we
remove two square regions from opposite faces of a cube and connect by a poly-
hedral tube, the resulting one-skeleton is not even connected, and if we make it
connected by adding some diagonals, it is possible that the resulting one-skeleton
will not be tight. �

The tightness of the one-skeleton of a polyhedron essentially means that (i) the
one-skeleton of the convex hull is contained in the surface, and (ii) every vertex
that is not a vertex of the convex hull lies in the relative interior of some of its
neighbors. For example, a vertex might lie in the interior of a segment determined
by two neighboring vertices, or in the interior of a triangle determined by three
neighbors. These situations are not stable, in that tightness can be lost by
small perturbations of the vertex. If, however, a vertex is in the interior of
a tetrahedron spanned by four neighboring vertices, this situation is preserved
under small perturbations of the vertex.

Theorem 1.4.2 (existence results in small codimension). Let M be an
abstract surface with Euler characteristic χ(M).

(i) There is a tight polyhedral embedding M → E
3 if M is orientable.

(ii) There is a tight polyhedral immersion M → E
3 if M is nonorientable and

χ(M) ≤ −1 (see [Cervone 1994; 1997] for the case χ = −1).
(iii) There are tight and substantial polyhedral embeddings M → E

4 and M → E
5

if M is not topologically equivalent to the two-sphere.
(iv) There is a tight and substantial polyhedral embedding M → E

6 if M is
orientable and distinct from the two-sphere.

In particular , any closed surface admits a tight polyhedral embedding into some
Euclidean space EN .

Proof. The proof consists in a series of examples, most of them already sketched
in Section 1.2. The most difficult case is the nonorientable surface in E 3 with
χ = −1, settled only recently by D. Cervone [1994; 1997]. The case χ = −3 is
also special, although it can now be obtained from the case χ = −1 by attaching
a handle. In [Kühnel and Pinkall 1985], a symmetric immersion of the surface
with χ = −3 is constructed in such a way that it can be smoothed to give a
tight smooth immersion of the surface. By the nonexistence result of Haab, the
Cervone immersions cannot be smoothed while maintaining tightness. �
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For a tight torus in three-space, the intersection with the convex hull is a convex
sphere with two open convex discs removed. In the case of a smooth torus,
the closures of these two convex discs are disjoint, although in the polyhedral
case they may intersect at a point or along a line segment. In any case, the
complement of this outer part is an open cylinder strictly contained in the interior
of the convex hull.

Although the outer part is necessarily a one-to-one image of a subset of the
torus, the inner part, surprisingly, can have self-intersections. The first example
of this phenomenon in the smooth case was observed by L. Rodŕıguez, and in
the polyhedral case by Banchoff. Since this example has not been published
elsewhere, we include it here.

Start with a tetrahedron inscribed in a cube, with vertices

v1 = (1, 1, 1), v2 = (1,−1,−1), v3 = (−1, 1,−1), v4 = (−1,−1, 1).

Shift the triangles v1v3v4 and v2v3v4 in the direction (t, 0, 0) and the trian-
gles v1v2v3 and v1v2v4 in the direction (−t, 0, 0). For t between 0 and 1,
the intersection of these triangles will be a skew quadrilateral with vertices
(1−t)v1, (1−t)v3, (1−t)v2, (1−t)v4. To these four triangles, we may attach two
parallelograms v1 + (t, 0, 0), v1 + (−t, 0, 0), v3 + (−t, 0, 0), v3 + (t, 0, 0) and
v2 + (t, 0, 0), v2 + (−t, 0, 0), v4 + (−t, 0, 0), v4 + (t, 0, 0). This produces a self-
intersecting polyhedral cylinder with boundary given by two parallelograms v1 +
(t, 0, 0), v1 +(−t, 0, 0), v4 +(−t, 0, 0), v4 +(t, 0, 0) and v2 +(t, 0, 0), v2 +(−t, 0, 0),
v3+(−t, 0, 0), v3+(t, 0, 0). We may obtain a tightly immersed polyhedral torus by
attaching this cylinder to the surface of a square prism with vertices (±2,±2,±1),
with the regions removed that are bounded by the parallelograms v1 + (t, 0, 0),
v1 + (−t, 0, 0), v4 + (−t, 0, 0), v4 + (t, 0, 0) and v2 + (t, 0, 0), v2 + (−t, 0, 0),
v3 + (−t, 0, 0), v3 + (t, 0, 0). See Figure 6.

Figure 6. The inner part of a tight polyhedral torus with self-intersections.
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Attaching Lemma 1.4.3 [Kühnel 1980]. Let M be a tight polyhedral surface,
substantial in EN , for N ≥ 4. Then there is a tight polyhedral M # S1 × S1 and
a tight M #RP2 in the same space EN , obtained just by local modifications of
M (attaching a handle or a cross-cap).

A handle can be attached tightly also in E 3; see Example 1.2.3. For the con-
struction of attaching a cross-cap one can replace the cone over a skew pentagon
by a five-vertex Möbius band.

Lemma 1.4.4 [Grünbaum 1967]. The one-skeleton of any convex N -polytope
contains the complete graph KN+1 as a subset (not necessarily as a subgraph).

Corollary 1.4.5 [Banchoff 1971a]. Let f : S2 → E
d be a tight and substantial

polyhedral embedding or immersion. Then d = 3, and f(S2) is the boundary of
a convex three-polytope.

Proof. By Lemma 1.4.1, f(S2) contains the one-skeleton of its convex hull.
This in turn contains a Kd+1 by Lemma 1.4.4. On the other hand, S2 does not
contain a K5 because K5 is not planar, hence it does not contain a Kd+1 for any
d ≥ 4. Therefore d + 1 = 4. Assume that f(S2) is not identical with its convex
hull H. Then one of the two-dimensional faces of H is not contained in f(S2).
On the other hand, the boundary of this two-face is certainly contained in f(S2)
because this boundary contains all edges of H. It separates S2 into two pieces.
Therefore it follows that a certain plane in E 3, parallel to this two-face, would
separate f(S2) into more than two pieces, a contradiction to 0-tightness. �

Theorem 1.4.6 (nonexistence results in small codimension). (i) There
is no tight polyhedral immersion of the real projective plane or of the Klein
bottle into E 3 (not even topologically [Cecil and Ryan 1985; Kuiper 1983b]).

(ii) There is no tight and substantial polyhedral immersion of S2 into EN , for
N ≥ 4.

Assertion (i) follows from Proposition 1.3.4. For assertion (ii), see Corollary 1.4.5.
For the case of higher codimension, see Theorem 1.4.8 below.
By Lemma 1.4.4, a necessary condition for tightness of a polyhedral surface

into E d is the embeddability of the complete graph on d+1 vertices in the surface.
This in turn is closely related with the Heawood map color problem [Heawood
1890; Ringel 1974; White 1984]. The following result of G. Ringel and J. W. T.
Youngs expresses the embeddability of the complete graph in n vertices in terms
of an inequality, known as Heawood’s inequality, between n and the genus of the
surface.

Theorem 1.4.7 [Ringel 1974]. For every abstract surface M of genus g, apart
from the Klein bottle, the following conditions are equivalent :

(i) There exists an embedding Kn → M .
(ii) χ(M) ≤ n(7− n)/6.
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(iii) n ≤ 1
2

(
7 +

√
49− 24χ(M)

)
.

(iv)
(
n−3

2

) ≤ 3
(
2− χ(M)

)
= 6g.

For the Klein bottle, condition (i) is equivalent to n ≤ 6. Moreover if equality
holds in (ii)–(iv), the embedding of Kn induces an abstract triangulation of M .

Theorem 1.4.8 [Kühnel 1980]. For an abstract surface M and a number n ≥ 6,
the following conditions are equivalent :

(i) There exists a tight and substantial polyhedral embedding M → E
n−1.

(ii) There exists an embedding Kn → M .

Combining this with Theorem 1.4.7, we obtain:

Corollary 1.4.9 [Kühnel 1978, Theorem A]. Let M be an abstract surface
that is not topologically equivalent to the Klein bottle . Then there exists a tight
substantial polyhedral embedding M → E

d if and only if

d0 ≤ d ≤ 1
2

(
5 +

√
49− 24χ(M)

)
,

where d0 = 3 if M is orientable and d0 = 4 if M is nonorientable. The Klein
bottle can be embedded tightly and substantially into E 4 and E 5 but not into E k,
k ≥ 6 [Franklin 1934; Banchoff 1974].

Sketch of proof of Theorem 1.4.8.

(i) ⇒ (ii) is just a combination of Lemmas 1.4.1 and 1.4.4:

Kn ⊂ Sk1(H) ⊂ M ⊂ E n−1.

(ii) ⇒ (i) : We start with an embedding Km ⊂ M , where m ≤ n is maximal
with respect to the inequality (iii) in Theorem 1.4.7. Then we extend it to a
triangulation of M with those m vertices and some extra vertices. Finally the m

vertices can be put into general position in E n−1, and the extra vertices have to
be chosen in the relative interiors of their neighbors. This implies that the edge
graph of this triangulation is 0-tight in E n−1. If the surface is embedded (i.e.,
without self-intersections) then it is 0-tight and tight by Lemma 1.4.1. Here it
can be shown that the case of self-intersections can always be avoided by slight
changes of the triangulation. �

A triangulated surface (or any simplicial complex) with n vertices can always
be regarded as a subcomplex of an (n − 1)-dimensional simplex 4n−1. We call
this the canonical embedding of the triangulation. An abstract triangulation of
a surface is called tight if its canonical embedding is tight.

Corollary 1.4.10 (Tight triangulations [Kühnel 1995]). Let M be a tri-
angulated surface of genus g with n vertices. Then the following conditions are
equivalent :

(i) The triangulation is tight .



TIGHT SUBMANIFOLDS, SMOOTH AND POLYHEDRAL 75

(ii) The triangulation is two-neighborly , that is, its edge graph is a complete
graph Kn.

(iii)
(
n−3

2

)
= 3

(
2− χ(M)

)
= 6g.

Conversely , given an abstract surface not topologically equivalent to the Klein
bottle, and a number n satisfying (iii), then there is a tight triangulation of M

with n vertices.

For a two-manifold M , let NM denote the maximum dimension of Euclidean
space admitting a tight and substantial polyhedral embedding of M . Let nM

denote the minimum number of vertices for any simplicial triangulation of M .
Then the results of [Ringel 1955b; Jungerman and Ringel 1980; Huneke 1978] in
connection with Theorem 1.4.8 can be reformulated as follows:

Theorem 1.4.11. For any surface M we have NM ≤ nM − 1 ≤ NM + 2.
Moreover , for any surface distinct from the Klein bottle, from the orientable
surface of genus 2 and from the surface with χ = −1, the sharper inequality
NM ≤ nM − 1 ≤ NM + 1 holds.

Theorem 1.4.12 [Banchoff 1965; Pohl 1981; Kühnel 1995]. Let M ⊂ E
d be a

tightly and substantially embedded polyhedral surface. Then:

(i)
(
d−2
2

) ≤ 3
(
2− χ(M)

)
.

(ii) If d ≥ 4, equality in (i) holds if and only if M is embedded as a subcomplex
of a d-simplex 4d (and the induced triangulation is tight by Corollary 1.4.10).

Equality in (i) is satisfied by the boundary of any convex three-polytope. This
shows that (ii) cannot be extended to the case d = 3.

The case χ 6= 0 was treated in [Banchoff 1974], the case χ = 0 in [Pohl 1981;
Kühnel 1995, § 2.17].

Corollary 1.4.13. The image of a tight polyhedral real projective plane in E 5

is affinely equivalent to the canonical embedding of the 6-vertex RP2, and the
image of a tight polyhedral torus in E 6 is affinely equivalent to the image of the
7-vertex torus.

Conjecture 1.4.14 [Pohl 1981]. Let M → E
d be a tight and substantial topo-

logical immersion of a surface, and assume d ≥ 6. Then:

(i) The convex hull of M in E d is a convex polytope.
(ii)

(
d−2
2

) ≤ 3
(
2− χ(M)

)
.

(iii) Equality in (ii) holds if and only if M is embedded as a subcomplex of a
d-simplex 4d (and the induced triangulation is tight by Corollary 1.4.10).

If (i) turns out to be true, (ii) and (iii) follow by the same arguments as in the
proof of Theorem 1.4.12. A particular case of this conjecture is the uniqueness of
the polyhedral model induced by the 7-vertex torus as the only tight topological
torus in E 6.
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Conjecture 1.4.15. Any tight torus that is centrally symmetric lies in a linear
subspace of dimension at most four . (This is true for a certain subclass of
polyhedral surfaces [Kühnel 1996].)

1.5. Tight and 0-tight surfaces with boundary. For surfaces with bound-
ary, the 0-tightness condition is much weaker than the condition of tightness.
Recall that an object in E 3 is 0-tight (condition (iv) in Definition 1.1.1) if the
intersection with every open or closed half-space is connected. For tightness
(condition (iii) in Definition 1.1.1), we also require that every 1-chain in the in-
tersection of an object and a half-space, that bounds in the object also bounds
in the intersection of the object with the half-space. For example, a closed hemi-
sphere satisfies the 0-tightness condition, but the plane containing the boundary
circle bounds a half-space in which the circle is not a boundary of a 2-chain even
though the circle bounds the hemisphere itself.

Proposition 1.5.1. (i) Assume that f : M → E
3 is a smooth tight immer-

sion of a closed surface. Then for any r ∈ N there exists a smooth 0-tight
immersion f̃ : Mr → E

3 where Mr denotes the surface M with r open discs
removed .

(ii) Assume that f : M → E
N is a tight polyhedral immersion of a closed surface.

Then for any r ∈ N there exists a 0-tight polyhedral immersion f̃ : Mr → E
N .

(iii) The upper bound for the substantial codimension of 0-tight polyhedral sur-
faces Mr is the same as for the corresponding closed surfaces M .

Proof. To obtain (i), note that the image of a smooth tight immersion of a
surface without boundary into E 3 must have points of strictly positive curvature.
By moving the tangent plane at any such point parallel to itself by an arbitrarily
small amount, we can cut off a region bounded by a convex plane curve, and
the resulting object will still have the TPP. This procedure can be repeated
any desired finite number of times. It is not clear whether there are analogous
constructions for smooth surfaces in E 4 or higher.

In order to prove (ii), we may start with any tight polyhedral immersion
of a surface M without boundary into EN and then remove r disjoint convex
polygonal open regions from any of the two-dimensional faces of the polyhedron
to produce a TPP embedding of Mr into EN .

The proof of (iii) is already contained in the proof for the case of closed
surfaces, Corollary 1.4.10. �

L. Rodŕıguez [1976] constructed a 0-tight embedding in E 3 of a torus with a disc
removed by removing a nonconvex topological disc from the negative Gaussian
curvature region of a torus of revolution. In order for the surface with boundary
to remain 0-tight, it is necessary that the boundary curve consist of asymptotic
curves, that is, curves where the tangent vector is directed along an asymptotic
direction at the point (where an asymptotic direction is a null direction of the
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second fundamental form so that the principal curvature direction of the curve
lies in the tangent plane of the surface at every point of the boundary curve).

Proposition 1.5.2. For any closed surface M (except RP2) that is known to
admit a tight and substantial immersion M → E

4 (see Theorem 1.3.3), there is
a smooth 0-tight substantial immersion Mr → E

4 for any r ≥ 1. We may start
with a tightly embedded surface containing a flat regions, and remove a number
of disjoint open regions bounded by smooth convex curves.

Lemma 1.5.3. For any immersion f : M → E
N (smooth or polyhedral) of a

compact surface M with boundary ∂M 6= ?, the following two conditions are
equivalent :

(i) f is tight .
(ii) f is 0-tight and H(fM) = H

(
f(∂M)

)
.

Moreover , if f is smooth, we have TA(f |M\∂M )+ 1
2

TA(f |∂M ) ≥ 2−χ(M), and
condition (i) above is equivalent to either of the following conditions [Grossman
1972; Kühnel 1977; Rodŕıguez 1976]:

(iii) TA(f |M\∂M ) + 1
2 TA(f |∂M) = 2− χ(M).

(iv) For sufficiently small ε > 0, the boundary fε of the ε-tube is 0-tight .

Corollary 1.5.4. The image of a tight immersion of a two-disc into any EN

is a convex set contained in an affine two-dimensional subspace of EN .

Examples 1.5.5. The first study of smooth tight immersions f : M → E
2 of

surfaces with boundary into the plane was carried out by L. Rodŕıguez [1973];
compare [Kuiper 1997, Figures 8, 9, 10]. Except for the disc, these surfaces with
boundary must have at least two boundary components: the boundary of the
convex hull and one or more inner components that are “locally concave”, that
is, smooth curves such that, at each point, the part of the tangent line lying in
a disc neighborhood of the point is contained in the image of the surface.

Smooth orientable tight immersions of surfaces with boundary f :→ E
3 can

be obtained by starting with a smooth immersion of a surface without boundary
that contains a flat piece, and then removing a finite number of disjoint convex
discs.

Nonorientable surfaces of this type can be obtained by cutting two convex
holes into Kuiper’s tight Klein bottles with a handle or into the tight surface
with χ = −3 described in [Kühnel and Pinkall 1985]; compare Examples 1.2.6
and 1.2.7. In any case handles can be attached and convex discs can be removed
while still preserving the tightness.

Conjecture 1.5.6 [White 1974]. There is no tight and substantial smooth im-
mersion of any compact orientable surface with exactly one boundary component ,
except for the disc.
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The key lemma in [White 1974] states that this boundary curve would have to be
planar and convex, in contradiction with Lemma 1.5.3. However, it seems that
the proof of this lemma has never appeared. The conjecture may be extended to
the nonorientable case as well. By a theorem of Kuiper [Kuiper 1971/72] there
is no smooth tight Möbius band.

Theorem 1.5.7 [Rodŕıguez 1976]. There is no tight and substantial smooth
immersion of any compact surface with nonempty boundary into EN , for N ≥ 4.

In contrast with Theorem 1.5.7, it is easy to construct polyhedral examples with
boundary. Start with a tight polyhedral surface without boundary. Then cut out
a finite number of disjoint convex holes from polyhedral faces in such a way that
every vertex is contained in the boundary of one of the holes. Then the remaining
surface with boundary is tight, according to Proposition 1.5.2. Another example
of a polyhedral surface with the TPP is the torus with disk removed illustrated
in Figure 7.

Figure 7. A tight polyhedral embedding of a torus minus a disc.

Example 1.5.8. The 5-vertex Möbius band includes all edges joining pairs of
vertices, so any simplexwise linear embedding of the 5-vertex Möbius band is
tight. Similarly if we remove the open star of a vertex of the 7-vertex torus, we
obtain a surface with boundary that contains every edge joining a pair of the
remaining six vertices, so any simplexwise linear embedding of this surface with
boundary is tight. These are examples of tight triangulations.

Example 1.5.9. The product of two one-dimensional planar convex polygons
γ1, γ2 is a tight torus in E 4. Remove the products γ1×{p}, where p ranges over
all vertices of γ2. This leads to a tight polyhedral torus in E 4 with a number of
holes.

Example 1.5.10. The highest possible codimension for a tight polyhedral sur-
face M without boundary is attained in the cases N = 1

2

(
5 +

√
49− 24χ(M)

)
;

see Corollary 1.4.10. By removing sufficiently many disjoint convex holes from
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one of the 2-faces, we obtain a tight surface in the same highest possible codi-
mension. For the details see [Kühnel 1980].

Example 1.5.11. A tight RP2 with three holes in E 5 can be constructed as
follows: Start with the 6-vertex triangulation, regarded as a subcomplex of the
5-simplex. Then cut three convex holes into the faces such that all 6 vertices are
covered by the boundaries. Observe that two holes are not sufficient to do this:
there is no tight polyhedral Möbius band with one hole, substantial in E 5.

Conjecture 1.5.12 (Extension of Pohl’s conjecture). If for a compact
surface M with nonempty boundary f : M → E

N , with N ≥ 4, is a tight
topological immersion, then its convex hull H(fM) is a polyhedron.

By [Kuiper 1971/72; 1980, Theorem 12], this is true for the Möbius band.

1.6. Congruence and rigidity theorems. We now turn to the question of
whether or not two isometric tightly immersed surfaces are necessarily congruent.

Theorem 1.6.1 (Congruence theorem for smooth tight tori). If two
tightly immersed smooth tori in E 3 are isometric, they are congruent if either

(i) they are analytic [Aleksandrov 1938], or
(ii) the immersions are at least five times differentiable, gradK 6= 0 at every

point for which K = 0, and an additional technical condition on asymptotic
curves is satisfied [Nirenberg 1963].

The situation for tight polyhedral surfaces is quite different:

Example 1.6.2 (Noncongruence for polyhedral tight surfaces [Ban-
choff 1970b]). There are pairs of tight polyhedral tori in E 3 that are isometric but
not congruent . By attaching handles one can obtain examples of higher genus
as well .

Question 11. Is it true that any two isometric smooth tight immersions of the
torus into E 3 are congruent?

For smooth immersions, tightness is an intrinsic property: if two surfaces M and
M̄ are isometric and one of them is tight, the other one must be tight since the
Gaussian curvature is intrinsic, so

∫ |K| = ∫ |K̄|. Tightness of surfaces in higher
codimension is definitely not an intrinsic property. Note also that for polyhedral
surfaces, tightness is not an intrinsic property; in particular, a convex polyhedron
can be isometric to a nonconvex polyhedron.

Definition 1.6.3. A polyhedral surface in E 3 is called rigid if it does not allow
a globally defined continuous deformation (other than by Euclidean motions)
where each edge and each face moves by a Euclidean motion (that is, moves
rigidly).

A famous example of R. Connelly [1978/79] disproved the rigidity conjecture for
polyhedral spheres in general. However, rigidity does hold for convex polyhedral
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surfaces [Connelly 1993]. In other words: A tight polyhedral surface of genus 0
is rigid.

For the case of higher genus this seems to be an open question:

Conjecture 1.6.4 [Kalai 1987]. Any tight closed polyhedral surface in E 3 is
rigid .

It is sufficient to consider only the case of triangulated surfaces because planar
n-gons can always be subdivided into triangles. Then Conjecture 1.6.4 just says
that the edge graph of any tight triangulated surface is rigid.

It is a trivial consequence of Theorem 1.4.11 that a tight surface is rigid if it
is substantial in EN with N = 1

2

(
5 +

√
49− 24χ(M)

)
.

Note that a rigidity theorem is weaker than a congruence theorem: Rigidity
does not a priori exclude the possibility of two noncongruent positions of the
same polyhedron. It just says that there is no continuous one-parameter family
of polyhedra of the same type joining them. The examples in [Banchoff 1970b] do
allow such a continuous and isometric one-parameter family, but in this case the
polyhedral structure is not preserved; faces are creased at continuously varying
edges.

The rigidity (even infinitesimal rigidity) of smooth ovaloids in E 3 is a classical
result [Liebmann 1900]. For congruence theorems of ovaloids see [Blaschke and
Leichtweiß 1973, Section 105] (smooth case) and [Pogorelov 1973] (general convex
surfaces).

Question 12. Are there congruence or rigidity theorems for higher dimensional
tight submanifolds, smooth or polyhedral?

If the rank of the shape operator of a hypersurface is at least 3 everywhere,
then a congruence theorem holds even locally. Besides cylinders with rank 1,
there are examples of three-dimensional hypersurfaces in E 4 with rank 2 that
are isometric but not congruent [Hollard 1991]. For congruence and rigidity of
convex hypersurfaces, see [Sen’kin 1972].

1.7. Isotopy, knots, and regular homotopy. Instead of studying immersions
for which the minimum of the total absolute curvature is achieved, it is possible to
consider lower bounds on the total absolute curvature for smooth immersions in a
given isotopy class or regular homotopy class. The first examples of theorems in
this area come from knot theory: By Fenchel’s Theorem, a closed curve in EN has
total absolute curvature

∫ |κ| ≥ 2π, with equality only for planar convex curves
[Fenchel 1929]. However, for a knotted curve in E 3, the total (absolute) curvature
is more than twice that large:

∫ |κ| > 4π [Fáry 1949; Fox 1950; Milnor 1950b].
This lower bound is not attained for any knot. More precisely, the infimum of
1
2π

∫ |κ| within a given isotopy class of embeddings is the bridge number of the
knot, defined as the minimum number of relative maxima of any height function
in this isotopy class. This infimum is attained only for the unknot (the isotopy
class containing the circle). The same results hold for polygonal knots, and in
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fact the method of Milnor [1950b] made essential use of approximation of smooth
curves by polygons in the same isotopy class.

These results have been extended to the case of knotted surfaces:

Theorem 1.7.1 [Langevin and Rosenberg 1976; Meeks 1981; Morton 1979].
Assume that for a smooth embedded orientable surface M ⊂ E 3 the total absolute
curvature satisfies

1
2π

∫
M

|K| < 8− χ(M).

Then M is unknotted , that is, M is isotopic to the ‘standard’ embedding given
in Example 1.2.3. The same conclusion holds for polyhedral surfaces satisfying

1
2π

∑
v

K∗(v) < 8− χ(M).

The polyhedral case can be derived by the process of smooth approximation
[Brehm and Kühnel 1982].

The bound on χ(M) cannot be improved, since there are surfaces for which
the equality is achieved that are not isotopic to the standard embedding. This
leads to the following notion [Kuiper and Meeks 1984]:

For a given isotopy class of embeddings, we call an embedded surface isotopy
tight if the total absolute curvature realizes the infimum in this isotopy class. As
mentioned above, a knotted curve is never isotopy tight.

Theorem 1.7.2 [Kuiper and Meeks 1984; 1987]. (i) A knotted torus is never
isotopy tight .

(ii) There exist knotted surfaces of genus g ≥ 3 that are isotopy tight and satisfy

1
2π

∫
M

|K| = 8− χ(M).

These examples can also be made polyhedral , satisfying

1
2π

∑
v

K∗(v) = 8− χ(M).

We can broaden the question of the existence of tight immersions of a surface
by asking if there are tight mappings in a given regular homotopy class of im-
mersions of a surface. Given two immersions f and g of a surface M , we say
these immersions are image homotopic if there is a homeomorphism φ of M such
that f and g ◦ φ are regularly homotopic. Pinkall [Pinkall 1986b] classified all
surfaces up to image homotopy, and exhibited tight immersions for a given im-
age homotopy class in all but a finite number of cases. His examples are tight
polyhedral immersions that can be smoothed preserving tightness by means of a
specific algorithm. More recently, Cervone [Cervone 1996] constructed polyhe-
dral immersions for most of the missing cases; only two cases remain unresolved.
However, these models do not meet the demands of Pinkall’s smoothing algo-
rithm, and some may in fact represent tight polyhedral immersions in an image
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homotopy class for which there exists no tight smooth immersion. (Compare the
case of the projective plane with one handle, for which there is a tight polyhedral
immersion but no tight smooth immersion).

The image homotopy class of an immersion of a surface can be described in
terms of the number of generators of the one-dimensional homology represented
by curves with neighborhoods that are twisted cylinders. For example, if both
generators of the first homology of a torus have twisted neighborhoods, the
torus is not image homotopic to any embedding; such a torus is called a twisted
torus. For the Klein bottle, one generator of the first homology has an orientable
neighborhood and if this generator is represented by a twisted cylinder, then the
immersion is called a twisted Klein bottle; such Klein bottles come in both left-
and right-handed versions.

Theorem 1.7.3 (Regular homotopy [Pinkall 1986b; Cervone 1996]). (i)
Apart from the previously mentioned cases of the Klein bottle and the real
projective plane, there are no tight immersions of the twisted Klein bottle, the
twisted torus, or the connected sum of three projective planes (all of the same
handedness).

(ii) It is unknown whether there exist smooth or polyhedral tight immersions for
the connected sum of three projective planes plus a handle, or for the twisted
torus with a handle.

(iii) Tight polyhedral immersions exist for all the remaining image homotopy
classes of surfaces [Cervone 1996].

(iv) There is no tight immersion of the projective plane with one handle, and no
smooth examples are known for

(i) the twisted Klein bottle with one, two or three handles,
(ii) the connected sum of three projective planes with one, two or three han-

dles,

(iii) the Klein bottle with one twisted handle or the Klein bottle with one
twisted handle and one standard handle, or

(iv) the twisted torus with fewer than four handles.

In addition to these results about mappings into E 3, we mention another question
concerning mappings into Euclidean four-space:

Question 13. Is there a tight smooth immersion of an orientable surface into
E

4 with an odd number of double points?

The tube around such an example would beZ2-tight but notZ-tight [Breuer and
Kühnel 1997]. There is a polyhedral example of a tight torus in E 4 with exactly
one double point; see Example 1.8.6 below.

1.8. Tight mappings of surfaces with singularities. The title of this sec-
tion has two aspects: On the one hand, it can mean that we consider ordinary
nonsingular surfaces and tight mappings on them that fail to be immersions at
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Figure 8. Tight stable mappings of the real projective plane: the cross-cap and

Steiner’s Roman surface.

certain points. On the other hand, it can mean that we consider surfaces with
singular points, like a pinched sphere (a sphere with two points identified), and
then consider tight mappings that are immersions, that is, locally one-to-one.

A smooth or polyhedral map f : M → E
N from a surface is called tight if

condition (iii) of Definition 1.1.1 is satisfied, so the preimage of any closed half-
space is connected. A trivial example of a tight map on a connected topological
space is the mapping that sends the entire space to a single point. More generally,
the composition of a tight immersion into EN with any linear mapping to a
subspace of EN produces a tight map.

René Thom proved that almost all differentiable mappings of nonsingular
surfaces into E 3 have at most a finite number of singularities, all equivalent
to “pinch points”, topologically equivalent to a cone over a figure-eight. Such
mappings are called stable. In particular, any smooth immersion is a stable
mapping.

Theorem 1.8.1 [Kuiper 1975]. All closed surfaces admit tight stable smooth
maps into E 3.

In particular, Kuiper exhibited tight stable mappings into E 3 for the real pro-
jective plane (see Figure 8) and the Klein bottle. Such mappings were analyzed
further by Coghlan [1987; 1989], who also proved the following:

Theorem 1.8.2 [Coghlan 1987; 1989]. For any surface other than the sphere
or the real projective plane, and any integer n ≥ 2 there is a tight stable smooth
map into E 3 with exactly n top-cycles (in contrast with Theorem 1.3.4).

Example 1.8.3 (Dupin cyclides with singularities). A torus of revolution
obtained by revolving a circle around a disjoint axis in its plane is tight, and
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as we let the radius of the circle increase, we obtain a family of embedded tori
of revolution having as a limit a singular mapping, where the circle becomes
tangent to the axis and an entire circle is sent to a single point. As a limit of
TPP mappings, this map is also a tight differentiable mapping of the torus into
E

3. This is called a “limit torus” in [Cecil and Ryan 1985].

The image of this singular tight mapping is topologically equivalent to a pinched
sphere. The natural inclusion of this singular surface into E 3 has the TPP so
it is 0-tight. But it is not 1-tight since either topset is a circle that bounds in
the object but not in the half-space containing the topset and not containing the
rest of the object.

A related important class of tight singular surfaces is given by the cyclides of
Dupin, obtained as images of a torus of revolution under inversion of E 3 through
spheres with centers not lying on the torus. The parallel surfaces of such cyclides
also give tight smooth embeddings of the torus into E 3. There are two limiting
positions for such parallel surfaces, called limit horn cyclide and limit spindle
cyclide [Cecil and Ryan 1985]. These are described by differentiable mappings of
a torus into E 3 that are singular along an entire circle that is mapped to a single
point, and such mappings are tight. (They have the TPP, as limits of maps with
the TPP).

These singular cyclides as point sets are topologically equivalent to the pinched
sphere. The natural inclusions of these singular surface into E 3 are both 0-tight
but not 1-tight.

Note that conditions (iii) and (iv) in Definition 1.1.1 are not equivalent for
such surfaces with singularities because this equivalence depends on the valid-
ity of Poincaré duality, which does not hold in this case. However, if we use
the intersection homology [Goresky and MacPherson 1980] instead of ordinary
singular homology, Poincaré duality is still valid for this type of surface with sin-
gularities, and it is possible to consider a notion of intersection tightness, where
we consider condition (iii) of Definition 1.1.1 applied to intersection homology
groups.

Question 14. Does any given closed surface with any given number of pinch
points admit an embedding into some Euclidean space with intersection tightness?

With respect to ordinary singular homology, we have the following lemma:

Lemma 1.8.4. Let M ⊂ E
N be a connected closed surface with a pinch point

that is an isolated local maximum for a some height function. Then M is not
tight .

Proof. For a connected closed surface with a finite number of pinch points
the second homology with coefficients mod 2 is always one-dimensional. On
the other hand, the maximum pinch point is a critical point of index two and
multiplicity at least two, in contradiction to equality in the Morse inequalities.
This argument is the same for smooth and polyhedral surfaces. �
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Note that it is easy to obtain 0-tight examples of this type, e.g., the limit horn
cyclide.

Corollary 1.8.5. Let M ⊂ E
N be a connected and tight closed surface with

finitely many pinch points. Then each pinch point of M lies in the relative
interior of the convex hull of ordinary points of M .

The situation is altered for three-dimensional objects. There are three-manifolds
with isolated singularities that have tight triangulations, and tight mappings into
E

N for which there are height functions with an extremum at a singular point
[Kühnel 1995, § 7.16].

Example 1.8.6 [Kühnel 1995, Section 2F]. There are projections of the 7-vertex
torus into E 4 with one double point (by projecting along a line joining the centers
of two triangles with disjoint closures). This can also be considered as a tight
inclusion into E 4 of a pinched torus, that is, a torus with two points identified.

Example 1.8.7 [Kühnel 1992]. There is a two-dimensional simplicial complex
that is a surface with one singular cycle and a polyhedral immersion into E 4 that
is Z3-tight but not Z2-tight .

This example is a 12-vertex triangulation containing all
(
12
2

)
edges. However,

as in Corollary 1.8.5, the three singularities have to lie in the interior of the 9
nonsingular vertices.

2. Tightness in Higher Dimensions

While the tightness condition and the TPP are identical for surfaces without
boundary, and closely related in the case of more general two-dimensional ob-
jects like surfaces with boundary and surfaces with singularities, the situation is
different when we consider higher-dimensional manifolds. No longer does control
over the numbers of maxima and minima of height functions on an object enable
us to conclude such strong results about the topology of the object. More sub-
tle conditions have to be brought in, even in the case of smooth hypersurfaces.
Although a number of important classes of tight examples have been discovered
over the years, there are many areas where little is known about tightness in
higher dimensions.

Nonetheless, in certain cases we have a good understanding of tightness, for
example for manifolds topologically equivalent to spheres. The first results of
this type in higher dimensions are found in [Chern and Lashof 1957; 1958].

2.1. The Chern–Lashof theorem and related results. As a first general-
ization of surfaces in E 3, consider the case of a smooth hypersurface M embedded
in EN . At each point there is an outward unit normal vector and we may de-
termine a Gauss mapping sending each point to the point of the (N − 1)-sphere
with the same outward unit normal vector. As in the two-dimensional case, the
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Figure 9. The spherical image of the normal tube around a space curve.

absolute measure of the image of a region U on the hypersurface, divided by the
measure of the entire sphere, is called the total absolute curvature of the region,
denoted TA(U). The total absolute curvature of the hypersurface itself can be
expressed as one half the average number of critical points of height functions
restricted to the hypersurface. For a strictly convex hypersurface, there will be
exactly two critical points for every height function and TA(M) = 2. The the-
orem of Chern and Lashof shows that the condition TA(M) = 2 characterizes
convex hypersurfaces even in the case where some height functions have degen-
erate critical points, as for example when the hypersurface contains flat pieces
on which the Gauss mapping is constant.

Moreover, the Chern–Lashof results extend to immersions of surfaces of higher
codimension. Let f : M → E

N be an immersion of an n-dimensional submanifold
M , where n ≤ N − 1. Then, for sufficiently small r, the collection of normal
vectors of length r perpendicular to the tangent space at a point forms a sphere
of dimension N − 1 − n. If r is chosen sufficiently small, the union of all these
normal spheres of radius r forms an immersed hypersurface called the normal
tube of radius r about M . The total absolute curvature of the union of (N−1−n)-
dimensional spheres at points of a region U is called the total absolute curvature
of U , again denoted TA(U).

It is useful to recall the lowest dimension in which we may consider subman-
ifolds that are not hypersurfaces, namely the case of curves in E 3. There the
normal tube of radius r about a curve M1 is a torus of radius r, and a calculation
shows that the total absolute curvature of the torus equals the integral of the
absolute value of the curvature of the curve with respect to arclength (Figure 9).

Fenchel’s Theorem says that, for M one-dimensional, we have TA(M) ≥ 2,
with equality if and only if M is a plane convex curve. This result is generalized
by the famous theorem by S.-S. Chern and R. K. Lashof, in part anticipated by
Milnor [1950a]. We state it in its original form as follows:
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Theorem 2.1.1 [Chern and Lashof 1957; 1958]. Let f : Mn → E
N be a smooth

immersion of a compact manifold . Then the total absolute curvature

TA(f) :=
1

cN−1

∫
⊥f

|K|
satisfies:

(i) TA(f) = (1/cN−1)
∫

z

∑
i µi(zf).

(ii) TA(f) ≥ ∑
i bi(M ; F ) for any field F .

(iii) TA(f) < 3 implies that M is homeomorphic to the sphere Sn.
(iv) TA(f) = 2 if and only if f is an embedding and f(M) is the boundary of a

convex body in an (n + 1)-dimensional Euclidean subspace.

If one assumes that (i) is given, then (ii) follows directly from the Morse inequal-
ities µi(φ) ≥ bi(M ; F ) for the number of critical points of any Morse function φ

defined on M . In fact, almost all height functions in the sense of the Lebesgue
measure satisfy this condition. Assertion (iii) follows from (i) by Reeb’s theorem,
which says that if a compact n-manifold that admits a Morse function with two
critical points is homeomorphic to the sphere Sn.

The proof of (iv) requires more subtle geometric arguments. The main prob-
lem is how to deal with the parts of the manifold where the second fundamental
form (or the Gauss mapping) degenerates. Assertion (iv) can be regarded as one
of the many characterizations of convexity [Mani-Levitska 1993]. In particular,
there is no immersion f of an exotic sphere with TA(f) = 2, an observation
already mentioned in [Kuiper 1959]. Generalizations for the case of less regular
immersions (e.g., topological immersions) can be found in [Kuiper 1980; Lastufka
1981]. A generalization of (iii) can be obtained by using more general versions
of Reeb’s theorem.

Here is one of the consequences of Theorem 2.1.1:

Corollary 2.1.2. If TA(f) < 4, then M is either homeomorphic to Sn or it
is a manifold with Morse number 3, a “manifold like a projective plane” in the
sense of [Eells and Kuiper 1962].

Such manifolds with Morse number 3 can occur only as the compactification of
E

2, E 4, E 8, or E 16 by a “sphere at infinity” S1 , S2 , S4 or S8 .
Even in the case where the total absolute curvature is not at its minimum,

restrictions on the total absolute curvature can place conditions on smooth im-
mersions of the sphere. For example, in codimension two, we have the following
result of Ferus:

Theorem 2.1.3 [Ferus 1968]. Suppose that Σ is an n-manifold homeomorphic
to the sphere Sn and admitting an immersion f : Σ → E

n+2 with TA(f) < 4.
Then Σ is diffeomorphic with the standard sphere.

Question 15. Does there exist an immersion of an exotic sphere f : Σn → E
n+2

with TA(f) = 4? Compare Example 2.7.6.
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Note that the restriction on the codimension is essential in the above theorem;
if we allow higher codimension, we can always find an immersion with total
absolute curvature arbitrarily close to the minimum value. Given any immersion
f : Mn → E

N , and given any smooth function g : Mn → E
1, we may obtain an

immersion f = cg : Mn → E
N+1 , where c is a large constant. Then in EN+1 ,

nearly all of the height functions restricted to f = cg(Mn) will have the minimal
number of critical points, and all the height functions with a larger number can be
clustered in a region with arbitrarily small volume. In particular, if f : Sn → E

N

is an immersion of an exotic sphere, we can choose a function g on Sn with two
critical points, and for sufficiently large c, we can make TA(f + cg) ≤ 2 + ε for
arbitrarily small positive ε.

In the case of immersions of noncompact manifolds, the Chern–Lashof in-
equality for the total absolute curvature is no longer valid in its original form.
However, it is possible to derive an analogue by regarding the geometry and
topology of the ends. We assume that f : M → E

N is a proper immersion of
a noncompact manifold with finitely many ends ∞1, . . .∞k and finitely many
limit directions in the sense of [Wintgen 1984]. A limit direction is a possible
accumulation point of a sequence of normalized position vectors converging to
an end. The number of limit directions is finite if the immersion converges to
one direction at each end. In this case the Gauss–Bonnet formula remains valid
[Wintgen 1984], and the following inequality holds:

Theorem 2.1.4 [van Gemmeren 1996]. Let f : M → RN be a proper immersion
with finitely many limit directions. Then

TA(f) ≥
∑

i

µi(M) ≥
∑

i

∣∣bi(M) − 1
2 bi(∞)

∣∣,

and the equality TA(f) = 1 for one end is possible only for convex hypersurfaces.

The case of a cylinder shows that TA(f)=0 is possible if there are two ends.

2.2. Tightness and k-tightness. The case of equality in Theorem 2.1.1(ii) is
very special, because it forces almost all height functions zf to have the minimal
number of critical points of index i, namely bi, for all indices i. In this case
every critical point is really necessary from the topological point of view, in that
each critical point generates one additional homology class of the manifold. Such
functions have been called “perfect functions” (of “linking type” in the sense of
[Morse and Cairns 1969].) The condition of equality in Theorem 2.1.1(ii) is what
we mean by tightness in higher dimensions.

Definition 2.2.1. A smooth (at least C2) immersion f : M → E
N is said to

be tight with respect to a field F if any of the following equivalent conditions is
satisfied:

(i) TA(f) =
∑

i≥0 bi(M ; F ).
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(ii) Every nondegenerate height function zf : x 7→ 〈fx, z〉 in the direction of a
unit vector z ∈ RN has exactly bi critical points of index i.

(iii) For every open half-space h the induced morphism H∗(f−1(h)) → H∗(M)
is injective, where H∗ denotes the singular homology with coefficients in F .

It is also possible to obtain significant, although weaker, information about an
immersion when there is a condition on the numbers of critical points of height
functions of index less than or equal to some fixed number k. We have already
seen that the TPP is equivalent to the condition that almost every height func-
tion restricted to the object has exactly one critical point of index 0, and this
notion is known as 0-tightness. More generally we may define k-tightness for
other values of k:

An immersion f : M → E
N of an n-dimensional manifold is called k-tight with

respect to F if in (ii) the number of critical points satisfies µ0 = b0, µ1 = b1, . . . ,
µk = bk or, equivalently, if in (iii) the induced morphism Hi(f−1(h)) → Hi(M)
is injective for i = 0, 1, . . . , k.

In terms of critical point theory, tightness means that every critical point of a
nondegenerate height function is homology-generating (“linking type”), whereas
k-tightness means that this holds for critical points of index less or equal to k.
By condition (iii) it follows that tightness (and k-tightness as well) is invariant
under projective transformations of the ambient space. Although we have been
concentrating on smooth immersions, the definition of k-tightness also makes
sense for polyhedral immersions.

Lemma 2.2.2 (duality). Let f : M → E
N be an immersion (smooth or

polyhedral) of a compact n-dimensional manifold satisfying Poincaré duality , so
that Hi(M ; F ) ∼= Hn−i(M ; F ) for every i. Then the following conditions are
equivalent :

(i) f is tight with respect to F .
(ii) f is k-tight with respect to F for one particular k ≥ 1

2 (n− 2).

The proof relies on the duality for critical points µi(−zf) = µn−i(zf) and the
Poincaré duality bi = bn−i in combination with the Euler–Poincaré equation∑

i(−1)iµi = χ =
∑

i(−1)ibi.
As an example, the Veronese surface is 0-tight for any field, but 1-tight and

2-tight only for fields of characteristic 2.

Theorem 2.2.3. The space of all smooth tight immersions of compact manifolds
into Euclidean spaces is closed under the following operations:

(i) composition with projective transformations P : EN → E
N (not sending any

point of the manifold to infinity);
(ii) composition with linear embeddings j : EN → E

N+1;
(iii) cartesian products f1 × f2 : M1 ×M2 → E

N1+N2 .
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Moreover , for a tight smooth immersion, the tube of sufficiently small radius r

gives a tight immersion of the unit normal bundle. More precisely , if f : M →
E

N is tight then the ε-tube around j ◦ f : M → E
N+1 is tight for any linear

embedding j. If f itself is a tight embedding then the ε-tube around f itself is
tight [Pinkall 1986a; Breuer and Kühnel 1997].

Note that TA(j◦f) = TA(f) by the choice of the normalization and that TA(f1×
f2) = TA(f1)TA(f2). Formally, one follows from the other if j is regarded as
the trivial embedding of the one-point space into E 1. The proof of (iii) uses also
the Künneth formula bk(M1×M2) =

∑
i+j=k bi(M1)bj(M2). For a more general

version of (iii) see [Ozawa 1983].

2.3. Smooth examples. If we start with the tight examples in Section 1.2,
Theorem 2.2.3 immediately leads to a large variety of higher-dimensional exam-
ples, just by taking products and tubes. The argument concerning tubes can also
be extended to the case of submanifolds of spheres (connected with the notion
of taut submanifolds).

Example 2.3.1 (Sphere products). The Cartesian product of an arbitrary
number of tightly embedded spheres (smooth or polyhedral) leads to a tight
embedding where the codimension equals the number of factors in the product.
We can obtain examples of hypersurfaces topologically equivalent to products
of spheres by iterating the tube construction. Special cases are tight n-tori
Tn ∼= (S1)n recursively defined as follows: T 1 is the unit circle in the plane, and
Tn+1 is the ε-tube around Tn ⊂ E n+1 ⊂ E n+2 with radius ε = 2−n.

There is also a polyhedral version of the tube construction, where a circle in
the normal plane is replaced by a square.

There also exists a smooth tight (and taut) immersion of a twofold quotient
of the product Sp−1 × Sq−1 defined as the tensor product Sp−1 ⊗ Sq−1 in E pq

[Kühnel 1994b].

Example 2.3.2 (Connected sums of handles). As in Example 1.2.3, we can
easily obtain tight hypersurfaces in E 4 that are diffeomorphic to the standard
three-manifold of Heegaard genus g, the connected sum of g copies of S1 × S2 :
start with a convex hypersurface containing two flat regions in parallel hyper-
planes. Then attach handles invariant under SO(3)-rotation by rotating the
same curve as in Example 1.2.3 under SO(2)-rotation. Such a handle contributes
c3 = Vol(S3) to the total absolute curvature. Nonorientable versions can be ob-
tained by starting with a suitable S1×S2 containing two flat regions, one in the
outside, the other in the inside. Then a handle joining outside and inside can be
attached tightly. This extends Kuiper’s construction of a tight Klein bottle with
one handle (or more handles) to the case of arbitrary dimensions. Similar con-
structions are possible in codimension two and for connected sums of k-handles;
see also Example 3.2.2.
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Question 16. Is there any smooth tight immersion of a connected sum of at
least two handles Sk × S1 (k 6= 1) in codimension at least three?

Recall that there is a tight substantial embedding S1 × S2k−1 → E
4k, defined

as the complexification of S2k−1 or the tensor product S1 ⊗ S2k−1. For the case
k = 1, compare Proposition 3.3.1.

Question 17. Is there a tight immersion of a lens space L(p, 1) for p 6= 2? Is
there any smooth tight immersion of a manifold with p-torsion for p 6= 2?

There is no tight hypersurface that is a lens space, according to [Coghlan 1991].

Example 2.3.3 (Isoparametric submanifolds). Any isoparametric hyper-
surface in the sphere SN−1 is tight (and taut), regarded as a submanifold of EN .
It is a tube around a so-called focal manifold, which is also tight (and taut) [Cecil
and Ryan 1985]. Any isoparametric submanifold of arbitrary codimension is also
tight (and taut) [Terng 1993]. Particular classical examples of isoparametric hy-
persurfaces are the tubes around the Veronese embeddings of projective planes
into S4, S7 , S13, S25. These are precisely the hypersurfaces of spheres with three
distinct constant principal curvatures (compare also Examples 1.2.4 and 3.2.3).
These Veronese embeddings are special cases of the following construction:

Example 2.3.4 (Grassmannians). Let F denote either R, C , or the quater-
nions H . Then the unoriented Grassmann manifold Gp,q(F ) is defined as the set
of all p-dimensional linear subspaces through the origin in F p+q. Every such sub-
space A can be identified with the matrix representing the orthogonal projection
from F p+q onto A. This leads to the so-called standard embedding

Gp,q(F ) → E
(p+q)2 ,

which is substantial in a linear subspace of dimension p + q− 1 + d
(
p+q
2

)
, where

d = 1, 2, 4 for F = R, C ,H , respectively. This standard embedding turns out to
be tight with TA(f) =

(
p+q

p

)
=

∑
i bi(Gp,q(F );Z2). As an exceptional case, there

is a standard embedding of the Cayley plane into E 26 [Tai 1968; Kuiper 1970;
Cecil and Ryan 1985, § 9.4].

Example 2.3.5 (Unitary groups and R-spaces). The unitary group FU(n)
for F = R, C , H can be regarded as a submanifold of Euclidean dn2-space, just
by regarding an element as a quadratic unitary matrix over F . This is also tight
with total absolute curvature TA = 2n =

∑
i bi(FU(m),Z2). In the real case

FU(m) = O(m) is not connected, so one may restrict the construction to SO(m).
In much more generality, the standard embedding of any symmetric R-space

is tight (and taut) [Bott and Samelson 1958; Takeuchi and Kobayashi 1968].
Homogeneous Kähler manifolds can be tightly embedded [Kobayashi 1967]. For
tight embeddings of other homogeneous spaces, see [Wilson 1969]. Not all ho-
mogeneous spaces can be embedded tautly [Thorbergsson 1988]. Ferus [1982]
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characterized the case of standard embeddings of symmetric R-spaces as the ex-
trinsically symmetric submanifolds. For the connection between tautness and
Dupin submanifolds, see [Cecil 1997] in this volume.

Example 2.3.6 (Intermediate tightness). Let Dn ⊂ E
n denote a tightly

embedded n-ball that is rotationally symmetric with respect to the SO(n − 1)-
action around a fixed axis. If we rotate it in higher-dimensional space E n+m, we
obtain a tight (n + m)-ball Dn+m and a tight (n + m− 1)-sphere as boundary.
Similarly, if the Dn is only k-tight then Dn+m will be (k + m)-tight. The
boundary in this case is (k + m − 1)-tight, either by direct calculation or by
applying Proposition 2.6.1 below. In particular, if D2 ⊂ E

2 is not tight (that
is, not convex) and SO(1)-symmetric (that is, congruent to its mirror image),
the induced D3 ⊂ E 3 is 0-tight but not 1-tight, and its boundary is not 0-tight.
The induced D4 ⊂ E

4 is 1-tight but not 2-tight, and its boundary is a 0-tight
three-sphere that is not tight; compare [Kuiper 1970].

Curtin [1991] found similar examples with intermediate tautness, e.g., 0-taut
three-spheres that are not taut. These examples are ellipsoids with rotational
symmetry in two orthogonal planes. Inverse stereographic projection to E 5 leads
to 0-tight but not 1-tight three-spheres in codimension two, giving a positive
answer to a question of Kuiper [1970].

2.4. The substantial codimension and the Little–Pohl theorem. The ar-
gument leading to the upper bound of the substantial codimension in Section 1.3
remains valid in arbitrary dimensions: The mapping ξ 7→ Aξ is injective.

Theorem 2.4.1 [Kuiper 1959; 1970]. Let f : Mn → E
N be a 0-tight smooth and

substantial immersion. Then N − n ≤ (
n+1

2

)
.

Observe that equality is realized by the standard embeddings of G1,n(R) = RP
n

in Example 2.3.4.

Theorem 2.4.2 [Little and Pohl 1971; 1985, p. 98]. Let f : Mn → E
N be a

0-tight smooth and substantial immersion with N = n +
(
n+1

2

)
. Then f is the

standard embedding of RPn (up to projective transformations of EN ).

Sketch of proof. One of the main tools is the 2-jet of the immersion spanning
the so-called osculating space of second order. At an extreme point (a maximum
of a nondegenerate height function) the TPP implies that the third-order deriva-
tives stay in the same half-space as the first- and second-order derivatives. This
has the consequence that f(M) is contained in the osculating space at that
point. Another step is to show that the dimension of the osculating space is in
fact the special number N = n +

(
n+1

2

)
at every extreme point. A sophisticated

combination of this type of arguments with classical and very special properties
of the Veronese embeddings of RPn ultimately leads to the local (and global)
coincidence of f(M) with the Veronese embedding. �
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Conjecture 2.4.3. The substantial codimension of any tight topological im-
mersion of FP n into Euclidean space is bounded by the codimension of the cor-
responding standard embedding in Example 2.3.3.

This is true for n = 1 (tight spheres [Kuiper 1980]) and n = 2 (see Theorem
3.3.2). Compare [Arnoux and Marin 1991] for essentially the same bounds for
the number of vertices of triangulations of FP n.

Question 18. Are there nonsmooth tight substantial immersions of RP3 into
E

9? Note that any smooth immersion is congruent to the standard embedding
by Theorem 2.4.2. The “canonical” polyhedral candidate would be a 10-vertex
triangulation, which, however, does not exist [Walkup 1970].

2.5. Tight polyhedra.

Definition 2.5.1. For a compact polyhedron M ⊂ E
N tightness means that

condition (iii) of Definition 2.2.1 is satisfied: For every open half-space h and
for any i, the induced morphism Hi

(
f−1(h)

) → Hi(M) is injective, where H∗
denotes the singular homology with coefficients in F . Naturally, k-tightness
means the morphism is injective for i = 0, 1, . . .k.

Equivalently, one can define tightness by the equality µi(zf) = bi(M ; F ) for any
height function in general position. In this case the number of critical points of
index i is defined as

µi(zf) :=
∑

v

dimF Hi

(
Mv, Mv\{v}

)
,

where the sum ranges over all vertices of the polyhedron, and where Mv :=
{p : (zf)(p) ≤ (zf)(v)} denotes the sublevelset determined by z and v. For
details of this type of critical point theory, including Morse relations and duality,
see [Kuiper 1971; Banchoff 1967; Kühnel 1990; 1995]. It seems that the Chern–
Lashof Theorem 2.1.1 and Corollary 2.1.2 remain valid for polyhedral immersions
of manifolds. In particular, we have the following result:

Proposition 2.5.2 (tight spheres). Any tightly embedded polyhedral sphere
Σ ⊂ E

N of dimension n is the boundary of a convex polytope in some (n + 1)-
space.

Proof. The proof of Corollary 1.4.5 can be carried over directly from dimension
two to arbitrary dimension.

An alternative proof can be formulated using Corollary 3.1.3 below: Since
the sphere is (n− 1)-connected, the tight polyhedral sphere in EN must contain
the n-dimensional skeleton of the convex hull H, which is a convex N -polytope.
For N > n + 1 this n-skeleton contains several distinct n-spheres, each as the
boundary of one of the (n + 1)-dimensional faces. This is impossible, hence
N = n + 1, and the image coincides with the boundary of H. �
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For the case of even dimension n = 2k one may compare this argument with the
theorem of van Kampen and Flores [Grünbaum 1967, § 11.2], stating that there
is no topological embedding of the underlying set of Skk(42k+2) into E 2k or S2k.

Example 2.5.3 (k-tight spheres [Banchoff 1971a; Kühnel 1995]). For any
given N ≥ n + 2 and any k ≤ (n − 3)/2, there exists a k-tight substantial poly-
hedral embedding of the sphere Sn into EN . This inequality is the best possible,
according to the polyhedral version of Lemma 2.2.2.

Such an example can be chosen as the boundary complex of the cyclic polytope
C(N+1, n+1), regarded as a subcomplex of the N -dimensional simplex. Since
the cyclic polytope contains all

(
N+1
k+2

)
(k + 1)-simplices for k + 1 ≤ (n − 1)/2

[Grünbaum 1967], it follows that the embedding into EN is k-tight.
We remark also that any given compact three-manifold admits a 0-tight poly-

hedral embedding into EN if N is large enough, just by a two-neighborly trian-
gulation [Walkup 1970; Sarkaria 1983; Kühnel 1995].

Example 2.5.4 (tight triangulations). As in Example 1.2.8, one can re-
gard every n-vertex triangulation of a manifold as a subcomplex of the (n− 1)-
dimensional simplex in E n−1. If this embedding into E n−1 is tight, we call the
triangulation a tight triangulation; compare Corollary 1.4.10 and [Kühnel 1995].
In this case every simplexwise linear embedding into any Euclidean space is
tight. Particular cases are (d + 1)-dimensional 1-handlebodies with n = 2d + 3
vertices and their boundaries: Regard the n vertices as elements of Zn and let
this group act on the starting simplex 〈0 1 2 . . . d+1〉. The union of this Zn-orbit
of simplices is a tight triangulation of a one-handle, its boundary is tight as
well [Kühnel 1995, Chapter 5]. The 9-vertex triangulation of the boundary of a
(nonorientable) one-handle is the only triangulation of any three-manifold with
9 vertices that is not a sphere [Altshuler and Steinberg 1976].

We mention an interesting 8-vertex triangulation of a three-pseudomanifold,
which is also a tight triangulation [Emch 1929; Kühnel 1995, § 7.16]. It contains(
8
2

)
edges,

(
8
3

)
triangles and 28 tetrahedra, each vertex link is a 7-vertex torus.

If we regard it as a subcomplex of the 7-simplex, then any slice by a hyperplane
in general position is a tight polyhedral two-manifold substantial in E 6.

Example 2.5.5 (Tight subcomplexes of the cube). We now present L.
Danzer’s general construction for getting tight polyhedra as subcomplexes of
higher dimensional cubes [McMullen and Schulte 1989]. Let K be a simplicial
complex with n vertices 1, 2, . . . , n. Each k-simplex of K can be identified with
a subset 4 = {i0, . . . , ik} of {1, . . . , n}. Set

Aj(4) :=
{

[0, 1] if j ∈ {i0, . . . , ik},
{0, 1} otherwise;

furthermore, set F (4) := A1(4) × · · · × An(4) and 2K :=
⋃
4∈K F (4). By

definition, we may regard each F (4) and therefore the entire 2K as a subcomplex
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of the n-dimensional cube Cn := [0, 1]n, as well as a subset 2K ⊂ Cn ⊂ E
n of

the ambient Euclidean space.
A particular case is M(n) := 2{n}, where {n} denotes the boundary of an

n-gon. This is a tight surface of genus 2d−3(d − 4) + 1 in the boundary of the
n-cube [Coxeter 1937; Banchoff 1965; Ringel 1955a; Beineke and Harary 1965].

An unexpected statement is the following:

Theorem 2.5.6 [Kühnel 1995]. The subset 2K is tight in E n for any simplicial
complex K with n vertices. This holds for any choice of a field F . If K is a
triangulated sphere, 2K is a topological manifold .

In particular, this leads to strange examples as follows:

Example 2.5.7 (torsion). Let K be any simplicial sphere such that a certain
subset of vertices spans a subcomplex with p-torsion in the homology. Then 2K

is a tightly embedded manifold with p-torsion in the homology.

Example 2.5.8 (homology manifolds). Let K be a triangulated homology
sphere that is not a sphere. Then 2K is a tight homology manifold that is not a
manifold.

Example 2.5.9 (topological manifolds that are not PL). The double
suspension K of a certain homology 3-sphere is a triangulated 5-sphere [Edwards
1975] and it is not PL with respect to this simplicial decomposition, since the link
of some edge is the original homology sphere. Then 2K is a tightly embedded
topological 6-manifold that is not PL with respect to this induced polyhedral
structure.

2.6. Manifolds with boundary and tubes around submanifolds. For
manifolds with boundary M , tightness is again defined by condition (iii) of 2.2.1:
For every open half-space h the induced morphism H∗

(
f−1(h)

) → H∗(M) is
injective, where H∗ denotes the singular homology with coefficients in F .

This is equivalent to the equality TA(f) =
∑

i bi(M ; F ). We remark that the
equation TA(M) = TA(M \ ∂M) + 1

2 TA(∂M) remains valid in general.
One of the basic cases to be considered in both the smooth and the polyhedral

situations is the case of n-manifolds with boundary in E n.

Proposition 2.6.1. Let M ⊂ E n be a compact n-manifold with boundary ∂M .
Then M is tightly embedded if and only if ∂M is tightly embedded .

In the case n = 2, this proposition states that a compact tightly embedded two-
manifold with boundary in E 2 must be a closed convex set with a collection of
open convex sets removed, so that the closures of these sets are disjoint from one
another and from the boundary of the original convex set.

The condition that the mapping be an embedding is essential. For smooth
immersions with self-intersections the proposition is not true, even for n = 2
(see the immersed surfaces with boundary in the plane 1.5.5, where the inner
boundary curves are locally convex but not necessarily globally convex).
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The proof of Proposition 2.6.1 follows from the equation TA(M) = TA(M \
∂M) + 1

2 TA(∂M) on the one hand and the equation
∑

i bi(∂M) = 2
∑

i bi(M)
on the other hand. The latter one follows from the Alexander duality for M and
its complement.

Proposition 2.6.2. For any tight immersion f of a manifold without boundary
into EN for N ≥ 3, the Euclidean solid f≤ε of radius ε-tube is a tight immersion.
If there are no self-intersections, or if

∑
i bi(∂M) = 2

∑
i bi(M), the same holds

also for the boundary of the tube.
The analogous result holds for tight subcomplexes of the cube (see Section

2.5.5) if we replace the Euclidean tube by the polyhedral tube, that is, the tube
with regard to the maximum norm.

Theorem 2.6.3 [Breuer and Kühnel 1997]. The boundary of the ε-tube around
any smooth tight immersion of a compact two- or three-manifold is again tight
if the codimension is at least two.

For four-manifolds, compare Question 21 in Section 3.4 below.

Example 2.6.4 (the ladder construction). Let Ck denote the boundary of
the (k +1)-dimensional unit cube in E k+1 with one vertex at the origin and with
edges parallel to the coordinate axes. Take an arbitrary number of congruent
copies of Ck in E k+1, attached to one another along facets in the form of a ladder.
Specifically we translate each cube-boundary a certain number of units along the
first coordinate axis so that the union of these cube-boundaries then consists of
the boundary of a rectangular parallelepiped together with a certain number
of interior copies of the k-dimensional unit cube; this is what we call a ladder.
Regard E k+1 as a linear subspace of EN for N > (k + 1). Then, for small ε, the
polyhedral ε-tube around the ladder is a tightly embedded k-handlebody, and its
boundary is a tightly embedded connected sum of sphere products Sk×SN−k−1.
Similar polyhedral examples are given by 2K for triangulated balls K.

Proposition 2.6.5 [Rodŕıguez 1977; Kühnel 1978; Banchoff 1971b]. For an
immersion (smooth or polyhedral) f : Mn → E

N with ∂M 6= ?, the following
conditions are equivalent :

(i) f is tight .
(ii) f is (n− 2)-tight and H(fM) = H(f(∂M)).

Corollary 2.6.6. A tight embedding (smooth or polyhedral) of a ball Bn into
E

N is a convex embedding into some (n + 1)-dimensional subspace.

Proof. Any nondegenerate height function has only one critical point on Bn,
the absolute minimum. Hence it has exactly two critical points on the boundary.
The tight boundary sphere is convex by Theorem 2.1.1 or Proposition 2.5.2, as
the case may be. Then Theorem 2.6.3 implies the convexity of the embedding
of the ball. �
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The same argument leads to this result:

Corollary 2.6.7. Assume that M is a compact manifold with boundary sat-
isfying

∑
i bi(∂M) = 2

∑
i bi(M). Then the tightness of a substantial smooth

immersion f : M → E
N implies that

(i) the restriction of f to ∂M is tight and substantial , and
(ii) the Lipschitz–Killing curvature vanishes identically in M \ ∂M .

If the boundary has several components, the single components do not have to
be substantial in EN .

2.7. Higher-dimensional knots. An n-knot is defined as a smooth or poly-
hedral embedding f : Sn → E

n+2 (or f : Sn → Sn+2). Here Sn indicates
the topological sphere with no particular differentiable structure, so we will also
consider embeddings of spheres with exotic smooth structures.

Theorem 2.7.1. Let f be a smooth n-knot . If TA(f) < 4 and n is odd , or if
TA(f) < 6 and n is even, then f is unknotted , that is, isotopic to the standard
embedding .

Note that the number of critical points of a Morse function on the sphere must be
even, so if TA(f) < 4 there must be a height function with exactly two critical
points. Thus the proof in the odd-dimensional situation is analogous to the
Fáry–Milnor theorem (see Section 1.7). For even n, this theorem is mentioned
in [Kuiper 1984] as a consequence of hard results in topology; see [Scharlemann
1985] for the case n = 2.

Conjecture 2.7.2 [Kuiper 1984]. The assumption in Theorem 2.7.1 can be
replaced by TA(f) ≤ 4 for n odd or TA(f) ≤ 6 for n even.

This is true for n = 1; see Section 1.7.

Conjecture 2.7.3. Proposition 2.7.1 is true for polyhedral n-knots that are
locally unknotted .

Example 2.7.4 [Wintgen 1980]. For any ε > 0, there is a suspension of
a polyhedral (locally unknotted) n-knot that is a polyhedral (n + 1)-knot with
TA(f) < 2 + ε. However , this (n + 1)-knot is locally knotted at the two addi-
tional vertices of the suspension.

The Veronese surface RP2 → E
4 is unknotted in the sense that it is isotopic to

the cone over an unknotted Möbius band in a 3-hyperplane. We mention the
following:

Theorem 2.7.5 [Bleiler and Scharlemann 1988]. If f : RP2 → E
4 is a smooth

embedding with TA(f) < 5 then it is isotopic to the Veronese surface.

Note that under this assumption there is a Morse height function with three
critical points because the number of critical points must be odd.

Exotic spheres in codimension two can also be regarded as n-knots.
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Example 2.7.6 [Ferus 1968]. For any ε > 0 and any n = 4m + 1 there is a
smooth embedding of an exotic sphere (Brieskorn’s sphere) f : Σn → E

n+2 with
TA(f) < 4 + ε.

A tube around an ordinary knot in E 3 produces a knotted torus (see Section 1.7),
and there are analogous constructions for hypersurfaces arising from knots or
containing knots. This tube construction leads to an unexpected phenomenon:

Example 2.7.7 [Kuiper and Meeks 1984]. There is a compact hypersurface
embedded into four-space that satisfies TA(f) = γ(M) > b(M ; F ) for any F

where γ(M) denotes the Morse number , i .e., the minimum number of critical
points of any Morse function defined on M . Thus it attains the minimal total
absolute curvature but it is not tight with respect to any field .

This example starts with the isotopy tight surface M of genus 3 in E 3 given
by Theorem 1.7.2(ii). Assume that M is contained in a large ball B; then
M decomposes B into an interior component BI and an exterior component
BE . Denote the closure of the exterior component by B#. The total absolute
curvature of B# is 7, and the sum of the Betti numbers is b(B#) = 5. By
the knottedness, the fundamental group of B# requires at least four generators,
although the homology H1(M#) is only three-dimensional. Now consider the
manifold M# defined as the ε-tube around B# ⊂ E

3 ⊂ E
4 in four-space. This

is an embedded hypersurface with TA = 14 and b = 10, so it is not tight. This
hypersurface is only of class C1 along the parts arising from the boundary of
B#, but it can be made smooth preserving tightness. By the same argument
used for B#, we can prove that every Morse function on M# must have at least
14 critical points.

3. Highly Connected Manifolds

An even-dimensional manifold is called highly connected if it has the highest
degree of connectivity in the sense of homotopy theory. More precisely, a 2k-
dimensional manifold M is called highly connected if it is (k − 1)-connected,
that is, if the homotopy groups π1(M), . . . , πk−1(M) all vanish. In particular,
a surface is highly connected if and only if it is simply connected, since k = 1
in this case. Thus any connected and highly connected surface is topologically
equivalent to a two-sphere.

The theory of highly connected manifolds has a very interesting history, with
some surprising developments. A classical reference is [Whitehead 1949], which
proves that in dimension 4 the homotopy type is uniquely determined by a
quadratic form (or the cup-product) on the two-dimensional homology (or coho-
mology) with integer coefficients. Another important reference is [Wall 1962] on
the classification of (k−1)-connected 2k-manifolds for k > 2. The case of simply
connected four-manifolds remained quite mysterious until the spectacular results
by Donaldson, Freedman and others in the 1980’s [Kirby 1989].
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From the geometric point of view, it seems to be natural to begin by studying
the following standard examples:

(i) Sk × Sk;
(ii) a nontrivial Sk-bundle over Sk [Steenrod 1944];
(iii) the projective planes FP 2 for F = R, C , H , Ca (the Cayley numbers) in

dimensions 2, 4, 8, 16;
(iv) “manifolds like projective planes” in dimension 8 and 16 [Eells and Kuiper

1962] (by definition, they are manifolds admitting a Morse function with 3
critical points);

(v) exotic spheres (compare Theorem 2.1.3 and Example 2.7.6).

If k = 1, the first example is the torus, the second is the Klein bottle, and the
third is the real projective plane. Taking the connected sum of a surface with
one of these examples amounts to adding a handle, adding a twisted handle, or
adding a cross-cap.

The unimodular quadratic forms corresponding to the manifolds in the list
above are respectively (+1), (−1) (only possible for k = 1, 2, 4, 8) and the matrix(

0 1
(−1)k 0

)
.

This last unimodular quadratic form represents the only indecomposable case,
for k odd. The connected sum of α copies of the first, β of the second and γ of
the third will then have quadratic form

α(+1)⊕ β(−1) ⊕ γ

(
0 1

(−1)k 0

)
.

The Euler characteristic of such a connected sum is χ(M) = 2 + (−1)kbk(M) =
2 + (−1)k(α +β +2γ). For even k, the signature is defined to be σ(M) = α−β.
Note, however, that other definite quadratic forms may correspond to manifolds.
For example, the form E8 occurs as part of the quadratic form of a K3 surface.

Unless stated otherwise, in this section a manifold will always be compact,
connected, without boundary, and of dimension 2k ≥ 4.

3.1. Tightness and the highly connected two-piece property.

Lemma 3.1.1. Let M be a highly connected manifold of dimension 2k and let
f : M → E

N be a smooth or polyhedral immersion. Then the following conditions
are equivalent :

(i) f is tight .
(ii) f is (k − 1)-tight .
(iii) Every nondegenerate height function (or height function in general position)

has exactly one minimum and one maximum and (−1)k(χ(M) − 2) critical
points of index k (counted with multiplicity in the polyhedral case), and no
critical points of any other index .
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(iv) For any hyperplane H of EN , the preimage f−1(EN \H) has at most two
connected components, each of them being (k − 1)-connected .

We call (iv) the highly connected two-piece property (HTTP).

Proof. (i) ⇔ (ii) holds for manifolds in general by Lemma 2.2.2.
(i) ⇔ (iii) follows directly from the Morse relations.
In order to see (ii) ⇔ (iv), consider an open half-space h ⊂ EN and the inclu-

sion j : f−1(h) → M . The (k − 1)-tightness means that H̃i(j) : H̃i

(
f−1(h)

) →
H̃i(M) = 0 is injective for i = 1, . . . , k − 1, where H̃ denotes the i-th reduced
homology. By the Hurewicz isomorphism theorem [Dold 1972], this is equivalent
to the injectivity of πi(j) : πi

(
f−1(h)

) → πi(M) = 0. This in turn just says that
f−1(h) is (k − 1)-connected. �

Corollary 3.1.2. Let A be a k-topset of the convex hull of a tightly embedded
highly connected 2k-manifold M ⊂ EN . Then A is convex and contained in M .
The same holds for i-topsets for 0 ≤ i ≤ k.

Proof. Induction on i. �

Corollary 3.1.3. For a polyhedral highly connected 2k-manifold M the tight-
ness condition implies that M contains the k-dimensional skeleton of its convex
hull . Conversely , for a subcomplex of a convex polytope, this necessary condition
for tightness is also sufficient .

For the sufficiency we observe that on the one hand every (k − 1)-cycle in the
manifold can be deformed into the k-skeleton, and that on the other hand the
k-skeleton of a simplex and its intersections with arbitrary half spaces is (k−1)-
connected. This implies the HTPP.

Corollary 3.1.4. Let B be a (k + 1)-topset of a tightly embedded highly con-
nected 2k-manifold M . Then either B is convex or B is a convex set minus a
number of convex open sets in its interior , in any case the boundary ∂B∗ of the
induced topset B∗ of the convex hull is contained in M .

If B itself is not convex then a generator of Hk(B) is called a top-cycle or a
convex cycle [Thorbergsson 1983]. By the tightness it certainly represents a
nonvanishing element of Hk(M); compare Proposition 1.3.4.

3.2. Examples, smooth and polyhedral.

Example 3.2.1 (The sphere Sn
). The boundary of any convex body in

(n + 1)-space is a tightly embedded sphere Sn . Such convex hypersurfaces can
have any degree of differentiability, including C∞ and Cω. Examples of tight
polyhedral spheres are given by boundaries of convex polytopes. With respect
to the topsets, the main difference is that a polyhedral example necessarily has
i-topsets for any i = 0, 1, . . . , n, while in the differentiable case there may be
gaps. For example, a strictly convex body of class C2 or any convex body of
class Cω has only 0-topsets.



TIGHT SUBMANIFOLDS, SMOOTH AND POLYHEDRAL 101

Example 3.2.2 (Connected sum of “handles” Sk ×Sk
). Examples of tight

embeddings of Sk ×Sk into E 2k+1 and E 2k can be obtained by constructions
analogous to the ones in Example 1.2.2: The Cartesian product of two standard
spheres Sk(1)×Sk(1) ⊂ S2k+1(

√
2) ⊂ E

2k+2 is tight. Stereographic projection
to E 2k+1 gives examples similar to the torus of revolution in E 3, and its confor-
mal images (generalized Dupin cyclides). Polyhedral examples are given by the
product of two (k + 1)-cubes as a subcomplex of the (2k + 2)-cube. A Schlegel
diagram of a hypercube in (2k + 1)-space includes cubical versions of the Dupin
cyclides.

In order to attach handles tightly to these examples, we observe first that we
have to replace an Sk−1×Bk+1 by Bk× Sk, an instance of ordinary surgery. In
the case of k = 1 (Example 1.2.3) we replace an S0 × B2 (where B2 lies in a
flat region) by a rotationally symmetric cylinder B1×S1 and smooth this out
along the boundary S0 ×S1. This can be done by a suitable choice of a concave
radius function r of the (warped product) cylinder B1×r S1 depending on the
radius ρ in B1 = [−1, +1]. We use the same function r(ρ) in general where ρ is
the polar radius of Bk (in ordinary polar coordinates) and r is the scaling factor
of the fibre Sk in the warped product Bk ×r Sk . To get started we have to find
a product Sk−1×Bk+1 where Sk−1 is a standard round sphere and Bk+1 lies in
a flat region. There are certainly convex hypersurfaces in E 2k+1 containing such
regions Sk−1×Bk+1 (rotationally symmetric ovaloids containing flat regions).

To obtain examples in E 2k+2 we may start with the Cartesian product of an
Sk−1-rotationally symmetric ovaloid Ak containing a 1-flat with another ovaloid
Bk containing a k-flat. We can then attach a handle Sk ×Sk by surgery. Without
loss of generality, we can assume that the original example contains arbitrarily
many regions of this type, so we can attach arbitrarily many handles tightly.
The tightness can be seen from the HTPP because the handles are rotationally
symmetric warped products with a concave radius function and because the fibre
Sk is (k− 1)-connected. These smooth examples are essentially due to J. Hebda
[1984].

Polyhedral examples (Sk ×Sk) # . . . # (Sk × Sk) in E 2k+1 can be obtained
by the polyhedral ε-tube around the ladder construction in Section 2.6, just by
setting N = 2k + 1.

In high codimension we can apply the 2K-construction from Section 2.5.5:
Let K denote the boundary complex of a cyclic polytope C(N+1, 2k). This is
a simplicial sphere containing all

(
N+1

k

)
simplices of dimension k − 1. There-

fore 2∂C(N+1, 2k) is a 2k-manifold containing every k-dimensional face of the
N -dimensional cube. It is tight and substantial in EN by 2.5.5, and it is home-
omorphic to a connected sum of copies of Sk ×Sk [Kühnel and Schulz 1991].

Example 3.2.3 (Projective planes). For F = C or F = H , the projective
plane FP 2 has a standard embedding, sending F 3 to R3⊕F 3 in such a way that
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(x, y, z) and (ux, uy, uz) have the same image for any nonzero element u of F :

(x, y, z) 7→ (xx̄, yȳ, zz̄,
√

2xȳ,
√

2yz̄,
√

2zx̄.)

If we restrict to the unit sphere, where xx̄ + yȳ + zz̄ = 1, this defines a mapping
S5 → S7 ⊂ E

8 or S11 → S13 ⊂ E
14 so that (x, y, z) and (ux, uy, uz) have

the same image for any unit element u. It follows that this mapping gives an
embedding C P2 → S7 ⊂ E 8 or HP2 → S13 ⊂ E 14. These embeddings are tight
because any nondegenerate height function has exactly three critical points (it
is sufficient to show here that the index of each critical point is even). For the
Cayley plane CaP2 there is a similar tight embedding into S25 ⊂ E

26 but the
formulas are different [Tai 1968; Kuiper 1970; Kuiper 1980].

Under this embedding, the images of each of these projective planes lies on
a sphere of the appropriate dimension. Stereographic projection of these three
embeddings from the north pole on the sphere leads to tight embeddings of these
projective planes into E 7, E 13, and E 25 respectively. By an argument involving
characteristic classes, there are no topological embeddings of these manifolds
into lower dimensional Euclidean spaces [Cecil and Ryan 1985].

As in the case of the real Veronese surface, we may ask:

Question 19. Is it possible to attach a handle S2×S2 tightly to the projected
Veronese type embedding CP2 → E

7?

A remarkable polyhedral analogue of the standard smooth tight embedding of
CP

2 is given by the unique 9-vertex triangulation CP2
9 [Kühnel and Banchoff

1983] regarded as a subcomplex of the 8-dimensional simplex 48:

Sk2(48) ⊂ CP2
9 ⊂ Sk4(48) ⊂ E 8.

This triangulation contains every edge determined by a pair of vertices, and
moreover it contains every two-simplex determined by any triple of vertices (so
the triangulation is three-neighborly [Kühnel and Lassmann 1983]). From this
the HTPP follows directly. Condition (iv) of Lemma 3.1.1 is satisfied because
any 1-cycle can be deformed homotopically into the 2-skeleton, and because
Sk2(48) ∩ h is simply connected for any half-space h ⊂ E 8.

This situation is analogous to the tight polyhedral embedding of the real
projective plane of Example 1.2.4:

Sk1(45) ⊂ RP2
6 ⊂ Sk2(45) ⊂ E 5,

where the TPP is satisfied because Sk1(45)∩h is connected for any half-space h.

Example 3.2.4 (Polyhedral manifolds with odd intersection form).

Examples 3.2.2 and 3.2.3 leave open the question whether we can combine “han-
dles” of type S2×S2 with the complex projective plane. From the point of view
of intersection forms, a connected sum of handles represents the case of an even
intersection form and signature σ = 0, whereas the complex projective plane
represents an odd intersection form.
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A tight polyhedral embedding CP2 # (−C P2) → E
8 can be constructed from

the 9-vertex triangulation of C P2, just as a tight Klein bottle was constructed
from the 6-vertex triangulation of RP2 in Example 1.2.5: Cut out the open star
of one vertex, take two parallel copies of the remaining part in a 7-simplex (or
4-simplex, respectively), and then join the two boundaries by a straight cylinder.
The tightness is easily verified since the TPP and HTPP are satisfied. By this
cylinder construction, the two copies of CP2 have opposite orientations. The
case of the same orientation seems to be open:

Question 20. Does there exist a tight polyhedral (or topological) embedding of
CP2 # C P2 into any EN?

Tight polyhedral connected sums CP2 # (−C P2) # · · · # (−C P2) can be con-
structed by truncation of the tight C P2 # (−C P2); see Theorem 3.5.7.

Example 3.2.5 (Combinatorial). As a generalization of Example 1.2.8 and
CP2

q, we observe the following: when an n-vertex triangulation of a 2k-manifold
M that contains all

(
n

k+1

)
k-dimensional simplices, M is highly connected and

the natural inclusion of M as a subcomplex of the (n− 1)-dimensional simple is
a tight embedding into E n−1:

Skk(4n−1) ⊂ M ⊂ Sk2k(4n−1) ⊂ E n−1.

Again, the tightness follows from the HTPP, condition (iv) in Lemma 3.1.1.

3.3. The substantial codimension of a tight immersion. For any tight
smooth immersion f : M → E

N of a 2k-dimensional manifold M , the substantial
codimension N−2k is less than or equal to

(
2k+1

2

)
(see 2.4.1). If M is highly con-

nected, this upper bound can be improved by using the fact that only quadratic
forms of indices 0, k and 2k can occur in the image space of the mapping

ξ 7→ Aξ.

We have the following generalization of 1.3.1:

Proposition 3.3.1 [Kuiper 1970]. The substantial codimension of a smooth
tight immersion of a highly connected 2k-manifold in EN satisfies

N − 2k − 2 ≤
{

k if k ∈ {1, 2, 4, 8},
0 otherwise.

Note that equality N = 3k + 2 is attained for the Veronese embeddings of the
projective planes FP 2; see Example 3.2.3. In these exceptional cases the same
upper bound is valid even without the assumption of smoothness:

Theorem 3.3.2 [Kuiper 1980]. If f : M → E
N is a tight substantial continuous

embedding of a 2k-dimensional “manifold like a projective plane”, then N ≤
3k + 2.
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Sketch of proof. We first must show that there is a k-dimensional top-
cycle given by the boundary of a (k + 1)-topset; see Corollary 3.1.4. This is a
convex hypersurface in some E k+1. The orthogonal projection onto the subspace
perpendicular to this space leads to a mapping f∗ : M → E

N−k−1. Since now
the k-th homology is killed, the image is a homotopy sphere of dimension 2k,
therefore the boundary of a convex set in (2k+1)-space. This implies N−k−1 ≤
2k + 1. �

A sharp upper bound for the substantial codimension of a tight Sk ×Sk does not
seem to be known in general. In the smooth case, the upper bound is 2, but for
polyhedra it may be considerably larger, as indicated by the case k = 1, where
the tight 7-vertex embedding of the torus in E 6 has substantial codimension 4.

Conjecture 3.3.3. Any continuous and substantial tight embedding Sk ×Sk →
E

N that is centrally-symmetric satisfies N ≤ 2k + 2.

This extends Conjecture 1.4.15.

Conjecture 3.3.4 [Kühnel 1995]. Let M ⊂ E
N be a tight and substantial

polyhedral embedding of a (k − 1)-connected 2k-manifold . Then(
N − k − 1

k + 1

)
≤ (−1)k

(
2k + 1
k + 1

)(
χ(M) − 2

)
=

(
2k + 1
k + 1

)
bk(M),

with equality for N ≥ 2k + 2 only for subcomplexes of the N -simplex containing
the k-skeleton of the N -simplex .

This would generalize Theorem 1.4.11. The inequality can be regarded as a
generalization of the classical Heawood inequality of Theorem 1.4.7 in the case
k = 1. In the case of M = Sk×Sk , Conjecture 3.3.4 states that N−k−1 ≤ 2k+2.

Theorem 3.3.5 [Kühnel 1994a]. Conjecture 3.3.4 is true under the additional
assumption that M is a subcomplex of the boundary complex of a simplicial con-
vex n-polytope P that contains all vertices of P .

For centrally symmetric versions, see [Sparla 1997a]. In this case the upper
bound for N in terms of χ(M) can be improved; compare Conjectures 3.3.3 and
1.4.15. There is an example of a 12-vertex triangulation of S2 × S2 as a tightly
embedded subcomplex of the 6-dimensional cross-polytope. See [Sparla 1997b].

3.4. The smooth case. According to Proposition 3.3.1 tight smooth and
substantial immersions of simply connected 4-manifolds can exist only in E 5, E 6,
E

7, and E 8. Unfortunately, in codimension greater than two, no construction
principle seems to be known for smooth tight immersions. Therefore this Section
contains more negative results on restrictions and obstructions than positive
results and examples.

Theorem 3.4.1 [Kuiper 1980]. Let f : CP2 → E
8 be a smooth tight and sub-

stantial immersion. Then, up to projective transformations of E 8, the image is
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congruent to the image of the standard (Veronese type) embedding in Example
3.2.2.

For tight embeddings of the complex projective plane into E 7 no geometric
uniqueness result can be expected, just as there is no uniqueness in the case
of tight embeddings of the real projective plane into E 4.

Theorem 3.4.2 [Thorbergsson 1983]. Let f be a substantial tight and smooth
immersion of a simply connected four-manifold M into EN , for N = 6 or N = 7.
Then, for a suitable choice of an orientation:

(i) If N = 6 then M splits diffeomorphically as a connected sum (S2 ×S2)#M∗

and the middle Betti number b2(M) is even. Moreover , if the intersection
form is odd , then b2(M) ≥ 4.

(ii) If N = 7 then M splits diffeomorphically as a connected sum CP
2 # M∗. In

particular , the intersection form is odd .

The proof is quite involved and relies on a careful study of the intersections of
various top-cycles (see the end of Section 3.1). This can be considered as an
obstruction to the existence of tight immersions:

Corollary 3.4.3 [Thorbergsson 1983]. Infinitely many distinct simply con-
nected differentiable four-manifolds do not admit a tight immersion into any EN .

Particular examples are the K3-surfaces and algebraic surfaces in C P3 of even
degree d ≥ 4.

Question 21 [Thorbergsson 1983]. Is there a smooth tight immersion f : M →
E

6 of a simply connected four-manifold with odd intersection form?

According to Theorem 3.4.2, candidates would be CP2#C P2#(−C P2)#(−C P2)
or connected sums with more copies of ±CP2. Such a tight example would have
quite unexpected behavior with respect to tubes: The ε-tube around it (regarded
as an immersion of an S1-bundle over the manifold) would not be tight [Breuer
and Kühnel 1997]. So far there does not seem to be any example of a tight
smooth immersion in codimension at least two for which ε-tube is not tight.
(Compare Proposition 2.6.2 and Question 13 at the end of Section 1.7.)

Theorem 3.4.4 [Thorbergsson 1983]. Let f : M → E
N be a substantial tight

and smooth immersion of a highly connected 2k-manifold with k = 4 or k = 8.
Then:

(i) If the intersection form of M is even then N ≤ 2k + 2.
(ii) If the intersection form of M is odd then N = 3k + 1 or N = 3k + 2.

For the case k /∈ {1, 2, 4, 8} see Proposition 3.3.1.
Any such substantial immersion with N = 3k +2 is projectively equivalent to

the Veronese-type embedding of the projective plane over the complex, quater-
nion, or Cayley numbers [Niebergall and Thorbergsson 1996].
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Theorem 3.4.5. For any given natural number m ≥ 1 there exists a tight
smooth embedding of a connected sum of m copies of Sk ×Sk into E 2k+1 and
E

2k+2 [Hebda 1984], but there is no tight analytic embedding into E 2k+2 for
m ≥ 2 [Niebergall 1994].

See Example 3.2.2.

Question 22. Is there a smooth tight immersion of any simply connected four-
manifold with even intersection form that is not diffeomorphic to a connected
sum of copies of S2 ×S2?

3.5. The polyhedral case. In the polyhedral case we have the opposite situ-
ation to the smooth case in Section 3.4. There are many examples and various
construction principles but only a few restrictions. Recall first the construction
principle mentioned in Corollary 3.1.3: If a 2k-dimensional M is a subcomplex of
the boundary complex of a convex polytope, tightness is satisfied if M contains
the whole k-skeleton of this polytope.

Theorem 3.5.1 [Kühnel 1995]. For arbitrary given numbers k, N satisfying
N ≥ 2k + 1 there is a tight and substantial polyhedral embedding of a (k − 1)-
connected 2k-manifold into EN . Particular examples are PL homeomorphic to
a connected sum of copies of Sk × Sk.

Proof. Let K be a k-neighborly triangulation of S2k−1 with N vertices, and
define M to be 2K ⊂ CN ⊂ E

N , as in Example 3.2.2. Then M is (k − 1)-
connected and tight. In the particular case of the cyclic polytope K = ∂C(d, 2k),
the manifold 2K is PL homeomorphic to a connected sum of (−1)k 1

2
(χ(d, k)−2)

copies of Sk ×Sk where, by definition,

χ(d, k) = 2χ
(
Skk(Cd−k−1)

)
.

The number χ(d, k) is the Euler characteristic of any k-Hamiltonian submanifold
of Cd, that is, a submanifold containing k-dimensional faces of Cd [Kühnel and
Schulz 1991]. For any such K the intersection form of 2K on Hk(2K) is a sum
of copies of (

0 1
(−1)k 0

)
. �

It does not seem to be known whether there are distinct topological types of
such examples in the skeleton of CN for k ≥ 2.

Theorem 3.5.2 [Kühnel and Banchoff 1983; Morin and Yoshida 1991]. There
exists a unique tight 9-vertex triangulation of the complex projective plane CP2.
The canonical embedding of this complex into the 8-simplex determines a tight
polyhedral embedding CP2 → E

8 and following this embedding by projection into
almost any 7-dimensional linear subspace gives a tight embedding C P2 → E

7.

Proof. Since all vertices, edges, and two-dimensional faces of 48 must be
contained in any such tight embedding of a simply connected four-manifold, we
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may determine the number fi of i-dimensional simplices as f0 = 9, f1 =
(
9
2

)
= 36,

f2 =
(
9
3

)
= 84. From the Dehn–Sommerville relations, it follows that f3 = 90

and f4 = 36. To construct the 9-vertex triangulation, called C P2
9, we denote the

nine vertices by 1, 2, 3, . . . , 9 and we take the union of the two orbits of the
four-dimensional simplices 〈12456〉 and 〈12459〉 under the action of a group H54

on {1, 2, . . . , 9} generated by

α = (147)(258)(369), β = (123)(465), γ = (12)(45)(78).

The generator γ corresponds to the action of complex conjugation; in fact its
fixed point set is combinatorially isomorphic to an RP2

6. The triangulation is
unique (up to relabelling of the vertices) [Kühnel and Lassmann 1983; Arnoux
and Marin 1991; Bagchi and Datta 1994]. The link of each vertex is combinatori-
ally isomorphic to the so-called Brückner–Grünbaum sphere M [Grünbaum and
Sreedharan 1967], a triangulation of the three-sphere with unusual properties. �

Question 23 [Kuiper 1980]. Are there tight and substantial topological embed-
dings CP2 → E

8 other than the standard algebraic embedding and the canonical
polyhedral embedding of C P2

9 (up to projective transformations)?

By Theorem 3.3.5 there is no such example in the boundary complex of a sim-
plicial polytope. Conjecture 3.3.4 together with Theorem 3.5.2 would imply the
uniqueness in the polyhedral case.

We remark that the combinatorial formula for the first Pontrjagin number of
a four-manifold has been explicitly evaluated for CP2

9 by L. Milin [1994]. The
flattenings of the (nonpolytopal) Brückner–Grünbaum sphere play a particular
role in Milin’s work.

Example 3.5.3. For any m, 1 ≤ m ≤ 256, there is a tight polyhedral embedding
into E 8 of a simply connected four-manifold with rank(H2) = 62 + m whose
intersection form on H2 is odd .

To construct this example, we take 2M, where M is the Brückner–Grünbaum
sphere mentioned above. The link of each vertex is combinatorially equivalent
to M. Therefore we can truncate at each vertex by a hyperplane section and
attach in this hyperplane a copy of CP2

9 minus an open vertex star. The tightness
follows from Corollary 3.1.3. The intersection form of this manifold is the one of
2M plus m direct summands (±1).

Proposition 3.5.4 [Banchoff and Kühnel 1992]. There is a tight polyhedral
embedding CP2 → E

7 that is essentially different from a linear projection of
the one in Theorem 3.5.2. It is a simplexwise linear embedding of a 10-vertex
triangulation, denoted by CP2

10.

This triangulation is based on the decomposition of the complex projective plane
into three 4-balls as “zones of influence” of three points X = [1, 0, 0], Y = [0, 1, 0]
and Z = [0, 0, 1], given in homogeneous coordinates. The equilibrium torus is
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the set of points [z0, z1, z2] with the same absolute value of each coordinate zi.
We take the 7-vertex triangulation of this equilibrium torus and then introduce
X, Y, Z as extra vertices. Each of the three 4-balls is triangulated as a cone
over the boundary complex of the cyclic polytope C(7, 4), which occurs in three
different, and combinatorially equivalent, versions. For the tight embedding the
7 vertices of the torus are chosen in general position in an E 6, then X and Y as
vertices of a double cone over the seven ones, and finally Z at the centre.

Theorem 3.5.5 [Casella and Kühnel 1996]. There is a tight 16-vertex triangu-
lation of a K3 surface, leading to a tight polyhedral embedding into E 15.

The construction is algebraic and combinatorial. The triangulation has 16 ver-
tices and 288 four-simplices. One can regard the vertices as the elements of a
field with 16 elements. Then the triangulation is invariant under the group of
all invertible affine transformations x 7→ ax + b of this field.

Theorem 3.5.6 [Brehm and Kühnel 1992]. There are at least three combinatori-
ally distinct tight 15-vertex triangulations of an 8-manifold “like the quaternionic
projective plane”. These triangulations induce tight polyhedral embeddings into
E

14 and E 13.

The construction of such a triangulated 8-manifold M8
15, which is quite compli-

cated, generalizes the construction of C P2
9 above, according to Example 3.2.5:

Sk4(414) ⊂ M8
15 ⊂ Sk8(414) ⊂ E 14.

By a straightforward computation the numbers fi of i-dimensional simplices
are f0 = n = 15, f1 =

(
15
2

)
= 105, f2 =

(
15
3

)
= 455, f3 =

(
15
4

)
= 1365,

f4 =
(
15
5

)
= 3003, f5 = 4515, f6 = 4230, f7 = 2205, f8 = 490. The actual

example M8
15 is presumably a triangulated quaternionic projective plane; for

some evidence of this conjecture see [Brehm and Kühnel 1992].

Question 24. Is there a tight polyhedral embedding of a 16-dimensional mani-
fold “like the Cayley plane” into E 26, possibly as a tight 27-vertex triangulation?

A tight 27-vertex triangulation would have exactly 100386 16-dimensional sim-
plices and would contain all

(
27
9

)
8-dimensional subsimplices:

Sk8(426) ⊂ M16
27 ⊂ Sk16(426) ⊂ E 26.

Theorem 3.5.7 [Kühnel 1995]. Let M be a tight triangulation of a (k − 1)-
connected 2k-manifold with n vertices. Then for an arbitrary integer m ≥ 0
there is a tight and substantial polyhedral embedding M # m(−M) → E

n−1.

The proof uses the construction by iterated truncation. Start with the n-vertex
triangulation, regarded as a subcomplex of the (n−1)-dimensional simplex. Then
truncate the simplex at a certain vertex and glue in a small copy of the same
triangulation minus an open vertex star. Then repeat this procedure, either at
(old) vertices of the (n−1)-simplex or at (new) vertices of the truncated simplex.
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Corollary 3.5.8. For an arbitrary integer m ≥ 0 there is a tight polyhedral
embedding CP2 # m(−C P2) → E

8, and a tight polyhedral embedding M8 #
m(−M8) → E

14, where M8 is the 8-manifold “like the quaternionic projective
plane” from Theorem 3.5.6.

We mention the following sharper form of Conjecture 3.3.4: For a highly con-
nected 2k-manifold M let NM denote the maximum dimension of a Euclidean
space admitting a tight and substantial polyhedral embedding of M . Let nM

denote the minimum number of vertices for any simplicial triangulation of M .
The approximate size of NM and nM should satisfy the relations NM ≈ nM − 1
and (

NM − k − 1
k + 1

)
≈ (−1)k

(
2k + 1
k + 1

)(
χ(M) − 2

)
=

(
2k + 1
k + 1

)
bk(M);

see Conjecture 3.3.4.

Question 25. Is there a universal constant C such that NM ≤ nM−1 ≤ NM +C

for any highly connected manifold M that is a connected sum of the standard
examples 1, 2, and 3 of page 99?

This is true for k = 1 with C = 2 (C = 1 with only a few exceptions); see Lemma
1.4.11. For higher dimensions it is a very general form of a Heawood problem,
compare the generalized Heawood inequalities in [Kühnel 1994b; Kühnel 1995].

Proposition 3.5.9. If a highly connected manifold M admits a tight polyhedral
embedding into EN , there is an embedding of the k-dimensional skeleton of the
N -simplex into M .

This follows from Corollary 3.1.3 and a lemma of Grünbaum [Grünbaum 1967,
§ 11.1] saying that the k-skeleton of any convex N -polytope contains the k-
skeleton of the N -simplex as a subset. Compare Example 3.2.5 and Conjecture
3.3.4.

The question remains whether the converse of Proposition 3.5.9 is true. More
precisely: If M admits an embedding of the k-skeleton of the N -simplex 4N (N
sufficiently large, tame embedding in the topological sense), does there exist a
tight polyhedral embedding into EN?

Question 26. Given a (k−1)-connected 2k-manifold M and a number N ≥ 4k,
are the following conditions equivalent?

(i) There exists a tight and substantial polyhedral embedding M → E
N .

(ii) There exists a (topologically tame) embedding Skk(4N ) → M.

This is true for k = 1 by Theorem 1.4.8. The implication (i) ⇒ (ii) holds in
general by Proposition 3.5.9. One strategy for a proof of the converse could be
the construction of a suitable triangulation from the embedding Skk(4N ) → M

as a kind of starting data; compare the construction in Theorem 1.4.8.
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Beiträge zur Algebra und Geometrie 9 (1980), 131–147.

[Wintgen 1984] P. Wintgen, “On total absolute curvature of nonclosed submanifolds”,
Ann. Global Anal. Geom. 2:1 (1984), 55–87.



118 THOMAS F. BANCHOFF AND WOLFGANG KÜHNEL
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of the Projective Plane with One Handle

DAVIDE P. CERVONE

Abstract. The recent discovery that there is a tight polyhedral immersion
of the projective plane with one handle, while there is no smooth tight
immersion of the same surface, provides a rare example in low dimensions
of a significant difference between smooth and polyhedral surfaces. In this
paper the author shows that the obstruction to smoothing the polyhedral
model is not local in nature, and describes some of the ways in which the
proof of the nonexistence of the smooth tight surface does not carry over
to the polyhedral case.

1. Introduction

A longstanding open problem in the study of tight surfaces centered around
a question posed by Nicolaas Kuiper [1961] asking whether the surface with
Euler characteristic −1 (a real projective plane with one handle) could be tightly
immersed in three-space. Kuiper had established that all other surfaces admitted
tight immersions in space except for the Klein bottle and the real projective
plane, which do not. More than thirty years passed before François Haab [1992]
proved that, for smooth surfaces, no such immersion exists. In light of this
result and the failure of the attempts to find a polyhedral counterexample, it
seemed only a matter of time before a corresponding proof would be found for
the polyhedral case as well. Surprisingly, a polyhedral tight immersion of this
surface does exist, as shown recently in [Cervone 1994]. Although the smooth and
polyhedral theories differ substantially for surfaces in high-dimensional spaces,
they correspond quite closely in low dimensions; the case of the real projective
plane with one handle is important in that it represents one of only a handful
of low-dimensional examples where the theories differ in a significant way (see
Section 3).

In this article, we compare the smooth and polyhedral behaviors of the pro-
jective plane with one handle, and try to illuminate some of the reasons why
they differ. The subject is approached from two different directions: first, we
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analyze the polyhedral example in detail, especially the potential smoothability
of specific configurations within it, and find that the obstruction to smoothing
this model is not local in nature. Second, we outline the basic components of
Haab’s proof, and discuss why this proof does not carry over directly to the
polyhedral case.

2. The Polyhedral Tight Immersion

We begin by presenting a tight polyhedral immersion of the real projective
plane with one handle [Cervone 1994]. The model has 13 vertices, and their
mapping into space is given in Figure 1 along with the 28 triangular faces, and
a view of the surface from above. The self-intersection can be seen where faces
meet without a heavy black line.

Vertices:

a = (−2, 0, 0)

b = (0, 0, 0)

c = (1, 0, 0)

d = (0, 1, 0)

e = (−2,−1, 2)

f = (1,−1, 2)

g = (1, 1, 2)

h = (0, 3, 2)

i = (−3/8, 0, 1/2)

j = (1/2, 1/4, 1)

k = (−1/4, 7/12, 7/6)

l = (0, 3/4, 7/6)

m = (1/4, 0, 1/2)

Faces:

a b k b g k b g j b i j g f j
a d l a k l c d l f l m c l m
h i j e h i b c i c i m f i m
e f i h k l h j l f j l g h k
a b e b e f b c f c f g
c g h c d h a d h a e h

a

e

f

g

h

Figure 1. The tight polyhedral projective plane with one handle, includ-

ing its vertex mapping and face list. The point of view is approximately

(−30,−10, 60). The x-axis and y-axis are parallel to the edges ef and fg. See
http://www.geom.umn.edu/locate/rp2-handle for interactive three-dimensional

viewing.
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The surface is composed of a central core (an immersed real projective plane
with two disks removed) surrounded by a cylinder formed by removing two disks
from the convex envelope (the surface of the convex hull) of the central core.
The core is based on the projective plane described by Kuiper [1961], who gave
level sets for an immersed smooth surface with one maximum, one minimum,
and one saddle point. The level sets of the polyhedron given here correspond
closely to those described by Kuiper. In the complete surface, the maxima and
minima are removed and replaced by a tube connecting the top to the bottom
(the outer cylinder). The two curves where the core joins the tube are called
top cycles (for a complete definition and more information about top cycles, see
[Banchoff and Kühnel 1997] in this volume).

Any immersion of a surface of odd Euler characteristic must have a triple
point [Banchoff 1974]; this model has exactly one, and it is visible at the center
of the figure. Since the central core is essentially a projective plane with one
triple point, we would expect the double curve to form three loops meeting at
the triple point: six doubly covered lines emanate from the triple point, and since
in an immersed surface the double locus forms closed curves, these six lines must
be joined pairwise by the double curve, thus forming three loops (see Figure 2).
This is indeed the case in our polyhedral model.

Figure 2. A triple point is formed by the intersection of three sheets, where six

arcs of double points (dashed lines) meet. In an immersed projective plane with

only one triple point, these arcs are joined pairwise by the double curve (dotted
lines).

To verify that this is in fact a projective plane with one handle, we compute
its Euler characteristic: the object has 13 vertices, 42 edges, and 28 faces, so
its Euler characteristic is V − E + F = −1 as expected. A polyhedral surface
is immersed if, and only if, the star of each of its vertices is embedded. An
explicit check of the vertices of this model reveals that each star is embedded
(the self-intersection curve does not pass through any vertex), so it is indeed an
immersion.
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There are several equivalent definitions of tightness (see [Banchoff and Kühnel
1997] in this volume). A geometric definition that applies to both smooth and
polyhedral surfaces is that an immersion f :M → R

3 is tight if it has the two-
piece property, namely that the preimage of any half-space is connected in M , or
in other words any plane cuts the surface into at most two parts. For polyhedral
surfaces, this provides a simple characterization of tight immersions [Banchoff
and Kühnel 1997, Lemma 1.4.1]:

Lemma 2.1. A polyhedral immersion is tight if , and only if ,

(i) the one-skeleton of the convex hull is contained in the surface;
(ii) every vertex that is not a vertex of the convex hull lies in the relative interior

of some subset of its adjacent vertices; and
(iii) the self-intersection set does not include any vertex of the convex hull of the

surface.

The final condition is required for immersions since such a vertex could be cut
off, thereby dividing the surface into at least three pieces (two copies of the
vertex, plus the rest of the surface).

We can use this lemma to check that the polyhedron given above is, in fact,
tight: first, note that the convex envelope has seven vertices: a, c, d, e, f , g,
and h (although b is on the convex envelope, it is not a vertex of it) and that the
last eight faces listed in Figure 1 contain all the edges of the convex envelope.
Of the remaining six vertices, two lie on the straight line segment between two
neighbors (b lies on the segment ac, and k on the segment ag), two lie within a
triangle formed by three neighbors (i lies within triangle beh, and j within bfg),
and two lie inside tetrahedra formed by four neighbors (l lies within acfh, and m

within cfil). Thus the surface is tight, as claimed.

3. Tight Smoothings of Polyhedral Surfaces

In the previous section we presented a tight polyhedral model of the real
projective plane with one handle, and Haab [1992] provided a proof that no
smooth immersion of this surface exists. An important question to ask is: Why
can’t this polyhedral model be smoothed tightly? Given a polyhedral surface,
a tight smoothing is a tight smooth surface of the same topological type lying
within an ε-neighborhood of the polyhedron, for some small ε. Frequently, there
exists such a surface for arbitrary ε and these form a continuous deformation
from the polyhedral to the smooth surface that is tight at every step. Such a
deformation need not always exist, however. For example, in 5-space, there are
essentially only two substantially embedded tight immersions of the projective
plane: the Veronese surface (a smooth embedding), and the canonical embedding
of the six-vertex polyhedral real projective plane (see [Banchoff and Kühnel 1997,
Theorem 1.3.6 and Corollary 1.4.12] in this volume). In one sense, the Veronese
surface is the obvious tight smoothing of the polyhedral projective plane, but
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there is no continuous deformation by tight surfaces from one to the other, since
no intermediate tight surfaces exist. Although no examples like this are known in
three-space, we will not require a deformation by tight surfaces for our purposes,
but only a smooth tight surface sufficiently near the polyhedral one.

One feature that might interfere with smoothability would be the presence
of exotic saddle points. These are saddles where there is no direction for which
the orthogonal projection of a neighborhood of the saddle is one-to-one, as in
Figure 3. Such a saddle is not possible in a smooth surface, since the implicit
function theorem guarantees that such a direction always exists. Exotic saddles
play a crucial role in one of the few other low-dimensional examples of a differ-
ence between the smooth and polyhedral theories, namely the existence of an
embedded polyhedral torus with a height function having exactly three critical
points, but no such smooth embedding [Banchoff and Takens 1975]. Taking our
cue from this, we look for exotic saddles in the polyhedral surface given in Sec-
tion 2. Checking each of its vertices, however, we find that it contains no exotic
saddles, since every vertex has a direction where the orthogonal projection of its
star in that direction is a one-to-one mapping.

Figure 3. A polyhedral monkey saddle of the exotic type. There is no direction

for which the orthogonal projection is a one-to-one mapping.

A second feature that might interfere with smoothability would be vertices
that are not “generic” enough, i.e., ones that can not be perturbed without
destroying tightness. For example, vertex k lies on the boundary of the convex
hull of its neighbors (it is on the segment ag), and if it were raised in the z

direction (for example) it no longer would be in the relative interior of any subset
of its neighbors, and the model would fail to be tight (see lemma 2.1). Vertex b

has a similar problem, and vertices i and j, which lie on faces of the convex hulls
of their neighbors, have directions in which they can not be perturbed without
losing tightness. The basic observation is that if a vertex lies on the convex
envelope of its neighbors, then it can not be perturbed in some directions, nor
can some of its neighbors, without losing tightness. On the other hand, if a
vertex lies in the strict interior of the convex hull of its neighbors, then it can
be moved slightly in all directions, and so can its neighbors, without destroying



124 DAVIDE P. CERVONE

tightness at that vertex. Ideally, then, we would like the model to be in general
position (i.e., no three vertices lie on a line, and no four vertices lie in a plane).

It is possible to move vertices i, j, and k slightly so that they do lie in the
interior of the convex hull of their neighbors while maintaining the tightness of
the model (move i in the positive x direction, j in the negative x direction, and k

in the negative z direction slightly). Since b lies on the convex envelope of the
surface, it must be treated with a bit more care. The solution in this case is to
move b in the negative y direction; this makes it a vertex of the convex hull of the
surface, and so condition ii of lemma 2.1 no longer applies. Once this is done, the
vertices that form the convex hull of the surface also can be perturbed, provided
they stay within the planes of the top cycles to which they belong. Thus all the
vertices of the model can be “jiggled” slightly without losing tightness. This is
not quite general position, however, since the top cycles must remain in a plane;
but these planes can be jiggled slightly as well, provided that all the vertices in
the plane are moved together. We will call this nearly general position.

One may ask whether the model can be put into truly general position, and
indeed it can. The crucial condition is that, to be in general position, the top
cycles must be triangular since each top cycle must lie in a plane. The top
cycles in this model are formed by quadrilaterals; however, the polyhedron can
be modified so that its top cycles are triangular. One way to do this is to remove
the convex envelope (leaving only the core) and then place large triangles in the
planes of the top cycles so that the top cycles lie inside them. Triangulate the
annular regions between each triangle and the top cycle contained within it, then
move each triangle slightly in the direction perpendicular to its plane but away
from the central core (the annular region will become a funnel-shaped “flange”).
Finally, add a new cylinder connecting the two large triangles, to replace the
convex envelope that was removed at the outset. Provided the new triangles are
large enough and the distance they were moved is small enough, the resulting
surface will be a tight immersion of the real projective plane with one handle,
and its top cycles will be triangular. The vertices that previously formed the
top cycles will now be inside the convex hull of the surface, and can be moved
slightly to put the entire surface into general position.

Once in general position, every vertex can be perturbed slightly without dam-
aging tightness, including those that form the top cycles. Note that this is in
sharp contrast to the smooth situation, where the top cycles are less stable: small
changes to a top cycle can easily destroy tightness.

We have seen that the model presented in Section 2 is not initially in general
or even nearly general position. The reason for this is twofold: first, it shows
that such unusual configurations are possible and not just contrived, and second,
it makes checking tightness simpler, since it is easier to check that a vertex lies
on a line segment or in a plane than it is too see that it lies inside a tetrahedron.
It is important to note, however, that the presence of such configurations is not
an obstacle to smoothing the polyhedral surface, since the surface can be put
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into nearly general position with only minor adjustments, or general position
with more extensive changes, without losing tightness.

For additional features that might interfere with smoothability, we turn to
an algorithm developed in [Kühnel and Pinkall 1985] that will smooth a tight
polyhedral immersion to produce a tight smooth immersion of the same surface
that agrees with the polyhedron everywhere but in an ε-neighborhood of the
edges. The algorithm does not apply to all polyhedra, however, but only to ones
with certain properties, and the conditions that the polyhedral surface must
meet are rather strict. Given a vertex of a polyhedral immersion, consider a
small sphere centered at the vertex; its intersection with the surface forms a
spherical polygon, and a neighborhood of the vertex is the cone over such a
polygon. If this cone is convex, then the vertex is called convex. A vertex is a
standard saddle if (i) it is 4-valent; (ii) all the angles of the faces at the vertex
are strictly less than π; and (iii) there are no local support planes through the
vertex.

The conditions of the smoothing algorithm require that the nonconvex vertices
of the surface be either 3-valent or standard saddles. In particular, no vertex
interior to the convex hull can be more than 4-valent, and all the vertices that lie
on the convex envelope either must be convex or as simple as possible, i.e., only
3-valent. On the other hand, the algorithm also allows nontriangular faces, and
indeed, nonconvex and even non-simply-connected faces, so these restrictions
aren’t so severe as they at first appear.

The polyhedral model presented in the previous section does not satisfy these
conditions, nor can it be modified to satisfy them, otherwise its smoothing would
represent a counterexample to Haab’s theorem. This leads us to ask: Which
vertices cause trouble, and what is the obstruction to smoothing them? All the
vertices except m fail the valence conditions, and vertices b, k, i, and j have
facets with angles of π or greater (note: coplanar faces that share an edge form a
single facet, so abk and kbg form one facet abgk that has an angle of π at k since
k lies on the segment between a and g). The latter problem can be resolved by
putting the vertices into nearly general position as discussed above, since then
all the interior facets are triangles, and so have angles strictly less than π. The
remaining difficulty is the large number of edges at each vertex.

One approach to the valence problem is to try to split up a vertex of high
valence into several vertices of lesser valence. The trick is to do it while still
maintaining tightness. Since the model is in nearly general position, if the new
vertices all are in a small neighborhood of the original vertex, this will not
disrupt the tightness at its neighbors, so it is only necessary to check that the
new vertices satisfy condition ii of lemma 2.1.

As an example, consider vertex a, a vertex of the convex hull of the surface
that is nonconvex and 7-valent. It can be broken into three vertices, as shown
in Figure 4. One of these, a1, is convex, and the other two, a2 and a3, are 3-
valent. Note that the introduction of nontriangular faces is allowed, and indeed
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a
a1

a2a2
a3a3

Figure 4. The nonconvex vertex a can be broken into three vertices, one convex,

the other two 3-valent, all lying in the plane of the top cycle containing a.

f

Figure 5. The nonconvex vertex f can be broken into five vertices, one convex,

two 3-valent, and the other two standard saddles.

is crucial to obtaining the correct valences at a2 and a3. This modification
maintains tightness, since a1 is now a vertex of the convex hull, while a2 and
a3 are in the relative interiors of their neighbors (a2 is interior to the triangle
formed by a1, a3 and the vertex to the left of the original vertex a, while a3 is
interior to a1, a2 and the vertex to the right of a).

We will call a vertex locally smoothable if it can be replaced by a collection of
new vertices such that the resulting polyhedral model is still tight, and all the
new vertices satisfy the smoothing criterion of Kühnel and Pinkall. Thus vertex
a is locally smoothable. Vertices c, d and e likewise are locally smoothable using
a similar decomposition. A local smoothing configuration for vertex f is given
in Figure 5. Again, nontriangular faces are crucial to the construction, and care
must be taken at the 4-valent vertices to assure that the angles are less than π.
Vertex g can be handled similarly.

Vertex b presents a more difficult challenge. It can be modified as shown in
Figure 6. Here, rather than pushing b outward so that it becomes a vertex of
the convex envelope, we pull it into the interior and subdivide it. It is important
that b1, b2, b3 and g lie in a plane, with the angle at b3 less than π. Vertex
b1 should be placed on the back side of the plane containing a, c and g, while
b2 and b3 should be placed in the interior of the tetrahedron b1gij. A similar,
though slightly more complex, construction is possible at vertex h.

Vertices i and k are interior to the convex hull and are 5-valent; they can be
treated in much the same way that b was above. Vertex m already satisfies the
smoothing conditions. Vertex j can be split into two vertices, one 5-valent, the
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j

g

a m

c

i

b

k

k
j

g

a m

c

i

b

c

j

g

a m

i

b1

b3

b2

k

Figure 6. Vertex b can be pulled into the interior of the convex hull (middle)

and then split into three vertices (right), all of which are standard saddles.

other 4-valent (Figure 7, middle) provided j1, j2, b and g are coplanar; j1 can
then be split in a way similar to how b was modified above (Figure 7, right). An
extra vertex j5 is added between j2 and h to divert from j2 an edge generated
while subdividing j1. This requires j1, j2, j3 and j5 to be coplanar, as well as
j1, j3, j4, and f . One can arrange that these planarity conditions are satisfied
while still placing each new vertex in the interior of the tetrahedron formed by
its four neighbors. Thus j is locally smoothable. Finally, l can be split into two
5-valent vertices that can be handled in a similar fashion.
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Figure 7. The 6-valent vertex j can be broken into two vertices (middle), one a

standard saddle, the other 5-valent; the latter can in turn be broken into three
standard saddles (right). An extra vertex is added near j2 in order to divert an

edge that would have increased the valence of j2.
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We see, then, that every vertex of the polyhedral model is locally smooth-
able; but this does not mean that the model itself is smoothable. The reason
is that we can not carry out all the modifications described above simultane-
ously without them interfering with each other. For example, the modification
to b adds edges to a and c, which will disrupt the carefully planned valence
configurations at those vertices. Some coordination among these modifications
may be possible, however. For example, two new edges generated at neighboring
vertices may form triangles that can be combined into a single planar quadrilat-
eral, thus maintaining the proper valence at each vertex (the author currently is
investigating such possibilities).

Although we can not carry out all the modifications concurrently, the fact
that each vertex is locally smoothable has an important implication, namely
that the obstruction to smoothing this polyhedral surface is not a local one,
isolated at some unusual vertex (since neighborhoods of all the vertices look like
smoothable patches that could become part of a smooth tight surface). Rather
the obstruction is a global one, intrinsic to the surface itself. What this global
property is remains an open question at this point.

4. Haab’s Proof for Smooth Surfaces

Haab’s proof [1992] of the fact that there is no smooth immersion of the real
projective plane with one handle requires considerable machinery, of which we
outline some of the highlights.

His basic idea is to consider mappings of surfaces into the plane, and to
determine when these can be “factored” into an immersion of the surface in
space followed by a projection into the plane. One of the important features of
such projections are their fold curves. For smooth surfaces, the fold curves for
almost all projections are formed by a collection of images of circles that are
smooth immersions except at a finite number of cuspidal points.

The fold curves for tight immersions have a specific geometric form: one
component is convex, and the others are locally concave (with respect to the
image of the projected surface) and contain all the cusps (see Figure 8). Haab
computes strict bounds on the number of components that can exist in the fold
set for a tight immersion of a given surface. He defines a degree on each of
the fold curves, and shows that it is 2 for the convex component, and strictly
negative for the others, and that moreover, the sum of the absolute values of the
degrees is equal to 4 minus the Euler characteristic of the surface. This provides
a key connection between the fold curves and tightness.

Haab then considers height functions on surfaces with boundary and classifies
their saddle points according to whether passing the saddle point changes the
number of components in the level set of the height function. He uses a gener-
alization of the Morse inequalities to show that the number of saddles that do
not change the number of components is equivalent mod 2 to the genus of the
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Figure 8. The fold curves for a tight immersion of the surface with Euler charac-

teristic −3, after [Haab 1992]. The saddles that change the number of compo-

nents in the level set are shown by dashed lines, and those that don’t are shown

by dotted lines. Note that the type of saddle changes only at points where there
is a doubly tangent line to the fold set.

surface. This allows him to prove an actual bound (in terms of the genus of the
surface) on the number of such saddle points for any height function. Haab then
considers the fold sets of projections of tight surfaces, and determines that the
type of saddle that occurs (for height functions in directions perpendicular to
the direction of projection) on the fold set for a given projection can change only
at points where the tangent line to the fold curve is tangent to the fold set at
more than one point (see Figure 8).

He applies this information to the case of the projective plane with one handle,
and concludes that, for a tight immersion, the type of saddle is constant on each
component of the fold set, and that the fold set has exactly three components.
He uses the fold curves and the top cycles to decompose the surface into disjoint
regions, and shows that one of these contains a cycle that separates it, but
on which the Gauss map is constant. He considers a height function in the
direction of the Gauss map, and, after showing that the curve bounds a region
on which the Gauss map is not constant, deduces that the height function has
a local extremum inside that region. The initial decomposition of the surface
into regions ensures that this point is not a global extremum for the height
function, which contradicts the fact that the immersion is tight, since a plane
perpendicular to the direction of the height function and just below the lower
extremum will cut the surface into three disjoint pieces.
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5. Some Differences Between the Smooth
and Polyhedral Theories

Haab relies heavily on the smoothness of the surface in his proof, but not all
of his results carry over to the polyhedral situation. There are several important
differences that arise in the polyhedral case.

First, for smooth surfaces, the fold curves of almost all projections form dis-
joint components, so it is possible to count the number of components accurately.
In the polyhedral case, the analogue of the fold curves are formed by fold edges
(ones where the two triangles sharing that edge both project onto the same side
of the edge), but an arbitrarily large number of fold edges may come together at
a single vertex of a polyhedral surface. Thus it is not always possible to deter-
mine a canonical way to divide the fold edges into fold curves, and the number of
components may change with different divisions into curves. In the polyhedral
model presented here the projection onto the xy-plane has either one or two com-
ponents (see Figure 9) depending on how the choice is made at vertex h where
four fold edges meet. This is not the three predicted by Haab for the smooth
case, so already a difference has emerged between the two types of surfaces. It is
interesting to note that the conditions of Kühnel and Pinkall’s smoothing algo-
rithm [1985] guarantee that there are at most two fold edges at each vertex, so
for these polyhedra, the fold curves can be separated into components without
ambiguity.

Figure 9. The fold curves for two projections of the tight polyhedral projective
plane with a handle; each can be broken into fold curves in more than one way.

The projection onto the xy plane (left) can be broken into one or two components

depending on the decision made at the topmost vertex, h. The other projection

(right) can be broken into as many as six components; it has three interior
vertices where more than two fold edges meet. There are projections for which

the fold curves are even more complicated.
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Second, the idea of a cusp and of locally convex curves is harder to formulate
in the polyhedral case. One might begin by identifying analogous polyhedral
structures, such as those shown in Figure 10, but this becomes more complicated
when more than two fold edges meet at one vertex.

Figure 10. Polyhedral analogues of the fold and cusp (left). The neighborhood

of a vertex can wrap around the vertex an arbitrary number of times (right),

though only a single revolution is shown here. The fold edges themselves do not

contain enough information to distinguish between the two folds shown.

The problem is compounded by the fact that a star can wind around a vertex
an arbitrary number of times with no visible effect on the angle between the fold
edges. This makes computing the degree of a fold curve more complicated than
in the smooth case (where small loops would be present). In the polyhedral case,
the fold curve itself does not contain enough information to distinguish between
the two situations shown in Figure 10, so any analog of Haab’s fold-curve degree
would have to be more complex, and would probably involve looking at the strip
neighborhoods of the fold curves. (Again, note that the conditions of Kühnel
and Pinkall’s smoothing algorithm do not allow for such aberrant behavior.)

For smooth tight surfaces, almost every point of the (nonconvex) fold curves
is a saddle for some direction, but this is no longer the case for polyhedral
surfaces, where only vertices can be saddles. Moreover, these saddles can easily
be of higher degree (i.e., monkey saddles or worse), and can be the exotic type
that have no smooth counterpart (Figure 3). Such saddles are stable under small
changes of direction, which is not the case for smooth surfaces. This complicates
the issue of determining the “type” of each saddle, and thus the type of each
fold component, which is crucial to Haab’s argument. Haab’s results concerning
when the type of a fold curve can change would require additional work in the
polyhedral case, since the idea of bitangent lines to the fold curves does not have
a direct analog.

Finally, Haab uses the fact that the top cycles in a smooth tight immersion
lie in distinct planes to break the central projective plane into regions, one of
which is an annulus. In the polyhedral case, the top cycles can share vertices
or even edges, making such a decomposition harder to formulate. For example,
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Figure 11. A surface with three top cycles that share edges in pairs.

the Császár torus [Császár 1949], which is tight, has two triangular top cycles
that share a vertex. To generate an example where the top cycles share edges,
begin with a hexagonal prism and remove every other rectangular face. Place
the prism within a large triangular prism whose faces are parallel to the ones
removed from the hexagonal prism. Finally, replace each rectangular face of
the triangular prism with four trapezoidal faces that connect its boundary to
the boundary of the corresponding removed face of the hexagonal prism. The
resulting embedded surface is tight (see Figure 11); it has three rectangular top
cycles (the boundaries of the rectangular faces of the outer prism) that share
edges in pairs: each edge joining the top and bottom triangles of the prism
belongs to two distinct top cycles.

6. Conclusion

The existence of a tight polyhedral immersion of the real projective plane
with one handle, but no smooth one, provides an opportunity to study some
of the details of how these two types of surfaces differ even in low dimensions.
One question that remains is how unique is this situation? Are there other tight
polyhedral immersions of surfaces that can not be tightly smoothed? The paper
[Cervone 1996] presents several tight polyhedral immersions to which Kühnel and
Pinkall’s smoothing algorithm does not apply, and for which no corresponding
smooth tight immersion is known; are these models also examples of this same
phenomena? Or is there a more general smoothing algorithm that will handle
these cases? The example presented here shows that no smoothing algorithm
will work for every tight polyhedral surface, and an understanding of just why
that is so should provide insight into both the smooth and polyhedral worlds.
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Taut and Dupin Submanifolds

THOMAS E. CECIL

Abstract. This is a survey of the closely related fields of taut submanifolds
and Dupin submanifolds of Euclidean space. The emphasis is on stating re-
sults in their proper context and noting areas for future research; relatively
few proofs are given. The important class of isoparametric submanifolds
is surveyed in detail, as is the relationship between the two concepts of
taut and Dupin. Also included is a brief introduction to submanifold the-
ory in Lie sphere geometry, which is needed to state many known results
on Dupin submanifolds accurately. The paper concludes with detailed de-
scriptions of the main known classification results for both Dupin and taut
submanifolds.

Dupin [1822] determined which surfaces M embedded in Euclidean three-
space R3 can be obtained as the envelope of the family of spheres tangent to
three fixed spheres. These surfaces, known as the cyclides of Dupin, can all be
constructed by inverting a torus of revolution, a circular cylinder or a circular
cone in a sphere. The cyclides of Dupin were studied extensively in the nine-
teenth century (see, for example, [Cayley 1873; Liouville 1847; Maxwell 1867]).
They have several other important characterizations. They are the only sur-
faces M in R3 whose focal set consists of two curves, which must, in fact, be
a pair of focal conics. This is equivalent to requiring that M have two distinct
principal curvatures at every point, each of which is constant along each of its
corresponding lines of curvature. It is also equivalent to the condition that all
lines of curvature in both families are circles or straight lines.

The cyclides reappeared in modern differential geometry in a paper by Ban-
choff [1970]. He considered compact surfaces M embedded in R3 with the prop-
erty that every metric sphere in R3 cuts M into at most two pieces; this is called
the spherical two-piece property, or STPP. For surfaces, the STPP is equivalent
to requiring that M be taut, i.e., that every nondegenerate Euclidean distance
function Lp(x) = |p − x|2, where p ∈ R3, has the minimum number of critical
points allowed by the Morse inequalities. Banchoff showed that tautness implies
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that M must be a metric sphere or a cyclide of Dupin, and the close link between
these notions was established.

A hypersurface M in Rn is said to be Dupin if, along each curvature surface,
the corresponding principal curvature is constant. A Dupin hypersurface M is
called proper Dupin if the number of distinct principal curvatures is constant
on M . These concepts can both be generalized in a natural way to submanifolds
of codimension greater than one in Rn. A fundamental result in the theory due
to Pinkall [1986] is that a taut submanifold must be Dupin. Conversely, the work
of Thorbergsson [1983a] and Pinkall [1986] shows that a compact proper Dupin
submanifold embedded in Rn must be taut. A major open question is whether
the condition that the number of distinct principal curvatures is constant can be
dropped; in other words, does Dupin imply taut? These results are discussed in
Section 4.

This paper is a survey of the major results on taut and Dupin submanifolds.
We concentrate on stating the results in their proper context and noting areas
for future research and give very few proofs. In particular, we do not repeat
proofs of many fundamental results in the field that can be found in [Cecil and
Ryan 1985], and we will concentrate on work done since that reference appeared.
We will not attempt to cover the related field of tight immersions, since that is
done in the paper by Banchoff and Kühnel [1997] in this volume.

Important examples of taut submanifolds are the isoparametric submanifolds.
These will be reviewed in Section 2, but the reader is referred to the excellent
article [Terng 1993] for an in-depth survey of that field. There is also extensive
research on real hypersurfaces with constant principal curvatures in complex
space forms, which is covered by the paper by Niebergall and Ryan [1997] in this
volume, and which will not be discussed here. We now give a brief overview of
the contents of this article.

In Section 1 we review the critical point theory and submanifold theory needed
to formulate the definition of a taut submanifold, and we list some basic results
and methods for constructing taut embeddings. In Section 2 we list the pri-
mary known results for isoparametric hypersurfaces in spheres, which play an
important role in the theory of Dupin hypersurfaces.

In Section 3 we give the definition of a Dupin submanifold and review Pinkall’s
standard local constructions of proper Dupin hypersurfaces with an arbitrary
number of distinct principal curvatures and respective multiplicities. In Section 4
we discuss the relationship between the taut and Dupin conditions in detail.

Many of the main classifications of proper Dupin submanifolds are done in
the context of Lie sphere geometry. In Section 5 we give a brief introduction to
this theory in order to be able to explain these classifications accurately.

Section 6 is a survey of the known results on compact proper Dupin hypersur-
faces. Thorbergsson [1983a] applied the work of Münzner [1980; 1981] to show
that the number g of distinct principal curvatures of such a hypersurface must
be 1, 2, 3, 4, or 6, the same as for an isoparametric hypersurface in a sphere. For
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some time, it was conjectured that every compact proper Dupin hypersurface
is equivalent by a Lie sphere transformation to an isoparametric hypersurface.
However, this is not the case, as examples constructed by Pinkall and Thorbergs-
son [1989a] and by Miyaoka and Ozawa [1989] demonstrate. We describe these
examples in detail.

In Section 7 we study the local classifications of proper Dupin hypersurfaces
that have been obtained using Lie sphere geometry. We describe the known
results and mention several areas for further research.

Finally in Section 8 we survey the known classifications of taut embeddings.
To some extent, this section can be read independent of the rest of the paper,
although some references to the previous sections are necessary.

1. Taut Submanifolds

We begin with a brief review of the critical point theory and submanifold
theory needed to formulate the definition of tautness. In this paper, all manifolds
are assumed to be connected unless explicitly stated otherwise. Let M be a
smooth, connected n-dimensional manifold, and let φ be a smooth real-valued
function defined on M . A point x ∈ M is a critical point of φ if the differential
φ∗ is zero at x. The critical point x is nondegenerate if the Hessian H of φ is a
nondegenerate bilinear form at x, and otherwise it is said to be degenerate. The
index of a nondegenerate critical point x is equal to the index of H as a bilinear
form, that is, the dimension of a maximal subspace on which H is negative-
definite. The function φ is called a Morse function or nondegenerate function if
it has only nondegenerate critical points on M .

Let φ be a Morse function on M such that the set

Mr(φ) = {x ∈M : φ(x) ≤ r}

is compact for all r ∈ R. Of course, this is true for any Morse function on a
compact manifold M . Let µk(φ, r) be the number of critical points of φ of index
k on Mr(φ). If M is compact, let µk(φ) denote the number of critical points of
index k on M . For a field F , let

βk(φ, r, F ) = dimF Hk(Mr(φ);F )

be the k-th F -Betti number of Mr(φ), and let βk(M ;F ) be the k-th F -Betti
number of a compact M . Then the Morse inequalities (see [Morse and Cairns
1969, p. 270], for example) state that

µk(φ, r) ≥ βk(φ, r, F )

for all F, k, r, and for a compact M ,

µk(φ) ≥ βk(M ;F )
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for all F, k. A Morse function φ on M is said to be perfect if φ has the minimum
number of critical points possible by the Morse inequalities, that is, if there exists
a field F such that

µk(φ, r) = βk(φ, r, F )

for all k, r. For a compact manifold M , this is equivalent to the condition
µk(φ) = βk(M ;F ) for all k. Equivalently, it can be shown (see [Morse and Cairns
1969, p. 260], for example) that a Morse function φ on a compact manifold M
is perfect if there exists a field F such that, for all k, r, the map on homology

Hk(Mr(φ);F ) → Hk(M ;F ) (1.1)

induced by the inclusion of Mr(φ) in M is injective. This formulation has proved
to be quite useful in the theory of tight and taut immersions.

Let f : M → R
n be a smooth immersion of a manifold M into n-dimensional

Euclidean space. Since f is an immersion, it is an embedding on a suitably small
neighborhood of any point x ∈M . Thus, for local calculations, we often identify
the tangent space TxM with its image f∗(TxM) under the differential f∗ of f .
Suppose that X ∈ TxM and that ξ is a field of unit normal vectors to f(M)
defined on a neighborhood of x. Then we have the fundamental equation

DXξ = −AξX +∇⊥Xξ,
where −AξX is the component of DXξ tangent to M , and ∇⊥Xξ is the component
normal to M . Here Aξ is a symmetric tensor of type (1, 1) on M called the
shape operator determined by ξ, and ∇⊥ is a covariant derivative operator in
the normal bundle of M called the normal connection. The eigenvalues of Aξ

are called the principal curvatures of Aξ. When f(M) is a hypersurface, a
local field of unit normal vectors ξ is determined up to a sign. In this case,
the shape operator Aξ is often denoted simply by A, and the eigenvalues of Aξ

are determined up to a sign, depending on the choice of ξ. In that case, these
eigenvalues are called the principal curvatures of M or of f .

The normal exponential map F from the normal bundleN(M) toRn is defined
by

F (x, η) = f(x) + η,

where η is a normal vector to f(M) at f(x). A point p ∈ Rn is called a focal point
of multiplicity m of (M, x) if p = F (x, ξ) and the differential F∗ has nullity m at
(x, ξ). A point p ∈ Rn is called a focal point of M if p is a focal point of (M, x)
for some x ∈ M . The set of all focal points of M is called the focal set of M .
Since N(M) and Rn have the same dimension, Sard’s Theorem implies that the
focal set of M has measure zero in Rn. A direct computation (see [Milnor 1963,
p. 34], for example) shows that if p = F (x, tξ), where |ξ| = 1, then p is a focal
point of (M, x) of multiplicity m if and only if 1/t is a principal curvature of Aξ

of multiplicity m. In this paper, we often consider an immersion f : M → Sn

into the unit sphere Sn in Rn+1. In that case, one can also define the notions of
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normal exponential map and focal point in a manner analogous to the definitions
given here for submanifolds of Euclidean space.

A Euclidean distance function is a function Lp : Rn → Rgiven by the formula
Lp(q) = |p− q|2, where p ∈ Rn. The level sets of Lp are spheres centered at the
point p. Let f be an immersion of a smooth manifold M into Rn. We consider
the restriction of Lp to M defined by Lp(x) =

∣∣p− f(x)
∣∣2. It is well-known (see

[Milnor 1963, pp. 33–38], for example) that Lp has a critical point at x ∈ M if
and only if p lies along the normal line to f(M) at f(x). The critical point x is
degenerate precisely when p is a focal point of (M, x). If Lp has a nondegenerate
critical point at x, its index is the number of focal points of (M, x) on the line
segment from p to f(x), taking into account multiplicities. Since the set of focal
points of f has measure zero in Rn, Lp is a Morse function for almost all p ∈ Rn.
The immersion f is said to be taut if every Morse function of the form Lp is
perfect, that is, there exists a field F such that

µk(Lp, r) = βk(Mr(Lp);F )

for every Morse function of the form Lp and for every k, r. This definition
makes sense for noncompact manifolds, and there do exist taut immersions of
noncompact manifolds—for example, a circular cylinder in R3—but most results
deal with compact manifolds.

As in the theory of tight immersions, there is a formulation of tautness due to
Kuiper in terms of Čech homology that has proved to be very useful in establish-
ing certain fundamental results (see [Cecil and Ryan 1985, Section 2.1] for more
detail). So far the field F =Z2 has been sufficient for almost all considerations,
so we will use it exclusively here. Recall that a map f : M → Rn is proper if
f−1K is compact for every compact subset K of Rn. Using 1.1 and the Čech
theory, one can show that a proper immersion f of a manifoldM into Rn is taut
if and only if, for every closed ball B in Rn, the induced homomorphism

Hi(f−1B) → Hi(M) (1.2)

in Čech homology withZ2-coefficients is injective for every i. The use of Čech ho-
mology allows one to use all closed balls inRn rather than only those determined
by level sets of nondegenerate distance functions. Note that this formulation of
tautness makes sense even if f is only assumed to be a proper continuous map
and M a topological space. In that case, f is called a taut map.

A few key facts follow quickly from the definition. First, a taut immersion
must be an embedding. In fact, this is true even if f is only assumed to be
0-taut, i.e., the induced homomorphism 1.2 is injective for i = 0. For a compact
manifoldM , 0-tautness is equivalent to the spherical two-piece property (STPP)
of Banchoff [1970], which requires that f−1Ω be connected whenever Ω is a
closed ball, the complement of an open ball, or a closed half-space. This is also
equivalent to the condition that every Morse function of the form Lp have exactly
one local maximum and one local minimum, which is equivalent to tautness for



140 THOMAS E. CECIL

compact manifolds of dimension two by the Morse inequalities. The STPP is
quite strong, and for a long time, every known STPP embedding was actually
taut, but Curtin [1991] showed that there exist STPP embeddings that are not
taut. Specifically, an embedding f : M → R

n is said to be k-taut if the induced
homomorphism 1.2 is injective for all i ≤ k. Curtin found substantial embeddings
of Sn into Sn+d, for d ≥ 1, that are k-taut but not (k + 1)-taut for every n ≥ 3
and every k ≥ 0 provided that (d + 1)(k + 2) ≤ n + 1. He also produced k-
taut embeddings of manifolds other than spheres. Later [Curtin 1994] he also
introduced a notion of tautness for manifolds with boundary.

As noted above, tautness can be studied for maps defined on spaces that are
not manifolds. In fact, the first paper on tautness [Banchoff 1970] determined
all STPP subsets of the plane. Later, Kuiper [1984] determined all taut subsets
of R2 and all compact taut ANR (absolute neighborhood retract) subsets of R3.

Next, a taut embedding f of a compact manifold M into Rn must be tight,
that is, every nondegenerate linear height function lp(x) = 〈p, f(x)〉, for p a unit
vector in Rn, must be perfect. This is easily shown using Čech homology, since
a closed half-space can be obtained as the limit of closed balls. A map f of a
compact topological space intoRn is said to have the two-piece property, or TPP,
if f−1h is connected for every closed half-space h. Of course, the STPP implies
the TPP. As it turns out, tautness is a much stronger condition than tightness.

It is sometimes said that taut is equivalent to the combination of tight and
spherical. This is true in the following sense. First, suppose that f is an em-
bedding of a compact manifold M into Rn+1 that lies in the unit sphere Sn in
R

n+1, in which case we say that f is spherical. Then, if f is a tight immersion
into Rn+1, it must also be taut, because the intersection of any closed ball B
with Sn can be realized as the intersection of a closed half-space with Sn . Note
also that the distance in Sn from p to f(x) is given by the spherical distance
function dp(x) = arccos lp(x), which has the same critical points as lp. Thus, for
simplicity, we usually use linear height functions rather than spherical distance
functions in treating taut submanifolds of Sn. Next, if Pq : Sn − {q} → Rn is
stereographic projection with pole q not in f(M), then Pq ◦ f is a taut embed-
ding of M into Rn, since Pq maps a metric ball in Sn to either a closed ball, the
complement of an open ball, or a closed half-space in Rn. Thus, f is tight and
spherical if and only if Pq ◦ f is taut. This was first observed in [Banchoff 1970].

Hence, the theory of taut embeddings of compact manifolds is essentially the
same whether one maps into Rn or Sn , and we work with whichever ambient
space is more convenient for the problem at hand. By the same type of rea-
soning, tautness is easily shown to be invariant under Möbius transformations,
that is, conformal transformations of Sn onto itself, since such transformations
transformations map hyperspheres to hyperspheres in Sn.

These considerations lead to a fundamental result on the bound on the codi-
mension of a taut embedding. Recall that an immersion f : M → R

n is said
to be substantial if the image f(M) does not lie in any affine hyperplane in Rn.
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In one of the most remarkable results in the theory of tight immersions, Kuiper
[1962] showed that if f : M → Rn is a substantial TPP immersion of a compact
manifold M of dimension k, then n ≤ k(k + 3)/2, and if equality holds, then f

must be a Veronese embedding of the real projective space P k. (The case where
equality holds is due to Little and Pohl [1971] for k > 2.) Since tautness implies
tightness, Banchoff [1970] observed that the following basic theorem holds for
compact manifolds; see [Cecil and Ryan 1985, p. 124] for a proof. Carter and
West [1972] extended the result to noncompact manifolds.

Theorem 1.1. Let f : M → Rn be a substantial taut embedding of a k-
dimensional manifold M .

(a) If M is compact , then n ≤ k(k+3)/2. If n = k(k+3)/2, then f is a spherical
Veronese embedding of a real projective space P k.

(b) If M is noncompact , then n < k(k+3)/2. If n = k(k+3)/2− 1, then f(M)
is the image under stereographic projection of a Veronese manifold, where the
pole of the projection is on the Veronese manifold .

Actually, in the compact case only the STPP is required, and in the noncompact
case all that is required is that every nondegenerate distance function Lp have
exactly one local minimum and no local maxima on M .

Suppose that f is a taut embedding of a compact (n−1)-dimensional manifold
M into Sn. Then f(M) is orientable, so let ξ be a field of unit normal vectors
to f(M) in Sn . The parallel hypersurface to f at signed distance t is given by
the map ft : M → Sn with equation

ft(x) = cos t f(x) + sin t ξ(x). (1.3)

Thus, ft(x) is obtained by travelling a signed distance t along the normal geodesic
to f(M) through f(x). For sufficiently small values of t, ft is also an embedding
of M , and f is taut if and only if ft is taut, since each linear height function lp
has the same critical points on ft(M) as on f(M). This type of consideration is
also valid for submanifolds of codimension greater than one in Sn. If φ : V → Sn

is a compact submanifold of codimension greater than one, we consider the tube
φt of radius t around φ(V ) in Sn . For sufficiently small t, the map φt is an
embedding of the unit normal bundle Bn−1 of φ(V ) into Sn. Furthermore, φ is
a taut embedding of V if and only if φt is a taut embedding of Bn−1. To see
this, one first computes that every nondegenerate height function lp has twice as
many critical points on the tube φt as it has on φ. Since the sum of theZ2-Betti
numbers of Bn−1 is twice the sum of the Z2-Betti numbers of V [Pinkall 1986],
tautness is preserved.

Thus, in a certain sense, tautness is preserved by the group of Lie sphere
transformations, since this group is generated by Möbius transformations and
parallel transformations (those that map a hypersurface to a parallel hypersur-
face). In fact, one can show that any Lie sphere transformation T is of the
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form T = φPtψ, where φ and ψ are Möbius transformations, and Pt is parallel
transformation with respect to either the spherical metric on Sn, a Euclidean
metric on Sn − {p}, or a hyperbolic metric on an open hemisphere in Sn [Cecil
and Chern 1987; Cecil 1992, p. 63]. As with the spherical metric, if f(M) is
taut, a parallel hypersurface in the Euclidean or hyperbolic metric is also taut
if it is an immersed hypersurface. Thus, as long as f(M) lies in the appropriate
space and the image Tf(M) is an immersed hypersurface, tautness is preserved.
However, for certain values of t, a parallel hypersurface ft contains focal points
of the original hypersurface f , corresponding to singularities of the map ft. In
this case, a Lie invariant notion of tautness has yet to be established.

As noted earlier, the concept of tautness can be defined for maps that are not
immersions. However, when the parallel map ft is not an immersion, it is not
necessarily true that ft is a taut map of M into Sn , even though the original
immersion f : M → Sn is taut. An example of this phenomenon is most easily
described in Euclidean space rather than in the sphere.

Let M be a two-dimensional torus T 2 and let f be an embedding of T 2 as
the torus of revolution obtained by revolving the circle with center (2, 0) and
radius 1 in the xy-plane about the y-axis in R3. Then f is a taut embedding
(see [Banchoff 1970] or Section 2). Let ξ be the field of unit outer normals on
the torus of revolution. For 0 < t < 1, the parallel hypersurface ft is also a torus
of revolution that is tautly embedded in R3. However, for t ≥ 1, the parallel
hypersurface ft has singularities. If t > 1, two latitude circles of the original
torus of revolution are mapped by ft to single points where the profile circle
intersects the axis of revolution. In this case, it is easy to see that the map ft

no longer has the STPP. Specifically, if p is a point on the positive x-axis that
is outside the image of ft, then Lp has two local maxima and two local minima
at the points where the x-axis intersects the surface ft(T 2). Thus, the map ft

does not have the STPP, so it is not a taut map of T 2 into R3. Classically, these
surfaces ft(T 2) with t > 1 were known as spindle tori (see [Cecil and Ryan 1985,
pp. 151–165] for more detail).

There is a natural way to extend the notion of tautness to the Lie sphere
geometric setting in the case where f is not an immersion by using the concept
of minimal total absolute curvature, as we will describe below. This formulation
of tautness is invariant under parallel transformation, but it has not been proved
to be invariant under Möbius transformations, unlike the definition of a taut map
given above. When the map f is an immersion, the two definitions give the same
results.

Suppose that f : M → Sn ⊂ R
n+1 is an embedding of a compact (n − 1)-

dimensional manifoldM and that ξ is a field of unit normals to f(M) in Sn. We
can consider ξ as a map from M into Sn by parallel translating each vector ξ(x)
to the origin in Rn+1. We have the normal exponential map F : M ×R→ Sn

defined by
F (x, t) = ft(x) = cos t f(x) + sin t ξ(x). (1.4)
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If p ∈ Sn is not a focal point of f(M), then the linear height function lp has a
finite number µ(p) of critical points on M . In fact, µ(p) is the number of points
x ∈M such that p = F (x, t) for some t ∈ [0, 2π). That is, µ(p) is the number of
geodesics normal to f(M) that go through the point p. The focal set C of the
embedding f has measure zero in Sn. The total absolute curvature τ of f (see
[Cecil and Ryan 1985, pp. 12–13], for example) is defined by the expression

τ =
1
cn

∫
Sn−C

µ(p) da, (1.5)

where cn is the volume of the unit sphere Sn. Of course, in the usual development
of the theory, the embedding f : M → Sn ⊂ Rn+1 is tight (and hence taut, since
f is spherical) if and only if τ = β(M), the sum of the Z2-Betti numbers of M .

Now consider briefly how the notion of a hypersurface is generalized in the
setting of Lie sphere geometry (see Section 5, [Pinkall 1985a] or [Cecil 1992,
pp. 65–78] for more detail). We consider T1S

n, the bundle of unit tangent vectors
to Sn, as the (2n−1)-dimensional submanifold of Sn×Sn ⊂Rn+1×Rn+1 given
by

T1S
n = {(x, ξ) : |x| = 1, |ξ| = 1, 〈x, ξ〉 = 0}.

The manifold T1S
n has a contact structure, that is, a globally defined one-form

ω such that ω∧ dωn−1 never vanishes on T1S
n . An immersion λ : M → T1S

n of
an (n − 1)-dimensional manifold M into T1S

n is called a Legendre submanifold
if λ∗ω = 0 on M . A Legendre submanifold is determined by two maps f and ξ
from M into Sn that satisfy the following three conditions:

(L1) 〈f(x), f(x)〉 = 1, 〈ξ(x), ξ(x)〉 = 1, 〈f(x), ξ(x)〉 = 0, for all x ∈M .
(L2) There is no nonzero X ∈ TxM , for any x ∈M , such that f∗(X) and ξ∗(X)

are both zero.
(L3) 〈f∗(X), ξ(x)〉 = 0 for all X ∈ TxM , for all x ∈M .

Condition (L1) is precisely what is necessary for λ = (f, ξ) to be a map into
T1S

n. Condition (L2) is what is needed for λ to be an immersion, and (L3) is
equivalent to λ∗ω = 0 on M .

If f : M → Sn is an immersed hypersurface with field of unit normals ξ,
it is easy to check that λ = (f, ξ) is a Legendre submanifold. However, for a
general Legendre submanifold λ, the map f into the first factor Sn may not be
an immersion.

Suppose now that λ = (f, ξ) is a Legendre submanifold with maps f and ξ

satisfying the conditions (L1)–(L3), and that M is compact. For each x ∈ M ,
there is a well-defined “normal geodesic” γ(t) = ft(x), where ft is given by 1.3.
We can define the normal exponential map F : M×R→ Sn by the same formula
1.4 used in the case where the map f is assumed to be an immersion. As before,
we define the focal points of λ to be the critical values of F , and, again by
Sard’s Theorem, the set C of focal points has measure zero in Sn. If p ∈ Sn is
not a focal point, we define µ(p) to be the number of points x ∈ M such that
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p = F (x, t) for some t ∈ [0, 2π), that is, the number of normal geodesics that
pass through p. Then we can define the total absolute curvature τ of λ by the
same formula 1.5 used in the case where f is an immersion. We then define the
Legendre submanifold λ to be taut if τ (λ) = β(M).

If λ = (f, ξ) is a Legendre submanifold, the parallel hypersurface λt at signed
distance t is defined by λt = (ft, ξt), where ft is given by 1.3 and

ξt(x) = − sin t f(x) + cos t ξ(x).

One can show [Pinkall 1985a] that λ and λt have precisely the same focal set in
Sn, and that, if p is not a focal point, then µ(p) is the same for λt as for λ, since
λt and λ determine exactly the same family of normal geodesics. Thus, the total
absolute curvature τ is invariant under parallel transformation. Although the
usual proof of invariance under Möbius transformations does not work for this
formulation of tautness when f is not an immersion, Möbius invariance may in
fact hold. If so, that would be a satisfactory resolution of the question of the Lie
invariance of tautness for Legendre submanifolds.

We close this section by noting that the torus of revolution in the example
above was obtained from the taut circle by embedding the xy-plane into R3

and then forming a surface of revolution. This construction can be generalized
to higher dimensions. Let M be a taut compact hypersurface in Rk+1 that is
disjoint from a hyperplane Rk in Rk+1. Now embed Rk+1 into Rn+1 as a totally
geodesic subspace. Then the hypersurface W obtained by revolving M about
the axis Rk is a taut embedding of M × Sn−k into Rn+1. See [Cecil and Ryan
1985, p. 187] for more detail.

2. Isoparametric Submanifolds

An important class of examples of taut submanifolds are the isoparametric
submanifolds in Rn or in Sn . We begin with a discussion of isoparametric hy-
persurfaces and later treat the case of codimension greater than one.

A hypersurface f : M → Rn (or Sn) is said to be isoparametric if it has con-
stant principal curvatures. An isoparametric hypersurface inRn must be an open
subset of a hyperplane, hypersphere, or spherical cylinder Sk × Rn−k−1. This
was shown by Levi-Civita [1937] for n = 3 and by B. Segre [1938] for arbitrary n.
As E. Cartan demonstrated in a remarkable series of papers [Cartan 1938; 1939a;
1939b; 1940], the situation is much more interesting for isoparametric hypersur-
faces in Sn. Despite the depth and beauty of Cartan’s work, however, this topic
was largely ignored until it was revived in the 1970’s by Nomizu [1973; 1975] and
Münzner [1980; 1981].

Among other things, Cartan showed that isoparametric hypersurfaces come
as a parallel family of hypersurfaces; that is, if f : M → Sn is an isoparametric
hypersurface, then so is any parallel hypersurface ft. Of course, ft is not an
immersion if µ = cot t is a principal curvature of M . Then, however, ft factors
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through an immersion of the space of leaves M/Tµ of the principal foliation Tµ.
Thus, ft is a submanifold of codimension m+1 in Sn, where m is the multiplic-
ity of µ. Much more can be said about this parallel family, however. Münzner
[1980; 1981] showed that a parallel family of isoparametric hypersurfaces in Sn

always consists of the level sets in Sn of a homogeneous polynomial defined on
Rn+1. This implies that any local piece of an isoparametric hypersurface can be
extended to a unique compact isoparametric hypersurface. Further, he showed
that regardless of the number of distinct principal curvatures of M , there are
only two distinct focal submanifolds in a parallel family of isoparametric hyper-
surfaces, and these are minimal submanifolds of the sphere. This minimality of
the focal submanifolds was established independently by Nomizu [1973; 1975].
Münzner uses this information and a difficult topological argument to prove the
following important theorem. The key fact here is that any isoparametric hyper-
surface divides the sphere into two ball bundles over the two focal submanifolds.

Theorem 2.1. The number g of distinct principal curvatures of an isoparametric
hypersurface in Sn must be 1, 2, 3, 4, or 6.

Cartan classified isoparametric hypersurfaces with g ≤ 3 principal curvatures.
Of course, if g = 1, then M must is umbilic and it must be a great or small
sphere. If g = 2, then M must be a standard product of two spheres

Sk(r)× Sn−k−1(s) ⊂ Sn, with r2 + s2 = 1.

In the case g = 3, Cartan [1939a] showed that all the principal curvatures must
have the same multiplicity m ∈ {1, 2, 4, 8}, and the isoparametric hypersurface
must be a tube of constant radius over a standard Veronese embedding of a
projective plane FP 2 into S3m+1 , where F is the division algebra R, C , H
(quaternions), O (Cayley numbers) for m = 1, 2, 4, 8, respectively. Thus, up
to congruence, there is only one such family for each value of m. This was a
remarkable result with a difficult proof. These isoparametric hypersurfaces with
three principal curvatures are often referred to as Cartan hypersurfaces.

Isoparametric hypersurfaces with g = 4 or 6 principal curvatures have yet
to be classified. In the case g = 4, Ferus, Karcher and Münzner [Ferus et al.
1981] use representations of Clifford algebras to construct for any positive integer
m1 an infinite series of isoparametric hypersurfaces with four principal curva-
tures having respective multiplicities (m1, m2, m1, m2), where m2 is nondecreas-
ing and unbounded in each series. In each case, one of the focal submanifolds
is a Clifford–Stiefel manifold (see also [Pinkall and Thorbergsson 1989a; Wang
1988]). This class contains all known examples with g = 4 with the exception of
two homogeneous examples.

Other notable facts in the case g = 4 are that the four principal curvatures
can only have two distinct multiplicities m1 and m2, and several restrictions on
these multiplicities have been obtained [Münzner 1980; 1981; Abresch 1983; Tang
1991; Fang 1995a; 1996]. Also, many of the isoparametric families with g = 4
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are inhomogeneous [Ozeki and Takeuchi 1975; 1976; Ferus et al. 1981]. Wang
[1988] found many results concerning the topology of the Clifford examples, and
Wu [1994] showed that there are only finitely many diffeomorphism classes of
compact isoparametric hypersurfaces with four distinct principal curvatures.

In the case g = 6, Münzner showed that all of the principal curvatures must
have the same multiplicity m, and Abresch [1983] showed that m must be 1 or
2. There is only one homogeneous family in each case, and in the case m = 1,
Dorfmeister and Neher [1985] showed that an isoparametric hypersurface must
be homogeneous. However, for m = 2, it is still unknown whether or not M
must be homogeneous. In the case m = 1, Miyaoka [1993a] has shown that a
homogeneous isoparametric hypersurface M6 in S7 can be obtained as the inverse
image under the Hopf fibration h : S7 → S4 of an isoparametric hypersurface
with three principal curvatures of multiplicity 1 in S4 . She also shows that the
two focal submanifolds of M6 are not congruent, even though they are lifts under
h−1 of congruent Veronese surfaces in S4. Thus, these focal submanifolds are two
noncongruent minimal taut homogeneous embeddings of RP2 × S3 in S7. Peng
and Hou [1989] gave explicit forms for the isoparametric polynomials of degree
six for the homogeneous isoparametric hypersurfaces with g = 6. Recently,
Fang [1995b] has obtained results concerning the topology of isoparametric and
compact proper Dupin hypersurfaces with six principal curvatures.

In a series of papers, Dorfmeister and Neher [1983a; 1983b; 1983c; 1983d;
1985; 1990] gave an algebraic approach to the study of isoparametric hypersur-
faces and isoparametric triple systems.

All isoparametric hypersurfaces in Sn are taut. This was established in [Cecil
and Ryan 1981] using the results of Münzner. In particular, any normal geodesic
to an isoparametric hypersurface is also normal to each parallel hypersurface
and to the focal submanifolds. Using Münzner’s results, one can show that
every nonfocal point p ∈ Sn lies on exactly 2g normal geodesics from points in
M ; that is, the height function lp has exactly 2g critical points on M . Since
Münzner showed that the sum of the Z2-Betti of an isoparametric hypersurface
with g principal curvatures is 2g, the hypersurface M is taut. A similar argument
shows that the focal submanifolds are taut.

In the early 1980’s, a theory of isoparametric submanifolds of codimension
greater than 1 was introduced independently by several mathematicians [Carter
and West 1985b; West 1989; Harle 1982; Strübing 1986; Terng 1985]. An im-
mersed submanifold φ : V → Rn (or Sn) is called isoparametric if its normal
bundle N(V ) is flat and if, for any locally defined normal field ξ that is parallel
with respect to the normal connection ∇⊥, the eigenvalues of the shape operator
Aξ are constant. Recall that N(V ) is flat if and only if for every x ∈ V all
the shape operators Aη, where η ∈ Nx(V ), are simultaneously diagonalized. In
the decade after this definition of isoparametric submanifolds was formulated,
intense research by several mathematicians produced a remarkable theory; see
[Palais and Terng 1988; Terng 1993] for more detail. Among other things, Terng
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[1985] showed that a compact isoparametric submanifold in Euclidean space
must lie in a standard hypersphere. Palais and Terng [1987] showed that the
only homogeneous isoparametric submanifolds in Euclidean spaces are the prin-
cipal orbits of the isotropy representations of symmetric spaces, which had been
studied extensively by Bott and Samelson [1958], who showed that the orbits are
taut. The orbits of the isotropy representations of symmetric spaces, also called
R-spaces, were studied independently by Takeuchi and Kobayashi [1968], who
also showed that they were taut. The class of R-spaces contains many special
subclasses of homogeneous submanifolds that were shown to be taut by various
special arguments. (See, for example, [Kobayashi 1967; Tai 1968; Wilson 1969;
Kuiper 1970; 1980; Ferus 1982; Kühnel 1994].) Later, Hsiang, Palais, and Terng
[1988] obtained many facts about the geometry and topology of isoparametric
submanifolds, including the fact that they and their focal submanifolds are taut.
Thorbergsson [1991] then used the extensive results that had been obtained for
isoparametric submanifolds along with the theory of Tits buildings to prove that
all isoparametric submanifolds of codimension greater than one in the sphere are
homogeneous. (See [Olmos 1993] for an alternate proof of this result.)

In a series of papers, Carter and West [1978; 1981; 1982; 1990] studied the
relationship between isoparametric and totally focal submanifolds. Recall that a
submanifold φ : V → Rn is said to be totally focal if the critical points of every
Euclidean distance function Lp are either all nondegenerate or all degenerate.
An isoparametric submanifold is totally focal, and the main result of [Carter and
West 1990] is that a totally focal submanifold must be isoparametric. However,
Terng and Thorbergsson [Terng and Thorbergsson 1997] have noted that there
is a gap in the proof of this assertion, specifically in the proof of Theorem 5.1 of
[Carter and West 1990].

A slight variation of the notion of isoparametric submanifolds is the following.
A submanifold φ : V → Rn (or Sn) is said to have constant principal curvatures
if, for any smooth curve γ on V and any parallel normal vector field ξ(t) along γ,
the shape operator Aξ(t) has constant eigenvalues along γ. If the normal bundle
N(M) is flat, then having constant principal curvatures is equivalent to being
isoparametric. Heintze, Olmos, and Thorbergsson [Heintze et al. 1991] showed
that a submanifold with constant principal curvatures is either isoparametric or
a focal submanifold of an isoparametric submanifold. In a related work, Olmos
[Olmos 1994] defines the rank of a submanifold in Euclidean space to be the
maximal number of linearly independent (locally defined) parallel normal vector
fields. He then shows that a compact homogeneous irreducible submanifold M
substantially embedded in Euclidean space with rank greater than one must be
an orbit of the isotropy representation of a simple symmetric space.

In closing this section, we note that many results on real hypersurfaces with
constant principal curvatures in complex space forms are surveyed in the article
by Niebergall and Ryan [1997] in this volume. There is also a theory of isopara-
metric hypersurfaces in pseudo-Riemannian space forms [Nomizu 1981; Hahn
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1984; 1988; Magid 1985; Kashani 1993b; 1993a; 1992]. Wu [1992] extended the
theory of isoparametric submanifolds of arbitrary codimension to submanifolds
of hyperbolic space (see also [Zhao 1993]), and Verhóczki [1992] developed a the-
ory of isoparametric submanifolds for Riemannian manifolds that do not have
constant curvature. West [1993] and Mullen [1994] have formulated a theory
of isoparametric systems on symmetric spaces, while Terng and Thorbergsson
[1995] have generalized the notion of isoparametric to submanifolds of symmet-
ric spaces using the concept of equifocal submanifolds. In a different direction,
Carter and Şentürk [1994] have considered the space of immersions parallel to
a given immersion whose normal bundle has trivial holonomy group. In yet
another direction, Niebergall and Ryan [1993; 1994a; 1994b; 1996] have gener-
alized the notions of isoparametric and Dupin hypersurfaces to the context of
affine differential geometry.

More generally, Q.-M. Wang [1987; 1988; 1986] has extended Cartan’s the-
ory of isoparametric functions to arbitrary Riemannian manifolds. A smooth
function φ : M̃ → R on a Riemannian manifold M̃ is said to be transnormal
if there is a smooth function b such that |dφ|2 = b(φ). The function φ is said
to be isoparametric if it is transnormal and if there exists a smooth function
a such that the Laplacian ∆φ = a(φ). This agrees with the definition of an
isoparametric function used by Cartan in his work in the case where M̃ is a real
space form. Wang shows that if M̃ is complete and φ is a transnormal function
on M̃ , the focal varieties of φ (of which there are at most two) are smooth sub-
manifolds of M̃ , and each regular level set of φ is a tube over either of the focal
varieties. Moreover, if M̃ is Sn or Rn, a transnormal function must, in fact, be
isoparametric. However, this is not true if M̃ is a hyperbolic space Hn.

Finally, Solomon [1990a; 1990b; 1992] has studied the spectrum of the Lapla-
cian of isoparametric hypersurfaces in Sn with three or four principal curvatures,
while Eschenburg and Schroeder [Eschenburg and Schroeder 1991] have studied
the behavior of the Tits metric on isoparametric hypersurfaces.

3. Dupin Submanifolds

In this section, we introduce the notion of Dupin submanifolds, beginning
with hypersurfaces. Let f : M → Rn be an immersed hypersurface. Let ξ be
a locally defined field of unit normals to f(M). A curvature surface of M is a
smooth submanifold S such that, for each point x ∈ S, the tangent space TxS is
equal to a principal space of the shape operator A of M at x. This generalizes
the classical notion of a line of curvature on a surface in R3. The hypersurface
M is said to be Dupin if

(a) along each curvature surface, the corresponding principal curvature is con-
stant.

The hypersurface M is called proper Dupin if, in addition,
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(b) the number g of distinct principal curvatures is constant on M .

Several remarks about these definitions are in order. The proofs can be found in
[Cecil and Ryan 1985, Section 2.4]. First, if the dimension of a curvature surface
S is greater than one, the corresponding principal curvature is automatically
constant on S. This is proved using the Codazzi equation. Second, Condition (b)
is equivalent to requiring that each continuous principal curvature have constant
multiplicity on M .

There is an open dense subset of M on which the multiplicities of the con-
tinuous principal curvatures of M are locally constant. (See [Singley 1975], for
example.) Suppose now that a continuous principal curvature µ has constant
multiplicity m on an open subset U ⊂M . Then µ and its principal distribution
Tµ are smooth on U . Furthermore, again using the Codazzi equation, one can
show that Tµ is integrable, and thus it is called the principal foliation corre-
sponding to µ. The leaves of this principal foliation are the curvature surfaces
corresponding to µ on U . The principal curvature µ is constant along each of its
curvature surfaces in U if and only if these curvature surfaces are open subsets
of m-dimensional Euclidean spheres or planes. The focal map fµ corresponding
to µ is the map that maps x ∈ M to the focal point fµ(x) corresponding to µ,
i.e.,

fµ(x) = f(x) +
1

µ(x)
ξ(x).

A direct calculation shows that µ is constant along each of its curvature surfaces
in U if and only if the focal map fµ factors through an immersion of the (n −
1−m)-dimensional space of leaves M/Tµ into Rn.

In summary, on an open subset U on which the number of distinct principal
curvatures is constant, Condition (a) is equivalent to requiring that each curva-
ture surface in each principal foliation be an open subset of a Euclidean sphere
or plane with dimension equal to the multiplicity of the corresponding principal
curvature. On U , Condition (a) is also equivalent to the condition that each
focal map be a submanifold of codimension greater than one in Rn.

Like tautness, both the Dupin and proper Dupin conditions are invariant un-
der Möbius transformations and under stereographic projection from Sn to Rn

(see [Cecil and Ryan 1985, pp. 147–148]). These conditions are also invariant
under parallel transformations and thus under the group of Lie sphere transfor-
mations. A proof of these claims must be formulated in the setting of Lie sphere
geometry in order to handle the fact that a parallel hypersurface ft to f(M) may
not be an immersion on all of M [Pinkall 1985a]. See also [Cecil 1992, p. 87].

An important class of compact proper Dupin hypersurfaces in Rn is obtained
by taking the images under stereographic projection of isoparametric hypersur-
faces in Sn . Of course, for these examples, the number g of distinct principal
curvatures must be 1, 2, 3, 4, or 6. In fact, Thorbergsson [1983a] has shown
that this restriction on g holds for any compact proper Dupin hypersurface em-
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bedded in Rn (see Section 4). Thorbergsson first showed that a compact proper
Dupin hypersurface M embedded in Sn must be taut and then used this fact to
show that M divides the sphere into two ball bundles over the first focal sub-
manifolds on either side of M . One can then invoke Münzner’s theorem to get
the restriction on g. All of the restrictions on the multiplicities of the principal
curvatures that follow from this topological situation also apply in this case as
well. For some time, it was conjectured [Cecil and Ryan 1985, p. 184] that every
compact proper Dupin hypersurface embedded in Sn was Lie equivalent to an
isoparametric hypersurface. This is not true, however, as was shown indepen-
dently by Pinkall and Thorbergsson [1989a] and by Miyaoka and Ozawa [1989].
Their constructions of counterexamples to this conjecture will be discussed in
Section 6.

In contrast with Thorbergsson’s result, Pinkall [1985a] showed how to con-
struct a proper Dupin hypersurface with an arbitrary number of distinct principal
curvatures having any prescribed multiplicities. (See also [Cecil and Ryan 1985,
p. 179].) This is done using the following basic constructions. Start with a Dupin
hypersurface Wn−1 in Rn and then consider Rn as the linear subspace Rn×{0}
in Rn+1. The following constructions yield a Dupin hypersurface Mn in Rn+1.

(1) Let Mn be the cylinder Wn−1 ×R in Rn+1.
(2) Let Mn be the hypersurface in Rn+1 obtained by rotating Wn−1 around an

axis Rn−1 ⊂Rn.
(3) Project Wn−1 stereographically onto a hypersurface V n−1 ⊂ Sn ⊂ R

n+1.
Let Mn be the cone over V n−1 in Rn+1.

(4) Let Mn be a tube in Rn+1 around Wn−1.

These constructions introduce a new principal curvature of multiplicity one that
is easily seen to be constant along its lines of curvature. The other principal
curvatures are determined by the principal curvatures of Wn−1, and the Dupin
property is preserved for these principal curvatures. These constructions can
easily be generalized to produce a new principal curvature of multiplicity m by
considering Rn as a subset of Rn×Rm rather than Rn×R. By repeated use of
these constructions, Pinkall [1985a] proved the following basic existence theorem,
and we repeat his proof here.

Theorem 3.1. Given positive integers m1, . . . , mg with m1 + · · ·+mg = n− 1,
there exists a proper Dupin hypersurface Mn−1 in Rn with g distinct principal
curvatures having respective multiplicities m1, . . . , mg.

Proof. The proof is by an inductive construction that will be clear once the first
few cases are handled. First we construct a proper Dupin hypersurface M3 in R4

with three principal curvatures of multiplicity one. Begin with an open subset U
of a torus of revolution inR3 on which neither principal curvature vanishes. Take
M3 to be the cylinder U×R inR3×R=R4. ThenM3 has three distinct principal
curvatures at each point, one of which is identically zero. These curvatures are
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clearly constant along their corresponding lines of curvature. Next, to construct a
proper Dupin hypersurface in R5 with three distinct principal curvatures having
respective multiplicities 1, 1, 2, take a cylinder U ×R2 in R3×R2. Finally, to
get a proper Dupin hypersurface V 4 in R5 with four principal curvatures, first
invert the hypersurface M3 above in a three-sphere in R4 chosen so that the
image of M3 contains an open set W 3 on which no principal curvature vanishes.
Now take V 4 to be the cylinder W 3 ×R. �

These constructions only yield a compact proper Dupin hypersurface if the orig-
inal manifold Wn−1 is itself a sphere [Cecil 1989]. Otherwise, the number of
distinct principal curvatures is not constant on a compact manifold Mn ob-
tained in this way, because there are points where the new principal curvature
is equal to one of the original principal curvatures. For example, in the cylin-
der construction, the new principal curvature is identically zero, while the other
principal curvatures of Mn are equal to those of Wn−1. Thus, if one of the
principal curvatures of Wn−1 is zero at some points but not identically zero, the
number of distinct principal curvatures is not constant on Mn. For a tube of
radius ε over Wn−1, there are always only two distinct principal curvatures at
the points on the set Wn−1 × {±ε} in Mn, regardless of the number of distinct
principal curvatures on Wn−1. In the surface of revolution construction, the
new principal curvature is equal to one of the original principal curvatures if the
focal point corresponding to the original principal curvature lies on the axis of
revolution.

A second problem is that the constructions may not yield an immersed hy-
persurface in Rn+1. For example, in the tube construction, a singularity occurs
if the radius of the tube is the reciprocal of one of the principal curvatures of
Wn−1 at some point, that is, if the tube contains a focal point of Wn−1. In the
surface of revolution construction, a singularity occurs if Wn−1 intersects the
axis of revolution. These problems are resolved by working in the context of Lie
sphere geometry. See [Cecil 1989; Cecil 1992, Section 4.2] for more detail.

A proper Dupin hypersurface that is locally Lie equivalent to a hypersurface
Mn obtained by one of these constructions is said to be reducible, and a proper
Dupin hypersurface that does not contain any reducible open subset is said to
be locally irreducible. These are useful concepts in attempting to obtain local
classifications of proper Dupin hypersurfaces (see Section 7).

In order to extend the notion of Dupin to submanifolds of codimension greater
than one, we first need the definition, due to Reckziegel [1979], of a curvature
surface in that case. Suppose that φ : V → R

n is a submanifold of codimension
greater than one, and let Bn−1 denote the unit normal bundle of φ(V ). Then a
curvature surface is a connected submanifold S ⊂ V for which there is a parallel
section η : S → Bn−1 such that, for each x ∈ S, the tangent space TxS is
equal to some smooth eigenspace of the shape operator Aη . We then define
φ(V ) to be Dupin if, along each curvature surface, the corresponding principal
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curvature of Aη is constant. The Dupin submanifold φ(V ) is proper Dupin if
the number of distinct principal curvatures of Aξ is constant on the unit normal
bundle Bn−1. From the definitions, it is clear that an isoparametric submanifold
is always Dupin, but it may not be proper Dupin. (See [Terng 1993, pp. 464–469]
for more discussion.) Dupin submanifolds of codimension greater than one are
handled quite naturally in the setting of Lie sphere geometry (see Section 5).

Pinkall [1985a, p. 439] showed that every extrinsically symmetric submanifold
of a real space form is Dupin. Takeuchi [Takeuchi 1991] then determined which
of these are proper Dupin.

4. Relationship Between the Taut and Dupin Conditions

All of the results in this section apply to submanifolds of Sn as well as to
those in Rn.

Thorbergsson [1983a] showed that if M is a complete proper Dupin hypersur-
face embedded in Rn, then M is tautly embedded. Pinkall [1986] then showed
the following.

Theorem 4.1. Every taut submanifold in Rn is Dupin.

This result was also obtained independently by Miyaoka [1984b]. (See also [Cecil
and Ryan 1985, p. 195] for a proof.) Note that a taut submanifold need not be
proper Dupin. For example, a tube M3 of sufficiently small radius ε over a torus
of revolution T 2 ⊂ R3 ⊂ R4 is taut but not proper Dupin, since there are only
two distinct principal curvatures on the set T 2×±{ε} but three distinct principal
curvatures elsewhere on M . Many isoparametric submanifolds of codimension
greater than one in Sn are also not proper Dupin; that is, the number of distinct
principal curvatures is not constant on the unit normal bundle.

Pinkall also showed that, if M is an embedded submanifold of Rn and Mε is a
tube of sufficiently small radius ε as to be embedded in Rn, then M is taut with
respect to Z2-coefficients if and only if Mε is taut with respect toZ2-coefficients.
This can be combined with Thorbergsson’s result to yield the following.

Theorem 4.2. Let M be a complete proper Dupin submanifold of Rn. Then M
is taut with respect to Z2-coefficients.

Using tautness, Thorbergsson then showed that a compact proper Dupin hyper-
surface embedded in Sn divides the sphere into two ball bundles over the first
focal submanifolds on either side of M in Sn . He could then invoke Münzner’s
[1980; 1981] results to obtain the following.

Theorem 4.3. Let M be a compact proper Dupin hypersurface in Rn. Then:

(1) The number g of distinct principal curvatures of M must be 1, 2, 3, 4, or 6.
(2) The sum of the Z2-Betti numbers of M is 2g.
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Later, Grove and Halperin [1987] derived many other results about the topology
of compact proper Dupin hypersurfaces.

One consequence of Theorem 4.3 is that any compact proper Dupin hypersur-
face M with g ≥ 3 principal curvatures must be irreducible [Cecil 1989, p. 297;
Cecil 1992, p. 148]. To see this, suppose that M is reducible to a compact proper
Dupin hypersurface V in a lower-dimensional Euclidean space. If g ≥ 3, then
M must be obtained from V by the surface of revolution construction, since a
compact proper Dupin hypersurface obtained via the other constructions always
has some points where the number of distinct principal curvatures is two. In
that case, M is diffeomorphic to V × Sm for some positive integer m, and the
sum β(M) of the Z2-Betti numbers of M is

β(M) = β(V × Sm) = 2β(V ). (4.1)

An analysis of the surface of revolution construction shows that the number k
of distinct principal curvatures on V must be g − 1 or g. Since k = 2β(V ) by
Theorem 4.3, and β(V ) 6= β(M), it is impossible for V and M to have the same
number of distinct principal curvatures. So k = g − 1, and 4.1 implies that
2g = 4k = 4g− 4. This implies that g = 2, a contradiction, which shows that M
is not reducible.

In the case where M is compact, we can use a theorem of Ozawa [1986] to
prove something slightly stronger than Theorem 4.1. As we noted in Section 3, if
a curvature surface has dimension greater than one, the corresponding principal
curvature is always constant along it, even without the assumption of tautness.
Thus, Pinkall’s proof of Theorem 4.1 consisted in showing that tautness implies
that each principal curvature is constant along each of its curvature surfaces of
dimension one (lines of curvature). Note that we are using Pinkall’s definition
of Dupin, which does not insist that given any principal space Tµ at any point
x ∈M there exists a curvature surface S through x whose tangent space at x is
Tµ. However, using the next theorem, due to Ozawa [1986], we will show as a
corollary that tautness implies the existence of such a curvature surface at each
x ∈ M . (See [Terng and Thorbergsson 1997] in this volume for a generalization
of Ozawa’s theorem for taut immersions into arbitrary complete Riemannian
manifolds.)

Theorem 4.4. Let M be a taut compact submanifold of Rn, and let Lp be a
Euclidean distance function on M . Let x ∈M be a critical point of Lp and let S
be the connected component of the critical set of Lp that contains x. Then S is

(1) a smooth compact manifold of dimension equal to the nullity of the Hessian
of Lp at the critical point x,

(2) nondegenerate as a critical manifold , and
(3) taut in Rn.

Using this result, we can prove the following theorem.
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Theorem 4.5. Let M be a taut compact submanifold of Rn. Then:

(1) M is a Dupin submanifold .
(2) Given any principal space Tµ of any shape operator Aξ at any point x ∈M ,

there exists a curvature surface S through x whose tangent space at x is equal
to Tµ.

Proof. Let f : M → Rn be a taut embedding. Let ξ be any unit normal
vector at any given point x ∈ M , and let µ be a principal curvature of Aξ .
Let p = f(x) + (1/µ)ξ be the focal point of (M, x) determined by the principal
curvature µ of Aξ . Then the distance function Lp has a degenerate critical point
at x, and the nullity of the Hessian of Lp at x is equal to the multiplicitym of µ as
a principal curvature of Aξ [Milnor 1963, p. 36]. By Theorem 4.4, the connected
component S of the critical set of Lp containing x is a smooth submanifold of
dimension m. We will now show that S is the desired curvature surface and that
the corresponding principal curvature is constant along S, i.e., that M is Dupin.

The function Lp has a constant value, which must be 1/µ2, on the critical
submanifold S. Thus, for every point y ∈ S, the vector p − f(y) is normal to
f(M) at f(y), and it has length 1/µ. So we can extend the normal vector ξ to a
unit normal vector field to f(M) along S, which we also denote by ξ, by setting
ξ(y) = µ

(
p− f(y)). Note that p is a focal point of (M, y) for every point y ∈ S,

and Theorem 4.4 implies that the number µ is a principal curvature of Aξ(y) of
multiplicitym = dimS for every point y ∈ S. Thus, the principal curvature µ is
constant along S. We now complete the proof of Theorem 4.5 by showing that
TyS equals the principal space Tµ(y) at each point y ∈ S and that the normal
field ξ is parallel along S with respect to the normal connection. Consider the
focal map

fµ(y) = f(y) +
1
µ
ξ(y),

for y ∈ S. Then fµ(y) = p for all y ∈ S. Let X be any tangent vector to S at
any point y ∈ S. Then (fµ)∗X = 0, since fµ is constant on S. On the other
hand,

(fµ)∗X = f∗X +
1
µ
ξ∗X,

and ξ∗X = DXξ = f∗(−AξX) +∇⊥Xξ. Therefore,

(fµ)∗X = f∗
(
X − 1

µ
AξX

)
+

1
µ
∇⊥Xξ.

Since (fµ)∗X = 0, we see that AξX = µX and ∇⊥Xξ = 0. Thus, ξ is parallel
along S and TyS ⊂ Tµ(y). But since TyS and Tµ(y) have the same dimension,
they must be equal. So S is the curvature surface through y corresponding to µ.

�

Certainly, a major open problem in this area is whether the converse to Theo-
rem 4.5 is true. That is, suppose M is a compact Dupin submanifold embedded



TAUT AND DUPIN SUBMANIFOLDS 155

in Rn with the property that, given any principal space Tµ of any shape opera-
tor Aξ at any point x ∈ M , there exists a curvature surface S through x whose
tangent space at x is equal to Tµ. Must M be taut? Thorbergsson’s proof in
the case where M is proper Dupin relies on the fact that all of the curvature
surfaces are spheres, and this is not true if M is not proper Dupin.

Tautness has been established for Dupin submanifolds with constant multi-
plicities by Terng [1987; 1993, p. 467]. These are Dupin submanifolds M such
that the multiplicities of the principal curvatures of any parallel normal field ξ(t)
along any piecewise smooth curve on M are constant.

5. Submanifolds in Lie Sphere Geometry

In this section, we give a brief description of the method for studying subman-
ifolds of Euclidean space and the sphere using Lie sphere geometry (see [Cecil
1992; Cecil and Chern 1987; Chern 1991; Pinkall 1985a] for more detail). As
we noted earlier, the Dupin property is invariant under stereographic projection
from Rn to Sn (see [Cecil and Ryan 1985, pp. 147–148]). At times, it is simpler
to work in Sn, and we will give our description in those terms here. The for-
mulation given here in terms of projective geometry has some advantages over
the formulation given in Section 1 in terms of the unit tangent bundle to Sn . In
practice, it is helpful to keep both models in mind.

Let Rn+3
2 be a real vector space of dimension n+ 3 endowed with a metric of

signature (n+1, 2),

〈x, y〉 = −x1y1 + x2y2 + · · ·+ xn+2yn+2 − xn+3yn+3. (5.1)

Let e1, . . . , en+3 denote the standard orthonormal basis with respect to this
metric, with e1 and en+3 timelike. Let P n+2 be the real projective space of
lines through the origin in Rn+3

2 , and let Qn+1 be the quadric hypersurface
determined by the equation 〈x, x〉 = 0. This hypersurface is called the Lie
quadric. We consider Sn to be the unit sphere in the Euclidean space Rn+1

spanned by the vectors e2, . . . , en+2.
The points in Qn+1 are in bijective correspondence with the set of all oriented

hyperspheres and point spheres in Sn . Specifically, the oriented hypersphere
with center p ∈ Sn and signed radius ρ corresponds to the point [(cos ρ, p, sinρ)]
in Qn+1, where the square brackets denote the point in P n+2 given by the homo-
geneous coordinates within the parentheses. The point spheres in Sn correspond
to those points with ρ = 0.

The Lie quadric contains projective lines but no linear subspaces of P n+2

of higher dimension. The line [x, y] determined by two points [x] and [y] of
Qn+1 lies on the quadric if and only if 〈x, y〉 = 0. In terms of the geometry
of Sn , this means that the two hyperspheres corresponding to [x] and [y] are in
oriented contact. The points on a line on the quadric correspond to the parabolic
pencil of oriented hyperspheres in Sn in oriented contact at a point (p, ξ) in the
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unit tangent bundle T1S
n to Sn , where ξ is a unit tangent vector to Sn at the

point p. This leads to a natural diffeomorphism from T1S
n to the manifold

Λ2n−1 of projective lines on Qn+1 given by (p, ξ) → [k1, k2], where k1 = (1, p, 0)
and k2 = (0, ξ, 1). In terms of the geometry of spheres in Sn, k1 corresponds to
the point sphere in the parabolic pencil and k2 corresponds to the great sphere
in the pencil. We will refer to the elements of T1S

n as contact elements.
A Lie sphere transformation is a projective transformation of P n+2 that maps

Qn+1 to itself. In terms of the geometry of Sn , a Lie sphere transformation
maps oriented hyperspheres to oriented hyperspheres. Furthermore, a Lie sphere
transformation preserves oriented contact of spheres, since it takes lines on Qn+1

to lines on Qn+1. The group of Lie sphere transformations is isomorphic to
O(n+1, 2)/{±I}, where O(n+1, 2) is the orthogonal group for the metric in 5.1.
A Möbius transformation is a Lie sphere transformation that takes point spheres
to point spheres. As a transformation on Sn itself, a Möbius transformation is
conformal. The Lie sphere group is generated by Möbius transformations and
parallel transformations Pt, which fix the center of each sphere but add t to its
signed radius.

The manifold Λ2n−1 has a contact structure, that is, a globally defined one-
form ω such that ω∧dωn−1 never vanishes on Λ2n−1. The condition ω = 0 defines
a codimension-one distribution D on Λ2n−1 that has integral submanifolds of
dimension n − 1 but none of higher dimension. A Legendre submanifold is one
of these integral submanifolds of maximal dimension, that is, an immersion λ :
Mn−1 → Λ2n−1 such that λ∗ω = 0.

A Legendre submanifold is determined by two functions k1, k2 from an (n−1)-
dimensional manifold M to Rn+3

2 satisfying these conditions:

(L1) For all x ∈ M , the vectors k1(x) and k2(x) are linearly independent and
〈ki(x), kj(x)〉 = 0, for i, j = 1, 2.

(L2) There is no nonzero X ∈ TxM , for any x ∈ M , such that dk1(X) and
dk2(X) are both in Span{k1(x), k2(x)}.

(L3) 〈dk1(X), k2(x)〉 = 0, for all X ∈ TxM , for all x ∈M .

The Legendre submanifold is then defined by λ(x) = [k1(x), k2(x)]. Conditions
(L1)–(L3) are preserved if one reparametrizes by taking k̃1 = αk1 + βk2 and
k̃2 = γk1 +δk2, where α, β, γ, δ are smooth real-valued functions on M such that
αδ − βγ never vanishes.

Condition (L1) means that k1 and k2 determine a line on the quadric for
each x ∈ M . Condition (L2) means that λ is an immersion, and (L3) means
that λ∗ω = 0. These conditions correspond precisely to the conditions (L1)–
(L3) given in Section 1, where we used T1S

n rather than Λ2n−1 as our contact
manifold.



TAUT AND DUPIN SUBMANIFOLDS 157

An immersion f : Mn−1 → Sn with field of unit normals ξ : Mn−1 → Sn

naturally induces a Legendre submanifold λ = [k1, k2], where

k1 = (1, f, 0), k2 = (0, ξ, 1). (5.2)

For each x ∈ Mn−1, [k1(x)] is the point sphere in the pencil of spheres in Sn

corresponding to λ(x), and [k2(x)] is the great sphere in the pencil.
An immersed submanifold φ : V → Sn of codimension greater than one also

induces a Legendre submanifold whose domain is the bundleBn−1 of unit normal
vectors to φ(V ). For a unit normal ξ to φ(V ) at a point φ(v), we define λ(v, ξ)
to be the line on Qn+1 corresponding to the contact element (φ(v), ξ). In this
case, the point sphere map k1(v, ξ) = (1, φ(v), 0) has constant rank equal to the
dimension of V . For a general Legendre submanifold λ, the point sphere map
does not have constant rank.

A Lie sphere transformation β maps lines on Qn+1 to lines on Qn+1, so it
naturally induces a map β̃ from Λ2n−1 to itself. If λ is a Legendre submanifold,
then β̃λ is also a Legendre submanifold, which is denoted βλ for short. These
two Legendre submanifolds are said to be Lie equivalent. If β is a Möbius trans-
formation, then the two Legendre submanifolds are said to be Möbius equivalent.
Finally, if β is the parallel transformation Pt and λ is the Legendre submanifold
induced by an immersed hypersurface f : M → Sn, then Ptλ is the Legendre
submanifold induced by the parallel hypersurface f−t (see [Cecil 1992, p. 88]).

Suppose that λ = [k1, k2] is a Legendre submanifold. Let x ∈M and let r and
s be real numbers at least one of which is nonzero. The sphere corresponding to
the point

[K] = [rk1(x) + sk2(x)]

is called a curvature sphere of λ at x if there exists a nonzero X ∈ TxM such
that

rdk1(X) + sdk2(X) ∈ Span{k1(x), k2(x)}.
This definition is invariant under a reparametrization of λ by a pair {k̃1, k̃2}.

To see the relationship between curvature spheres and principal curvatures,
suppose now that λ = [k1, k2] as in 5.2. At a given x ∈ M , we can write the
distinct curvature spheres in the form

[Ki] = [µik1 + k2], for 1 ≤ i ≤ g. (5.3)

When the map f in 5.2 is an immersion, these µi are the principal curvatures of f
at x. In terms of the geometry of Sn, the curvature sphere at x corresponding to a
principal curvature µi is the oriented hypersphere in oriented contact with f(M)
at f(x) and centered at the focal point determined by the principal curvature
µi.

We refer to the µi in 5.3 as the principal curvatures of λ. These principal
curvatures are not Lie invariant, and they depend on the special parametrization
5.2 for λ. However, Miyaoka [1989a] pointed out that the cross-ratio of any four
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of these principal curvatures is Lie invariant. These cross-ratios are known as
the Lie curvatures of λ. Such a cross-ratio is Lie invariant because it is equal
to the cross-ratio of the corresponding four curvature spheres on the line λ(x).
Since a Lie sphere transformation β is a projective transformation and it maps
the curvature spheres of λ to the curvature spheres of βλ, it preserves these
cross-ratios.

A Legendre submanifold is said to be Dupin if, along each curvature surface,
the corresponding curvature sphere map is constant, and it is proper Dupin if the
number of distinct curvature spheres is constant. Pinkall [1985a] showed that
both of these concepts are invariant under Lie sphere transformation. In the
case where a Legendre submanifold is induced from a submanifold of Sn, these
definitions agree with those given in Section 3.

Recall from Section 3 that a proper Dupin submanifold is reducible if it is
Lie equivalent to a proper Dupin submanifold obtained as a result of one of
Pinkall’s four standard constructions. Pinkall [1985a] found a simple formulation
for reducibility in terms of Lie sphere geometry as follows.

Theorem 5.1. Let λ : Mn−1 → Λ2n−1 be a proper Dupin submanifold with
distinct curvature spheres K1, . . .Kg . Then λ is reducible if and only if , for
some i with 1 ≤ i ≤ g, the image of the curvature sphere map Ki is contained in
an n-dimensional linear subspace of P n+2.

Another important question in classifying proper Dupin submanifolds is when
is the submanifold Lie equivalent to an isoparametric hypersurface in Sn . This
condition also has a natural formulation in Lie sphere geometry. Recall that a
line in P n+2 is said to be timelike if it contains only timelike points. This means
that that an orthonormal basis for the two-plane in Rn+3

2 , determined by the
timelike line, consists of two timelike vectors. An example is the line [e1, en+3].
The following theorem was obtained in [Cecil 1990].

Theorem 5.2. Let λ : Mn−1 → Λ2n−1 be a Legendre submanifold with g

distinct curvature spheres K1, . . . , Kg at each point . Then λ is Lie equivalent
to the Legendre submanifold induced by an isoparametric hypersurface in Sn if
and only if there exist g points P1, . . . , Pg on a timelike line in P n+2 such that
〈Ki, Pi〉 = 0 for 1 ≤ i ≤ g.

For more general considerations of Lie contact structures on manifolds, see
[Miyaoka 1991b; 1991a; 1993b].

6. Compact Proper Dupin Submanifolds

In this section, we consider compact proper Dupin submanifolds embedded in
the sphere Sn. Since a tube of sufficiently small radius ε over a compact proper
Dupin submanifold of codimension greater than one is a compact proper Dupin
hypersurface, we will for the most part restrict our attention to the codimension-
one case. Let M be a compact proper Dupin hypersurface embedded in Sn with
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g distinct principal curvatures. As noted in Theorem 4.3, the number g must
be 1, 2, 3, 4, or 6. Of course, in the case g = 1, the hypersurface M is totally
umbilic and must be a great or small hypersphere in Sn . The case g = 2 was
handled in [Cecil and Ryan 1978]:

Theorem 6.1. A compact , connected proper Dupin hypersurface embedded in Sn

with two distinct principal curvatures is Möbius equivalent to an isoparametric
hypersurface, that is, a standard product of two spheres.

Next Miyaoka [1984a] handled the case g = 3, where the full Lie sphere group
was needed to get equivalence with an isoparametric hypersurface:

Theorem 6.2. A compact , connected proper Dupin hypersurface embedded in
Sn with three distinct principal curvatures is Lie equivalent to an isoparametric
hypersurface.

For some time after that, it was widely thought that every compact, connected
proper Dupin hypersurface embedded in Sn is Lie equivalent to an isoparametric
hypersurface [Cecil and Ryan 1985, p. 184]. Further evidence for this conjecture
was provided by Grove and Halperin [1987], who found many restrictions on
the topology of a compact proper Dupin hypersurface and on the multiplicities
of its principal curvatures. These restrictions included almost all of the known
restrictions for isoparametric hypersurfaces due to Münzner [1980; 1981] and
Abresch [1983]. However, in 1989, the conjecture was shown to be false by Pinkall
and Thorbergsson [1989a] and Miyaoka and Ozawa [1989], who independently
gave different methods for constructing counterexamples to the conjecture in the
case g = 4. The method of Miyaoka and Ozawa also works in the case g = 6.

These constructions are also described in detail in [Cecil 1992]. The construc-
tion of Pinkall and Thorbergsson begins with the isoparametric hypersurfaces
constructed using representations of Clifford algebras by Ferus, Karcher, and
Münzner [Ferus et al. 1981]. For each of these isoparametric hypersurfaces, one
of the focal submanifolds is a so-called Clifford–Stiefel manifold. Here we will
only describe the simplest case where the Clifford algebra is R.

Let R2n+2 = Rn+1 ×Rn+1 and let S2n+1 denote the unit sphere in R2n+2.
The Stiefel manifold V of orthogonal two-frames inRn+1 of length 1/

√
2 is given

by
V = {(u, v) ∈ R2n+2 : u · v = 0, |u| = |v| = 1/

√
2}.

The submanifold V lies in S2n+1 with codimension two, so V has dimension
2n− 1. Note that

V ⊂ F−1(0) ∩G−1(0),

where F and G are the real-valued functions defined on S2n+1 by

F (u, v) = (v · v − u · u)/2, G(u, v) = −u · v.
The gradients ξ = (−u, v) and η = (−v,−u) of F and G are two orthogonal
fields of unit normals to V in S2n+1. One can show by a direct calculation
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[Cecil 1992, pp. 115–117; Pinkall and Thorbergsson 1989a] that, at every point
of V , the shape operators Aξ and Aη have three distinct principal curvatures
−1, 0, 1, with respective multiplicities n−1, 1, n−1, although Aξ and Aη are not
simultaneously diagonalizable. From this one can calculate that if ζ is any unit
normal at any point of V , then Aζ has these same eigenvalues and multiplicities.
Thus, the principal curvatures

−1 = cot(3π/4), 0 = cot(π/2), 1 = cot(π/4)

are constant on the unit normal bundle B(V ). Therefore, a tube M2n
t of radius

t around V in S2n+1 has four constant principal curvatures (see [Cecil and Ryan
1985, pp. 131–132])

cot(3π/4− t), cot(π/2− t), cot(π/4− t), cot(−t), (6.1)

with respective multiplicities n−1, 1, n−1, 1. This is the family of isoparametric
hypersurfaces with focal submanifold V . For a general Clifford algebra, one
considers the Clifford–Stiefel manifold of “Clifford orthogonal” pairs of vectors
in defining the focal submanifold [Pinkall and Thorbergsson 1989a].

For a proper Dupin submanifold with g = 4, we can order the principal
curvatures,

µ1 < µ2 < µ3 < µ4, (6.2)

and thereby determine a unique Lie curvature Ψ by the cross-ratio

Ψ =
(µ4 − µ3)(µ1 − µ2)
(µ4 − µ2)(µ1 − µ3)

. (6.3)

Note that the ordering 6.2 implies that 0 < Ψ < 1. Münzner [1980] showed that
the principal curvatures of an isoparametric hypersurface with g = 4 must always
take the values in 6.1 for an appropriate value of t, and one can directly compute
that Ψ always takes the constant value 1

2 on an isoparametric hypersurface with
four principal curvatures. In terms of projective geometry, this means that the
four curvature spheres along each line λ(x) form a harmonic set.

The construction of Pinkall and Thorbergsson then proceeds as follows. Let
α and β be positive real numbers satisfying α2 + β2 = 1, and let Tα,β be the
linear transformation of R2n+2 defined by

Tα,β(u, v) =
√

2(αu, βv).

The image Wα,β = Tα,βV is contained in S2n+1 , and it is proper Dupin. To see
this, one first notes that Wα,β has codimension two in S2n+1, just as V does.
This means that the point sphere map k1 in 5.2 is a curvature sphere in both
cases, and so by 5.3 they both have a constant principal curvature κ4 = ∞ of
multiplicity one (see [Cecil 1992, p. 97] for more detail on this point). For the
other principal curvatures, note that a hypersphere Σ that is tangent to V along
a curvature surface S lies in a hyperplane π inR2n+2 that is tangent to V along S.
The image Tα,β(π) cuts S2n+1 in a hypersphere Σ̃ that is tangent to Wα,β along
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T (S). Thus, Σ̃ is a curvature sphere of Wα,β with corresponding curvature
surface T (S), and Σ̃ is constant along T (S). Therefore, we have established a
bijective correspondence between the curvature surfaces of V and those of Wα,β

and have shown that the Dupin condition is satisfied on Wα,β. Hence, Wα,β is
a proper Dupin submanifold with four distinct principal curvatures, including
κ4 = ∞.

The other principal curvatures of Wα,β can be computed in the same way as
for V . Then one can find a certain unit normal ζ to Wα,β such that the shape
operator Aζ has principal curvatures

κ1 = −α/β, κ2 = 0, κ3 = β/α,

with respective multiplicities n − 1, 1, n − 1. When these principal curvatures
are taken along with κ4 = ∞, the cross-ratio Ψ equals α2. Thus, if α 6= 1/

√
2,

that is, if Tα,β 6= I, then the Lie curvature Ψ is not 1
2

at this point ζ, and Wα,β

is not Lie equivalent to an isoparametric hypersurface. In fact, one can show
that the Lie curvature is not constant on Wα,β if α 6= 1/

√
2.

The construction of Miyaoka and Ozawa [Miyaoka and Ozawa 1989] (see also
[Cecil 1992, pp. 120–128]) uses the Hopf fibration of S7 over S4. Let R8 = H ×H ,
where H is the division ring of quaternions. The Hopf fibering of the unit sphere
S7 in R8 over the unit sphere S4 in R5 = H ×R is given by

h(u, v) = (2uv̄, |u|2− |v|2), for u, v ∈ H .

Miyaoka and Ozawa begin by showing that, if M is a taut compact submanifold
of S4 , then h−1M is taut in S7 . They use this to show that if M is proper
Dupin in S4 with g distinct principal curvatures, then h−1M is proper Dupin in
S7 with 2g principal curvatures. Finally, they show that if M is proper Dupin
but not isoparametric, then the Lie curvatures of h−1M are not constant, and so
h−1M is not Lie equivalent to an isoparametric hypersurface with 2g principal
curvatures in S7. Taking g = 2 or 3, respectively, yields a compact proper Dupin
hypersurface with 4 or 6 principal curvatures in S7 that is not Lie equivalent to
an isoparametric hypersurface.

As noted in Section 2, Miyaoka [1993a] has recently shown that if M is an
isoparametric hypersurface with three principal curvatures in S4, then h−1M is
an isoparametric hypersurface with six principal curvatures in S7. According to
Dorfmeister and Neher [Dorfmeister and Neher 1985], this family of isoparametric
hypersurfaces with six principal curvatures in S7 is unique up to congruence.

A problem for further study is to determine the strength of the assumption
that the Lie curvatures are constant on a proper Dupin submanifold. Miyaoka
[Miyaoka 1989a; Miyaoka 1989b] proved that this assumption on a compact
proper Dupin hypersurface M in Sn with g = 4 or 6 principal curvatures, to-
gether with an additional assumption regarding the intersections of curvature
surfaces from different principal foliations, implies that M is Lie equivalent to
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an isoparametric hypersurface. It is not known whether this additional assump-
tion on the intersections of the curvature surfaces can be dropped. However,
the compactness assumption of Miyaoka is definitely needed because there exist
noncompact proper Dupin hypersurfaces with g = 4 on which Ψ = c, for ev-
ery value 0 < c < 1 [Cecil 1990; 1992, pp. 106–108]. These examples are all
obtained as open subsets of a tube in Sn over an isoparametric hypersurface
with three principal curvatures V k−1 ⊂ Sk ⊂ Sn, and they cannot be completed
to be compact proper Dupin hypersurfaces. They are also reducible as Dupin
hypersurfaces.

7. Local Results on Dupin Submanifolds

Most local classifications of proper Dupin submanifolds have been obtained in
the context of Lie sphere geometry. We will state these results for hypersurfaces
of Sn , since we can always arrange that the point sphere map of a Legendre
submanifold is locally an immersion by taking a parallel submanifold if necessary.

The known results depend on the number g of distinct principal curvatures,
and they are progressively harder to prove as g increases. In fact, results have
only been obtained up to the case g = 4, and much remains to be done in
that case. Of course, a connected proper Dupin hypersurface in Sn with one
distinct principal curvature must be an open subset of a hypersphere. In the
case g = 2, Pinkall [1985a] has obtained a complete classification, which we now
describe. A proper Dupin hypersurface in Sn (or Rn) with two distinct principal
curvatures of respective multiplicities p and q is called a cyclide of Dupin of
characteristic (p, q). The compact cyclides embedded in R3 can all be obtained
through stereographic projection from a standard product of two circles in the
unit sphere S3 ⊂ R4. This construction obviously can be generalized to higher
dimensions. Cecil and Ryan [1978] showed that a connected, compact cyclide
Mn−1 of characteristic (p, q) embedded in Sn must be Möbius equivalent to a
standard product of spheres

Sp × Sq ⊂ Sn(1) ⊂ Rp+1×Rq+1 = R
n+1, for r2 + s2 = 1, n = p+ q + 1.

Varying the value of r in this product produces a family of parallel hypersurfaces.
These are Lie equivalent by parallel transformation, but they are not Möbius
equivalent for different values of r.

The proof of Cecil and Ryan uses the compactness assumption in an essential
way, whereas the classification of Dupin surfaces inR3 obtained in the nineteenth
century does not need such an assumption (see [Cecil and Ryan 1985, pp. 151–
166], for example). Using Lie sphere geometry, Pinkall obtained the following
classification in arbitrary dimensions, which does not need the assumption of
compactness.

Theorem 7.1. (a) Every connected cyclide of Dupin is contained in a unique
compact , connected cyclide.
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(b) Any two cyclides of the same characteristic are locally Lie equivalent .

A consequence of part (a) of the theorem is that any connected piece of a Dupin
cyclide of characteristic (p, q) immersed in Sn determines a unique compact
Legendre submanifold with domain Sp × Sq .

Pinkall’s result can be used to obtain the following Möbius geometric charac-
terization of the cyclides in Rn [Cecil 1991; 1992, p. 154].

Theorem 7.2. (a) Every connected cyclide of Dupin Mn−1 of characteristic
(p, q) embedded in Rn is Möbius equivalent to an open subset of a surface
of revolution obtained by revolving a q-sphere Sq ⊂ R

q+1 ⊂ R
n about an

axis of revolution Rq ⊂ Rq+1 or a p-sphere Sp ⊂ Rp+1 ⊂ Rn about an axis
R

p ⊂ Rp+1.
(b) Two such surfaces are Möbius equivalent if and only if they have the same

value of ρ = |r|/a, where r is the signed radius of the profile sphere Sq and
a > 0 is the distance from the center of Sq to the axis of revolution.

Note that the profile sphere is allowed to intersect the axis of revolution, thereby
resulting in singularities. However, in the context of Lie sphere geometry, the
corresponding Legendre map is an immersion.

The classical cyclides of Dupin in R3 are the only surfaces for which all lines
of curvature are circles (or straight lines). Using exterior differential systems,
Ivey [1995] showed that any surface in R3 containing two orthogonal families of
circles is a cyclide of Dupin.

Finally, we note that recently the cyclides of Dupin have been used in com-
puter-aided geometric design of surfaces. See, for example, [Degen 1994; Pratt
1990; 1995; [Srinivas and Dutta 1994a]; 1994b; 1995a; 1995b].

The case g = 3 has proved to be much more difficult than the case of two
principal curvatures. In his dissertation, Pinkall [1981] did obtain a complete
local classification up to Lie sphere transformation for Dupin hypersurfaces with
three principal curvatures inR4, but it is quite involved. (See also [Pinkall 1985b;
Cecil and Chern 1989; Cecil 1992, pp. 171–190].) Recall from Section 3 that a
proper Dupin hypersurface is reducible if it locally Lie equivalent to a proper
Dupin hypersurface obtained from one of Pinkall’s standard constructions. It
is locally irreducible if it does not contain any reducible open subset. Pinkall
found that any two irreducible proper Dupin hypersurfaces in R4 are locally
Lie equivalent, each being Lie equivalent to an open subset of an isoparametric
hypersurface in S4 . However, he found a one-parameter family of Lie equivalence
classes among the reducible proper Dupin hypersurfaces with g = 3 in R4. In
higher dimensions, the focus has been on classifying the locally irreducible Dupin
hypersurfaces and little has been done in attempting to classify the reducible
ones up to Lie equivalence, although this appears to be a problem where some
progress could be made.

The first result in higher dimensions is due to Niebergall [1991], who showed
that every proper Dupin hypersurface inR5 with three principal curvatures is re-
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ducible. Recently, Cecil and Jensen [1997] have generalized the results of Pinkall
and Niebergall as follows.

Theorem 7.3. Let f : M → Sn be a proper Dupin hypersurface with three
distinct principal curvatures of multiplicitiesm1, m2, and m3 . If the hypersurface
is locally irreducible, then m1 = m2 = m3, and M is Lie equivalent to an
isoparametric hypersurface in a sphere.

We now give a brief outline of the proof of this theorem. We work in the context
of Lie sphere geometry and consider a proper Dupin submanifold λ : Mn−1 →
Λ2n−1 with three curvature spheres. As in Section 5, we can parametrize the
Dupin submanifold as λ = [k1, k2], where [k1] and [k2] are two curvature sphere
maps. We can also arrange that the third curvature sphere map have the form
[k3] = [k1 + k2]. We first compute the derivatives of the [ki] using the method
of moving frames. In the case where M has dimension three, Pinkall found
one function c with the property that all of the terms arising in the exterior
differentiation of the frame fields could eventually be expressed in terms of c and
its derivatives. If c is identically zero, then λ is reducible. If c is never zero
on M , then one can arrange that c = 1 with an appropriate choice of frame,
and all such hypersurfaces are locally Lie equivalent to Cartan’s isoparametric
hypersurface in S4.

In the general case where the three curvature spheres have respective multi-
plicities m1, m2, and m3, there are m1 ·m2 ·m3 functions Fα

ap, where

1 ≤ a ≤ m1, m1 + 1 ≤ p ≤ m1 +m2, m1 +m2 + 1 ≤ α ≤ n− 1,

which are defined in a similar way to the one function c of Pinkall. They can
be arranged in vector form, vpα = (Fα

ap), for 1 ≤ a ≤ m1, with vaα and vap

defined in a similar way. One first shows that if a column or row of any of the
arrays [vpα], [vaα], [vap] is identically zero on an open subset V ⊂ M , then the
restriction of λ to V is reducible. This result is applied to show that unless all
of the multiplicities are equal, λ must contain a reducible open subset, i.e., it
is not locally irreducible. In the case where all the multiplicities equal m, one
next shows that all of the vectors in all of the arrays have the same length ρ.
This one function ρ actually plays the same role that c did in the case m = 1.
If λ is locally irreducible, then ρ is nonzero on M , and it can be made locally
constant with an appropriate choice of frame. The proof is completed by showing
that there exist three points P1, P2, P3 on a certain timelike line in P n+2 such
that 〈ki, Pi〉 = 0, for 1 ≤ i ≤ 3, where the [ki] are the curvature sphere maps
of λ. By Theorem 5.2, this implies that λ is Lie equivalent to an isoparametric
hypersurface.

The next case g = 4 is still more complicated, but many aspects of the
approach outlined above apply. As in Section 6, one can order the principal
curvatures as in 6.2 and determine a unique Lie curvature Ψ by 6.3 satisfying
0 < Ψ < 1. As in the g = 3 case, one can reparametrize the Dupin submanifold
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as λ = [k1, k2], where [k1] and [k2] are two of the curvature sphere maps, and
then arrange that a third curvature sphere map satisfies [k3] = [k1 + k2]. Then
the fourth curvature sphere [k4] is determined by the Lie curvature Ψ. Nieber-
gall [1992] used this framework to find some sufficient conditions for a proper
Dupin hypersurface with g = 4 in S5 to be Lie equivalent to an isoparametric
hypersurface.

For g = 4 or 6, it is not true that every locally irreducible Dupin hypersurface
is Lie equivalent to an isoparametric hypersurface. The examples of Pinkall and
Thorbergsson [1989a] and Miyaoka and Ozawa [1989] discussed in Section 6 are
locally irreducible and are not Lie equivalent to an isoparametric hypersurface.
On the other hand, Miyaoka [1989a; 1989b] has shown that a compact proper
Dupin hypersurface embedded inRn is Lie equivalent to an isoparametric hyper-
surface if it has constant Lie curvatures and it satisfies certain global conditions
regarding the intersections of leaves of its various principal foliations. As in the
g = 3 case, in trying to obtain local results, one can replace the global conditions
of Miyaoka with the assumption of local irreducibility. This yields the follow-
ing question. In the cases g = 4 or 6, is every locally irreducible proper Dupin
hypersurface with constant Lie curvatures Lie equivalent to an isoparametric
hypersurface?

Note that the hypothesis of local irreducibility is definitely necessary here
because of the noncompact reducible proper Dupin hypersurfaces with constant
Lie curvature of [Cecil 1990] mentioned in Section 6.

A more general problem is to attempt to identify key local Lie invariants of
Dupin submanifolds within the context of moving Lie frames. Niebergall [1992]
made some progress in this direction in the case of a proper Dupin hypersurface
M4 in S5 with four principal curvatures. He assumed that the Lie curvature is
constant and then found four other invariants, analogous to the Fα

ap in the g = 3
case, that when suitably prescribed yield the conclusion thatM4 is Lie equivalent
to an isoparametric hypersurface. Moreover, the vanishing of any three of these
invariants implies that M4 is reducible. At this point, however, the geometric
meaning of these invariants is not yet clear, nor is it obvious that these are the
only invariants to be considered. This is clearly a complicated problem, but a
systematic study may yield new results.

Another problem is to attempt to obtain a complete local classification of
reducible Dupin hypersurfaces with three principal curvatures up to Lie equiva-
lence. As mentioned above, Pinkall obtained such a classification in the case of
M3 ⊂R4. In that case, while there is only one class of irreducible Dupin hyper-
surfaces, the reducible ones determine a one-parameter family of Lie equivalence
classes. It may be possible to obtain a similar classification in the higher dimen-
sional reducible case by using the framework established to prove Theorem 7.3.

The approach of Lie sphere geometry can also be used to obtain results in
Möbius (conformal) geometry. As noted in Theorem 7.2, one can derive a local
Möbius classification in the case g = 2 from Pinkall’s Lie-geometric classifica-
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tion. Pinkall and Thorbergsson [1989a] introduced a Möbius invariant, called the
Möbius curvature, that can distinguish among the Lie equivalent parallel hyper-
surfaces in a family of isoparametric hypersurfaces. Recently, C.-P. Wang used
the method of moving frames to determine a complete set of Möbius invariants
for surfaces in R3 without umbilic points [Wang 1992] and for hypersurfaces in
R4 with three distinct principal curvatures at each point [Wang 1995]. He then
applied this result to derive a local classification of Dupin hypersurfaces in R4

with three principal curvatures up to Möbius transformation. A natural prob-
lem is to try to extend Wang’s result to proper Dupin hypersurfaces in Rn, for
n > 4, and to thoroughly investigate the geometric significance of his invariants,
including the Möbius curvature, in R4.

Ferapontov [1995a; 1995b] has explored the relationship between Dupin and
isoparametric hypersurfaces and Hamiltonian systems of hydrodynamic type.
Ferapontov poses several research problems in that context.

8. Classifications of Taut Submanifolds

In this section, we survey the known classification results on taut subman-
ifolds. To a reasonable extent, we have attempted to make this section self-
contained, although some references to the previous sections are inevitable.

In the paper [Banchoff 1970] that introduced the STPP, it was shown that a
taut embedding of S1 into Rn must be a metric circle in a plane. In the same
paper, Banchoff also obtained a complete classification of compact taut (two-
dimensional) surfaces in Euclidean spaces. We now give a brief outline of his
proof. As noted in Section 1, Banchoff observed that, because tautness is invari-
ant under stereographic projection, there exists a substantial taut nonspherical
embedding of a compact manifold M into Rn if and only if there exists a sub-
stantial taut spherical embedding of M into Sn ⊂ Rn+1. As a consequence, one
can invoke Kuiper’s result on the bound on the codimension to obtain Theo-
rem 1.1. In particular, if f : M2 → Rn is a substantial taut embedding, then
n ≤ 5, and if n = 5, then f is an embedding of P 2 as a Veronese surface in
S4 ⊂ R5. Next, if f : M2 → R

4 is a taut nonspherical embedding, then f(M2)
must be the image under stereographic projection of a spherical Veronese surface
in R5. Thus, the problem is reduced to finding all compact taut surfaces in S3 .
Again by stereographic projection, this is equivalent to finding all compact taut
surfaces in R3.

A key step in Banchoff’s classification of compact taut surfaces in R3 is show-
ing that if f : M2 → R

3 is a taut embedding of a compact surface M2, then
f(M2) lies in between the two spheres S1 and S2 tangent to f(M2) at f(x) and
centered at the focal points pi = f(x) + (1/µi)ξ(x), for i = 1, 2, respectively,
where ξ is a field of unit normals to f(M2), and the µi are the principal curva-
tures of f . Thus, if f(M2) has one umbilic point, it must be a metric sphere,
because it lies between two identical spheres S1 and S2 at the umbilic point. This
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implies that f(M2) must be either a metric sphere or smooth torus, because any
embedding of a surface of higher genus would necessarily have an umbilic point.
Suppose now that f(M2) is a taut torus with no umbilic points. Then Banchoff
shows that the principal curvatures must be constant along their corresponding
lines of curvature, i.e., f(M2) is Dupin, and so it is a cyclide of Dupin in R3.

Cecil [1976] then generalized Banchoff’s argument to the noncompact case to
again show that a taut f(M2) ⊂ R3 must be Dupin. This implies that f(M2)
must a plane, circular cylinder, or parabolic ring cyclide. The latter surface is
obtained by by inverting a torus of revolution in a sphere centered at a point
on the torus; its name comes from the fact that its focal set consists of a pair
of parabolas [Cecil and Ryan 1985, pp. 151–166]. These results are combined in
the following theorem, which is a complete classification of taut surfaces in Rn.

Theorem 8.1. Let f : M2 → R
n be a substantial taut embedding of a surface

M2.

(a) If M2 is compact , then f(M2) is a metric sphere or a cyclide of Dupin in
R

3, a spherical Veronese surface in S4 ⊂ R5, or a surface in R4 related to one
of these by stereographic projection.

(b) If M2 is noncompact , then it is a plane, circular cylinder or parabolic ring
cyclide in R3, or it is the image in R4 of a punctured spherical Veronese
surface under stereographic projection from S4 .

The first results after Banchoff’s paper dealt with taut embeddings of submani-
folds with relatively simple topology. Nomizu and Rodŕıguez [1972] proved the
following.

Theorem 8.2. Let M be a complete Riemannian manifold of dimension k ≥ 2,
isometrically immersed in Rn. If every nondegenerate Euclidean distance func-
tion Lp has index 0 or k at any of its critical points, then M is embedded as a
k-plane or a metric k-sphere Sk ⊂ Rk+1 ⊂Rn.

The proof is accomplished by showing that M is a totally umbilic submanifold.
This is a consequence of the following elementary but important argument. Let
f : M → Rn be the isometric immersion. Let ξ be any unit normal to f(M) at
any point f(x). We want to show that the shape operator Aξ is a scalar multiple
of the identity. If Aξ = 0, we are done. If not, then by replacing ξ by −ξ, if
necessary, we can assume that Aξ has a positive eigenvalue. Let λ be the largest
eigenvalue of Aξ, and let t satisfy 1/λ < t < 1/µ, where µ is the next largest
positive eigenvalue of Aξ (just consider t > 1/λ if there are no other positive
eigenvalues). If q = f(x) + tξ, then Lq has a nondegenerate critical point at x
with index equal to the multiplicity m of λ. It may be that Lq is not a Morse
function. If so, there exists a Morse function Lp, with p near q, such that Lp has
a critical point near x of the same index m. Now since m > 0, the hypotheses
imply that m = k, and thus Aξ = λI, as desired.
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An immediate consequence is the following result, obtained independently by
Carter and West [1972]. The result is true in the case k = 1 by the work of
Banchoff mentioned earlier. See [Cecil 1974] for a similar characterization of
metric spheres in hyperbolic space.

Theorem 8.3. Let f : Sk → Rn be a taut embedding . Then f(Sk) is a metric
sphere in a (k + 1)-dimensional affine subspace Rk+1 ⊂ Rn.

Approaching the problem from a different point of view, Hebda [1981] asked
which ambient spaces admit taut embeddings of hyperspheres. He found that a
complete simply connected n-dimensional manifold that admits a taut embed-
ding of Sn−1 is either homeomorphic to Sn, diffeomorphic toRn or diffeomorphic
to Sn−1 ×R.

Next Carter and West [1972] obtained the following characterization of spher-
ical cylinders.

Theorem 8.4. Let f : Mn−1 → R
n be a taut embedding of a noncompact

manifold such that Hk(Mn−1;Z2) = Z2 for some k with 0 < k < n−1, and such
thatHi(Mn−1;Z2) = 0 for i 6= 0, k. Then Mn−1 is diffeomorphic to Sk×Rn−k−1,
and f is a standard product embedding .

Thorbergsson [1983b; 1986] then obtained the following characterization of highly
connected taut submanifolds of arbitrary codimension. (See [Jorge and Mercuri
1984] for a related result involving minimal submanifolds.)

Theorem 8.5. Let M be a compact 2k-dimensional taut submanifold of Rn that
is (k − 1)-connected but not k-connected , and that does not lie in any totally
umbilic hypersurface of Rn. Then either

(a) n = 2k + 1 and M is a cyclide of Dupin diffeomorphic to Sk × Sk , or
(b) n = 3k+ 1 and M is a spherical Veronese embedding of the projective plane
FP 2, where F is the division algebra R, C , H , O for k = 1, 2, 4, 8, respec-
tively .

In a related paper, Hebda [1984] constructs tight smooth embeddings of arbitrar-
ily many copies of Sk × Sk into R2k+1. No taut embeddings of these manifolds
exist by Theorem 8.5.

The next case in terms of the homology is when M has the same homology
as Sk × Sm , where k 6= m. In that case, Cecil and Ryan [1978; 1985, p. 202]
obtained the following.

Theorem 8.6. A taut hypersurface M ⊂ R
n with the same Z2-homology as

Sk × Sn−k−1 is a cyclide of Dupin.

To prove this, one first uses the Index Theorem for Lp functions to prove that,
at each point of M , the number of distinct principal curvatures must be either
2 or 3. The most difficult part of the proof is to then show that the number of
distinct principal curvatures must be constant on M . Then, since taut implies
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Dupin, M is a proper Dupin hypersurface with g = 2 or 3 principal curvatures.
Then it is fairly easy given the homology of M to show that g = 2, and so M
must be a cyclide of Dupin.

Ozawa [1986] generalized this result by showing that, if an embedding of
Sk × Sm into Sn, where k < m, is taut and substantial, then the codimension
of the embedding is either 1 or m − k + 1. He also showed that the r-times
connected sum of Sk × Sm, for k < m, cannot be tautly embedded into any
Euclidean space if r > 1.

There is a related result that takes into account the intrinsic geometry of M .
Recall that a Riemannian manifold (M, g) is conformally flat if every point has a
neighborhood conformal to an open subset in Euclidean space. Schouten [1921]
showed that a hypersurface M of dimension n ≥ 4 and immersed in Rn+1 is
conformally flat in the induced metric if and only if at least n − 1 of the prin-
cipal curvatures coincide at each point. (This characterization fails when n = 3
[Lancaster 1973].) Using Schouten’s result, Theorem 8.6, and some basic results
on tautness, Cecil and Ryan [1980] proved the following.

Theorem 8.7. Let M be a taut hypersurface of dimension n ≥ 4 in Rn+1.
Then M is conformally flat in the induced metric if and only if it is one of the
following :

(a) a hyperplane or metric sphere;
(b) a cylinder over a circle or over an (n− 1)-sphere;
(c) a cyclide of Dupin (diffeomorphic to S1 × Sn−1);
(d) a parabolic ring cyclide (diffeomorphic to S1 × Sn−1 − {p}).
Concerning taut embeddings of three-manifolds, Pinkall and Thorbergsson have
proved the following [1989b].

Theorem 8.8. A compact taut three-dimensional submanifold in Euclidean
space is diffeomorphic to one of the following seven manifolds: S3, RP3, the
quaternion space S3/{±1,±i,±j,±k}, the three-torus T 3, S1×S2 , S1×RP2, or
S1 ×h S

2 , where h denotes an orientation-reversing diffeomorphism of S2. All
of these manifolds admit taut embeddings.

Pinkall and Thorbergsson actually determine much more about the geometric
structure of these taut embeddings. Because of the invariance of tautness under
stereographic projection, it makes sense to attempt to classify spherically sub-
stantial embeddings, that is, those that do not lie in any hypersphere. In the
following description of the results of Pinkall and Thorbergsson, the codimension
means the spherically substantial codimension.

A taut embedding of S3 must be a metric hypersphere. The projective space
RP

3 can be tautly embedded with codimension 2 as the Stiefel manifold V2,3 ⊂
S5 ⊂ R6 and with codimension 5 as SO(3) in the unit sphere in the space of 3×3
matrices. It is not known whether the codimensions 3 and 4 are possible. The
quaternion space is realized as Cartan’s isoparametric hypersurface in S4, where
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it is unique up to Lie equivalence, and no other codimensions are possible. The
three-torus can be tautly embedded with codimension one as a tube inR4 around
a torus of revolution T 2 ⊂ R3 ⊂ R4, and with codimension 2 as T 2 × S1 ⊂ R5.
One can tautly embed S1 × S2 with codimension 1 as a cyclide of Dupin (see
Theorem 8.6), and no other codimension is possible. The manifold S1×RP2 can
be tautly embedded with codimension 3 as the product of a metric circle and a
Veronese surface. It can be tautly embedded with codimension 2 as a rotational
submanifold with profile submanifold RP2, and the only codimensions possible
are 2 and 3. Finally, S1 ×h S

2 can be tautly embedded with codimension 2 as
the “complexified unit sphere”

{eiθx : θ ∈ R, x ∈ S2 ⊂R3} ⊂ S5 ⊂ C 3.

This is one of the focal submanifolds of a homogeneous family of isoparametric
hypersurfaces with four principal curvatures in S5 , the other being a Stiefel
manifold V2,3 (see [Cecil and Ryan 1985, pp. 299–304], for example). No other
codimensions are possible for a taut embedding of S1 ×h S

2 .
As we have seen, many examples of taut embeddings, such as the R-spaces,

are homogeneous spaces. However, the question of which homogeneous spaces
admit taut embeddings remains open. Thorbergsson [1988] found some neces-
sary topological conditions for the existence of a taut embedding, which allowed
him to prove that certain homogeneous spaces do not admit taut embeddings.
In the same vein, Hebda [1988] found certain necessary cohomological conditions
for the existence of a taut embedding, and he used these results to give examples
of manifolds that cannot be tautly embedded. In the case where M is a compact
homogeneous submanifold substantially embedded in Euclidean space with flat
normal bundle, Olmos [1994] has shown that the following statements are equiv-
alent: (i) M is taut; (ii) M is Dupin; (iii) M has constant principal curvatures;
(iv) M is an orbit of the isotropy representation of a symmetric space; (v) the
first normal space of M coincides with the normal space.

There have been various generalizations of tautness in terms of the distance
functions used and the ambient space considered. Carter, Mansour, and West
[Carter et al. 1982] introduced a notion of k-cylindrical taut immersion f : M →
Rn by using distance functions from k-planes in Rn (see also [Carter and Şentürk
1994; Carter and West 1985a]). For k = 0, this is equivalent to tautness, and for
k = n−1 it is equivalent to tightness. This theory turns out to closely related to
the theory of convex sets and many of the results concern embeddings of spheres.
(See also [Wegner 1984] for more on cylindrical distance functions.)

There is also a theory of tight and taut immersions into hyperbolic space Hn

[Cecil and Ryan 1979a; 1979b]. This involves consideration of three types of dis-
tance functions on H n whose level sets are respectively spheres, horospheres, and
hypersurfaces equidistant from a hyperplane. Buyske [1989] introduced a notion
of tautness in semi-Riemannian space forms and treated the issue of tightness of
focal sets of certain taut submanifolds obtained by Lie sphere transformations.
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Beltagy [1986] extended the TPP and STPP to subsets of a general Riemannian
manifold without focal points. Finally, in a paper published in this volume, Terng
and Thorbergsson [1997] have extended the notion of tautness to submanifolds
of complete Riemannian manifolds.
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[Schouten 1921] J. A. Schouten, “Über die konforme Abbildung n-dimensionaler
Mannigfaltigkeiten mit quadratischer Maßbestimmung auf eine Mannigfaltigkeit mit
euklidischer Maßbestimmung”, Math. Z. 11 (1921), 58–88.

[Segre 1938] B. Segre, “Famiglie di ipersuperficie isoparametrische negli spazi euclidei
ad un qualunque numero di dimensioni”, Atti Accad. Naz. Lincei Rend. Cl. Sci. Fis.
Mat. Natur. 27 (1938), 203–207.

[Singley 1975] D. H. Singley, “Smoothness theorems for the principal curvatures and
principal vectors of a hypersurface”, Rocky Mountain J. Math. 5 (1975), 135–144.



178 THOMAS E. CECIL

[Solomon 1990a] B. Solomon, “The harmonic analysis of cubic isoparametric minimal
hypersurfaces, I: Dimensions 3 and 6”, Amer. J. Math. 112:2 (1990), 157–203.

[Solomon 1990b] B. Solomon, “The harmonic analysis of cubic isoparametric minimal
hypersurfaces, II: Dimensions 12 and 24”, Amer. J. Math. 112:2 (1990), 205–241.

[Solomon 1992] B. Solomon, “Quartic isoparametric hypersurfaces and quadratic
forms”, Math. Ann. 293:3 (1992), 387–398.

[Srinivas and Dutta 1994a] Y. L. Srinivas and D. Dutta, “Blending and joining using
cyclides”, ASME Trans. Journal of Mechanical Design 116 (1994), 1034–1041.

[Srinivas and Dutta 1994b] Y. L. Srinivas and D. Dutta, “An intuitive procedure for
constructing complex objects using cyclides”, Computer-Aided Design 26 (1994),
327–335.

[Srinivas and Dutta 1995a] Y. L. Srinivas and D. Dutta, “Cyclides in geometric
modeling: Computational tools for an algorithmic infrastructure”, ASME Trans.
Journal of Mechanical Design 117 (1995), 363–373.

[Srinivas and Dutta 1995b] Y. L. Srinivas and D. Dutta, “Rational parametric
representation of parabolic cyclide: formulation and applications”, Comput. Aided
Geom. Design 12:6 (1995), 551–566.
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Riemannian Manifolds

CHUU-LIAN TERNG AND GUDLAUGUR THORBERGSSON

Abstract. The main purpose of this paper is to propose a natural gen-
eralization of the notion of a taut immersion into a complete Riemannian
manifold. We explain the motivation behind our definition, give many ex-
amples, note some interesting topological and geometric properties of such
immersions, and remark on many intriguing relations to other well-known
topics in geometry such as transformation groups, Morse theory, Blaschke
manifolds and tori without conjugate points.

1. Introduction

Chern and Lashof started the study of tight immersions of compact manifolds
into Rn in the 1950’s. Recall that the total absolute curvature τ (M,φ) of an
immersion φ : M → R

n is the volume of the normal bundle map ξ from the unit
normal bundle ν1(M) to Sn−1 (defined by ξ(v) = v). Since −dξv is equal to the
shape operator Av of M in the direction of v, we can write

τ (M,φ) =
1

cn−1

∫
ν1(M)

| det(Av)| dv,

where dv is the natural volume element on ν1(M) and cn−1 is the volume of the
unit sphere Sn−1. Chern and Lashof [1957; 1958] proved that

τ (M,φ) ≥
∑

i

bi(M),

where bi(M) is the i-th Betti number of M with respect to Z2. The number

τ (M) = inf
φ
τ (M,φ)

is clearly a differential invariant of M . An immersion φ : M → Rn is called an
immersion with minimal total absolute curvature if τ (M,φ) = τ (M). The main
problem studied by Chern and Lashof was to characterize such immersions. For
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example, they proved that an immersion of Sn−1 into Rn with minimal total
absolute curvature must be a convex hypersurface.

Kuiper [1959] reformulated the study of immersions with minimal total abso-
lute curvature in terms of the Morse theory of height functions. First recall that
the Morse number µ(M) of M is defined to be the minimum number of critical
points a Morse function on M can have. It follows from the Morse inequalities
that µ(M) ≥ ∑

i bi(M). Chern and Lashof’s proof in fact gives τ (M) ≥ µ(M).
Sharpe [1988] proved that τ (M) = µ(M) under mild assumptions on the dimen-
sions.

If µ(M) =
∑

i bi(M), then for an immersion φ : M → R
n the following

statements are equivalent:

(i) φ has minimal total absolute curvature.
(ii) τ (M,φ) =

∑
i bi(M).

(iii) For generic a ∈ Rn the height function ha : M → R defined by ha(x) =
φ(x) · a is a perfect Morse function.

(Recall that a Morse function on M is called perfect if the number of index k

critical points is equal to the k-th Betti number of M for all k. Here, as always
in this paper, homology groups have coefficients in Z2).

An immersion satisfying conditions (i)–(iii) is called tight . If M is a tight
submanifold in Rn and M lies in Sn−1, the restriction of the distance squared
function fa(x) = ‖x − a‖2 to M is also a perfect Morse function for generic
a ∈ Rn. Banchoff [1970] proved that tight surfaces contained in a round sphere
satisfy the so-called spherical two-piece property. This motivated Carter and
West [1972] to define a notion of tautness, as follows. A submanifold M of Rn

is taut if, for generic a ∈ Rn, the distance squared function fa : M → R defined
by fa(x) = ‖x− a‖2 is perfect, and a submanifold M in Sn is taut if M is taut
in Rn+1. This is equivalent to saying that M in Sn is taut if a squared spherical
distance function fa of M is a perfect Morse function for a generic a.

There have been much progress and many beautiful results in the study of
tight and taut immersions in space forms; see for example [Cecil and Ryan 1985]
and the articles in this volume. But there has not been a notion of tautness for
submanifolds in arbitrary Riemannian manifolds. One reason is that the function
fp : N → R, defined by setting fp(x) equal to the square of the distance from p

to x, is not differentiable if the cut locus of p is not empty [Wolter 1979]. This
is not a problem if N is Sn, since a submanifold M does not meet the cut locus
of p for generic p. But this is not the case in general, and there is no simple and
direct way to generalize the notion of tautness.

To explain our definition of a taut immersion into a complete Riemannian
manifold, we first review the definitions of focal points, the energy functional on
path spaces, and the relations between them.

Let (N, g) be a Riemannian manifold, φ : M → N an immersion, and ν(M)
the normal bundle of M . We will assume throughout the paper that all immer-
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sions are proper. The endpoint map η : ν(M) → N of M is by definition the
restriction of the exponential map exp to ν(M). If v ∈ ν(M)x is a singular point
of η and the dimension of the kernel of dηv is m, then v is called a focal normal
of multiplicity m and exp(v) is called a focal point of multiplicity m of M with
respect to x in N . When M = {p} is a single point, a focal point of multiplicity
k of M is called a conjugate point of order k. The focal data, Γ(M), is defined to
be the set of all pairs (v,m) such that v is a focal normal of multiplicitym of M .
The focal variety V(M) is the set of all pairs (η(v), m) with (v,m) ∈ Γ(M).

For B ⊂ N ×N , let P (N,B) denote the set of all H1-paths γ in N such that
(γ(0), γ(1)) ∈ B. (A path is H1 if it is absolutely continuous and the norm of its
derivative is square integrable.) For a fixed p ∈ N , let π : P (N, N×p) → N be
the fibration defined by π(γ) = γ(0), and let P (N, φ×p) denote φ∗(P (N, N×p)),
that is, the space of pairs (q, γ) such that q ∈M and γ a H1-path γ : [0, 1]→ N

such that (γ(0), γ(1)) = (φ(q), p). The space P (N, φ×p) is a Hilbert manifold
[Palais 1963]. If M ⊂ N and φ is the inclusion map, then P (N, φ×p) is diffeo-
morphic to the space P (N, M×p). Let

Ep : P (N, φ×p) → R, Ep(q, γ) =
∫ 1

0

‖γ′(t)‖2 dt

be the energy functional. Then it is well-known that (q, γ) ∈ P (N, φ×p) is a
critical point of Ep if and only if γ is a geodesic normal to φ(U) at φ(q) = γ(0)
parametrized proportional to arc length, where U is a neighborhood of q on
which φ is injective. It is also well-known that Ep is a Morse function if and
only if p is not a focal point of M . Notice that we do not require in this paper
that the levels of critical points of a Morse function are different, only that all
critical points are nondegenerate. The Morse index theorem says that the index
of Ep at a critical point (q, γ) is the sum of the integers m such that γ(t) is a
focal point of multiplicity m of M with respect to q with 0 < t < 1.

Let µk denote the number of critical points of index k of Ep in P (N, φ×p),
and let bk denote the k-th Betti number of P (N, φ×p). It is known that Ep is
bounded below and satisfies the Palais–Smale condition [Palais and Smale 1964].
So µk is finite for all k, and the weak Morse inequalities say that µk ≥ bk for all
k. The function Ep is called perfect if µk = bk for all k.

We will prove in Section 2 that, if N = R
n or Sn, a submanifold φ : M → N

is taut if and only if the energy functional Ep : P (N, φ×p) → R is perfect for
generic p ∈ N . This leads to a natural generalization of the notion of a taut
immersion into any complete Riemannian manifold N , namely:

Definition 1.1. An immersion φ : M → N of (N, g) is called taut if the energy
functional Ep : P (N, φ×p) → R is perfect for every p in N that is not a focal
point of M . In particular, a point q ∈ N is called a taut point if {q} is a taut
submanifold of N , that is, if Ep : P (N, q×p) → R is perfect for every p ∈ N

that is not conjugate to q along some geodesic.
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Taut immersions of M in Sn can also be defined in terms of the lower bound of
volumes of certain images under the endpoint map. In fact, if M is an immersed
submanifold of Sn then

vol(νk(M)) ≥ bk(M) vol(Sn)

for all k, and the equalities hold if and only if M is taut in Sn , where νk(M)
is the set of v ∈ ν(M) such that the foot point of v is a nondegenerate critical
point of fexp(v) with index k and νk(M) is equipped with the metric induced
from N via η. A similar statement is true for an immersion φ : M → N if
N is a Riemannian manifold with finite volume: vol(νk(M)) ≥ bk vol(N), and
the equalities hold if and only if M is taut. Here bk is the k-th Betti number
of P (N, φ×p) and νk(M) is the set of v ∈ ν(M) such that γ(t) = exp(tv) is a
nondegenerate critical point of Eexp(v) with index k.

Before we explain our results concerning taut immersions into arbitrary com-
plete Riemannian manifolds, we review some fundamental properties of taut
immersions in Rn:

(1) A taut immersion is an embedding.
(2) Ozawa’s theorem: If M is a taut submanifold in Rn and a ∈ Rn is a focal

point of M then fa : M → R is a perfect Morse–Bott function. By a Morse–
Bott function we mean a function with the property that every connected
component of the set of critical points is a nondegenerate critical submanifold.

(3) A distance sphere in Rn is taut, and conversely a taut immersion of Sn−1

into Rn must be a distance sphere.
(4) Orbits of the isotropy representation of a symmetric space (s-representation)

are taut in Euclidean space. Modeled on these orbits, isoparametric and
weakly isoparametric submanifolds of Rn are introduced and shown to be
taut [Terng 1985; 1987; Hsiang et al. 1988]. Recall that a submanifold of Rn

is isoparametric [Harle 1982; Carter and West 1985; Terng 1985] if its normal
bundle is flat and the principal curvatures along any parallel normal field are
constant. A submanifold of Rn is called weakly isoparametric [Terng 1987] if
its normal bundle is flat, the principal curvatures along any parallel normal
field have constant multiplicities, and the lines of curvatures are standard
circles. In fact, principal orbits of s-representations are isoparametric, and
isoparametric submanifolds are weakly isoparametric.

The goal of this paper is to investigate whether a taut immersion of M into an
arbitrary Riemannian manifold has the above properties. We will explain our
results item by item:

Property (1): It will be proved in section 2 that if N is simply connected
and φ : M → N is a taut immersion, then φ is an embedding. If N is not
simply connected, φ may have self-intersections. For example, let N be a flat n-
dimensional torus and r > 0 a number slightly bigger than the injectivity radius.
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Then the restriction of the exponential map at a point p ∈ Tn to the sphere of
radius r gives a taut immersion of Sn−1 into Tn with self-intersections.

Property (2): We prove an analogue of Ozawa’s theorem in Section 2: If φ :
M → N is taut then for any focal point p of M in N the energy functional Ep is
a perfect Morse–Bott function on P (N, φ×p). This is a very useful tool for the
study of taut immersions because it allows us to use Kuiper’s top set technique
and Bott’s technique of using the critical submanifolds of Ep to obtain geometric
and topological properties of M and N .

Property (3): Assume that N is an n-dimensional simply connected, complete
Riemannian manifold that is not a rational homology sphere. We prove in Section
6 that if Sn−1 is a taut hypersurface in N and Sn−1 is null-homotopic, then
Sn−1 is a distance sphere. In particular, a null-homotopic taut Sn−1 in a simply
connected symmetric space Nn is a distance sphere.

We also prove that the distance sphere of radius r centered at p is taut in N
if and only if p is a taut point of N . So the question whether a distance sphere
centered at p in N is taut is equivalent to the question whether p is a taut point
in N .

It is obvious that for Rn and Sn all points are taut. The questions we study
in Section 6 are: Is every point of N taut? Is there some taut point in N?
The answers are definitely no for both questions for an arbitrary Riemannian
manifold N , because if p is a taut point of N then Ep is perfect on the loop
space Ω(N) = P (N, p×p). This gives a lot of restrictions on the structure of
conjugate points of p. But there are many Riemannian manifolds for which all
points are taut. For example, we will prove that all points in symmetric spaces
and Blaschke manifolds are taut. Roughly speaking, a simply connected manifold
N is Blaschke at a point p if the conjugate point data of geodesics starting in
p is the same as that of a compact rank one symmetric space. In particular, if
N is Blaschke at p then there exist l > 0 and an integer a such that the first
conjugate point along any geodesic ray at p occurs at length l with multiplicity
a [Besse 1978]. N is called a Blaschke manifold if it is Blaschke at every point.
For example, a simply connected rank-one symmetric space is Blaschke. In fact,
a = n − 1 for Sn, a = 1 for CPm with n = 2m, a = 3 for HPm with n = 4m
and a = 7 for CaP2 with n = 16. (Here HPm is the quaternionic projective
space and CaP is the Cayley plane.) Notice that if N is a compact, simply
connected rank-one symmetric space then the first three nonzero Betti numbers
of Ω(N) = P (N, p×p) are b0, ba, ba+n−1, and they are all equal to 1.

So the following questions arise naturally: What can one say about the ge-
ometry and topology of a Riemannian manifold with all points taut? We have
some results concerning this question:

(i) If the first three nonzero Betti numbers of the loop space Ω(N) of the compact
Riemannian manifold N are b0, ba, ba+n−1, and they are equal to 1 for some
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1 ≤ a ≤ n − 1 and N has a taut point p, then N is Blaschke at p. So it
follows from a theorem of Warner [1967] that homologically N is a rank-one
symmetric space.

(ii) If the loop space of N is as in (i) and all points of N are taut then N

is Blaschke. By work of Sato [1984] and Yang [1990], it follows that N is
homeomorphic to a compact rank-one symmetric space.

(iii) If g is a Riemannian metric on Sn such that all points are taut then g must
be the standard metric.

(iv) If g is a Riemannian metric on the n-torus Tn such that all points are taut
then (Tn, g) is flat.

Property (4): An isometricG-action is called hyperpolar if there exists a closed,
flat submanifold Σ that meets every G-orbit and meets orthogonally at every
intersection point. Using results from [Bott and Samelson 1958; Conlon 1971],
it follows that orbits of a hyperpolar action are taut. In fact, the isotropy
representations of symmetric spaces are essentially all the hyperpolar actions on
Euclidean spaces [Dadok 1985]. There are many hyperpolar actions on symmetric
spaces. Hence there exist many homogeneous taut submanifolds in symmetric
spaces.

A principal orbit of a hyperpolar action on a symmetric space N has flat
normal bundle and its focal data is invariant under the parallel translation with
respect to the induced normal connection. Motivated by these orbit examples, we
introduced equifocal and weakly equifocal submanifolds in compact symmetric
spaces, and proved that they are again taut [Terng and Thorbergsson 1995].
Recall that a submanifold M of a compact symmetric space N is called equifocal
if the normal bundle is flat and abelian and the focal data is invariant under
normal parallel translations. M is called weakly equifocal if the normal bundle is
flat and abelian, the multiplicity of the k-th focal point along the normal geodesic
ray exp(tv(x)) is independent of x ∈M for a parallel normal field v, and the focal
radius on a focal leaf of multiplicity one is constant. It was proved in [Terng and
Thorbergsson 1995] that principal orbits of a hyperpolar action are equifocal, and
equifocal submanifolds share many of the geometric and topological properties
of the principal orbits of hyperpolar actions. It follows from the definitions that
equifocal submanifolds are weakly equifocal.

A hypersurface M in Rn is Dupin if all its lines of curvatures are standard
circles, and is proper Dupin if it is Dupin and all its principal curvatures have
constant multiplicities. Pinkall [1986] proved that taut hypersurfaces are Dupin,
and Thorbergsson [1983] proved that proper Dupin hypersurfaces are taut. In
this paper, we also define a notion of Dupin submanifold in an arbitrary complete
Riemannian manifold. We generalize the above results to symmetric spaces.

This is the beginning of our project on taut immersions into a complete Rie-
mannian manifold. We have obtained some basic results, but many interesting
questions remain open.
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Our paper is organized as follows: In Section 2, we give general results con-
cerning taut immersions into a complete Riemannian manifold N obtained from
Morse theory. In Section 3, we review results on taut submanifolds that are
orbits of some isometric actions. In Section 4, we review results on equifocal
and weakly equifocal submanifolds in symmetric spaces, and their relation to
tautness. In Section 5, we study Dupin submanifolds in complete Riemannian
manifolds and submanifolds in Hilbert spaces. In Section 6, we study manifolds
with taut points and taut spheres. In the Appendix, we use infinite-dimensional
Morse theory to prove some of the results in Section 2.

2. Taut Immersions

In this section, we will prove that our new Definition 1.1 is equivalent to the
original definition of tautness if the ambient space isRn and Sn . If φ : M → N is
taut and the ambient space N is simply connected, or more generally if the path
space P (N, φ×p) is connected, then we will show that φ is injective. We will
also prove an analogue of Ozawa’s theorem for taut immersions into arbitrary
Riemannian manifolds. It will again turn out in our more general situation that
this result is one of the most important tools in dealing with taut submanifolds,
see in particular Section 6.

We start with two propositions that prove that the two definitions of tautness
are equivalent when the ambient space isRn or Sn . We may assume that the sub-
manifolds are embedded because a taut immersion inRn or Sn is an embedding
under either definition (see Theorem 2.5 for the case of the new definition).

Proposition 2.1. Let M be a submanifold of Rn and let a ∈ Rn. Then

(i) P (Rn, M×a) is homotopy equivalent to M , and
(ii) M is taut in Rn with respect to the original definition if and only if M is

taut in Rn with respect to the new definition.

Proof. Given b ∈ Rn, let lb(t) = (1 − t)b + ta denote the line segment joining
b to a. Then φ(γ) = lγ(0) defines a deformation retract of P (Rn, M×a) to
M∗ = {lx : x ∈M}, which is diffeomorphic to M . This proves (i). To prove (ii),
we note that Ea(lx) = ‖x− a‖2 = fa(x) and γ is a critical point of Ea of index
k if and only if γ(0) is an index k critical point of fa. �

Proposition 2.2. Let Mm be a submanifold of Sn , set M̃ = P (Sn, M×p), and
let bk be the k-th Betti number of M . Then

(i) the Poincaré polynomial of M̃ is( m∑
j=0

bjt
j

)( ∞∑
k=0

tk(n−1)

)
;

(ii) M is taut in Sn with respect to the old definition if and only if M is taut in
Sn with respect to the new definition.
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Proof. Let π : P (Sn, Sn×p) → Sn denote the projection π(γ) = γ(0), and
take p0 ∈ Sn \M . Then Sn \ {p0} is contractible, which implies that π is trivial
over Sn \ {p0}. So

M̃ = π−1(M) 'M × π−1(p0) = M × P (Sn, p0×p0).

Now (i) follows since the Poincaré polynomial for P (Sn, p0×p0) is
∑∞

k=0 t
k(n−1)

[Milnor 1963].
It is known that q ∈ M is a critical point of fp for p ∈ Sn, where fp is a

squared spherical distance function, if and only if there exists v ∈ ν(M) such
that ‖v‖ < π and p = expq(v). Given a critical point q of fp, of index k, and a
natural number j, let γq,j denote the geodesic starting from q by going j times
around the normal circle in the direction of v and then continuing to p. Then
γq,j is a critical point of Ep with index k+ j(n−1). Moreover, all critical points
of Ep arise this way. By (i), this proves that the number of index r critical points
of Ep is equal to br(M̃), which proves (ii). �

Hence there is no ambiguity in the definition of taut immersions, and from now
on we will always use the new definition. The following proposition follows
immediately from the definition.

Proposition 2.3. Suppose φ : M → N is a taut immersion, and that f : N →
N is an isometry . Then f ◦ φ : M → N is also a taut immersion.

Note that the set of focal points of M in N has measure zero and Ep has at
least bk(P (N, φ×p)) critical points of index k if p is not a focal point of M in
N . Hence the following proposition is an easy consequence of the definition.

Proposition 2.4. Let φ : M → N be an immersion, η : ν(M) → N the
endpoint map, and let νk(M) denote the set of v ∈ ν(M) such that γ(t) = exp(tv)
is a nondegenerate critical point of index k of Eexp(v). If N has finite volume,
then

vol(νk(M)) ≥ bk vol(N),

where bk is the k-th Betti number of P (N, φ×p) and νk(M) is equipped with the
metric induced from N via η. Moreover , equality holds for all k if and only if
M is taut .

Theorem 2.5. Suppose φ : M → N is a taut immersion. If P (N, φ×p) is
connected , then φ is injective. In particular , if N is simply connected and M

connected , then φ is injective.

Proof. Assume that P (N, φ×p) is connected and that φ is not injective. Then
there is a ball Bε(p) in N such that φ−1(Bε(p)) is disconnected. We can choose
p such that Ep is a Morse function. It follows that Ep has at least two critical
points of index zero. This implies that Ep is not perfect, since P (N, φ×p) being
connected implies that the Betti number b0 is equal to one. This is a contradic-
tion, so φ is injective. The homotopy sequence of the fibration P (N, φ×p) →M ;
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(q, γ) → q implies that P (N, φ×p) is connected if N is simply connected and M
connected. �

Remark 2.6. We will show in Section 6 that if N is a complete Riemannian
manifold without conjugate points then exp : Sr(0) → N is taut for every r > 0,
where Sr(0) is the sphere in TMp centered at 0 with radius r. If N is not simply
connected we will thus have noninjective taut immersions of spheres into N .
Notice that P (N, φ×p) can be connected, although N is not simply connected.
An example is given by letting M be a projective subspace of N = RP n and φ

the inclusion.

To simplify the notation we will often let Mp denote the path space P (N, φ×p),
where φ : M → N is an immersion and p ∈ N . We also set

Mr
p = {(q, γ) ∈Mp : Ep(q, γ) ≤ r},

Mr−
p = {(q, γ) ∈Mp : Ep(q, γ) < r}.

We will denote the set of regular values of Ep by R(Ep).
Before we state the next proposition we review some well-known facts from

Morse theory. Let us assume that p ∈ N is not a focal point of the immersion
φ : M → N . Then Ep is a Morse function. Let κ be a critical value of Ep and
ε > 0 so small that (κ−ε, κ) ⊂ R(Ep). Then we have

Hk(Mκ
p ,M

κ−ε
p ) = Z

i
2,

where i is the number of critical points of Ep with index k and value κ. The
nonzero homology classes of Hk(Mκ

p ,M
κ−ε
p ) can be represented by the local un-

stable manifolds of the critical points of Ep with index k and value κ. We will
think of the local unstable manifolds as maps of k-dimensional closed disks with
boundaries below the level κ− ε.

Now assume that φ : M → N is a taut immersion. Then Ep is a perfect Morse
function and the maps

Hk(Mκ−ε
p ) → Hk(Mκ

p) and Hk(Mκ−
p ) → Hk(Mκ

p )

are injective for all k. It follows from the homology sequence that

Hk(Mκ
p) → Hk(Mκ

p ,M
κ−ε
p )

is surjective for all k. Hence there is for every unstable manifold U of a critical
point of Ep with index k and value κ a k-cycle z in Mκ

p that is homologous to U
inMκ

p moduloMκ−ε
p . By choosing ε smaller if necessary we can deform z into U

in a Morse coordinate chart. We have thus seen that the local unstable manifold
U can be completed to a cycle z in Mκ

p . It is clear that such a z cannot be
homologous within Mκ

p to a cycle in Mκ−
p since it maps onto a nontrivial cycle

U in Hk(Mκ
p ,M

κ−
p ) = Hk(Mκ

p ,M
κ−ε
p ). Notice also that z cannot be homologous

within Mp to a cycle in Mκ−
p since the maps Hk(Mκ−

p ) → Hk(Mκ
p) → Hk(Mp)

are injective and the class of z does not lie in the image of the first map.
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In the next proposition we prove that these remarks hold true at a nondegen-
erate critical point even if Ep is not a Morse function.

Proposition 2.7. Let N be a Riemannian manifold and φ : M → N a taut
immersion. Let p be a point in N and (q, γ) ∈ Mp a nondegenerate critical point
of Ep. Then the local unstable manifold at (q, γ) can be completed to a cycle z
in Mκ

p , where κ = Ep(q, γ). Furthermore, if V is a Morse chart around (q, γ),
the cycle z is not homologous within Mκ

p ∪ V to any cycle in Mκ−
p .

Proof. Let k denote the index of (q, γ). Since (q, γ) is a nondegenerate critical
point there is a closed neighborhood U of p in N and differentiable functions
U → M taking r to qr and U → TM taking r to vr such that (qp, γp) = (q, γ)
and (qr, γr) lies in Mr and is a nondegenerate critical point with index k of Er,
where γr(t) = exp tvr. There is a differentiable map Φ : U ×Bk → P (N, N×N)
such that Ur := Φ(r, Bk) is a local unstable manifold in Mr of Er at (qr, γr)
where Bk is a closed k-dimensional Euclidean ball.

By choosing U smaller if necessary, we can find an ε > 0 such that the
boundaries of the unstable manifolds Ur of Er at (qr, γr) lie below the κ − ε

level of Er for all r ∈ U . Set κ(r) = Er(qr, γr). Again by choosing U smaller if
necessary, we can assume that κ(r) > κ− ε.

Let Fr : Mr → Mp be the map that sends (s, f) to (s, f̃), where f̃ is the
curve that one gets by adding the geodesic from r to p on f and then linearly
reparametrizing so that it is still parametrized on [0, 1]. By choosing U smaller
if necessary we can assume that Fr(Mκ−ε

r ) ⊂ M
κ−ε/2
p . Again by choosing U

smaller if necessary we can assume that Fr(Ur) lies in Mκ
p ∪ V for all r ∈ U

where V is some fixed Morse coordinate chart around (q, γ).
Now notice that there is a point s in every neighborhood of p such that Es

is a Morse function. Let s be such a point in U . Then by the observations
before this proposition there is a cycle z̃ in Mκ(s)

s that agrees with the unstable
manifold Us above the Es-level κ− ε. Then Fr(z̃) is a cycle in Mκ

p ∪ V that can
be deformed within the Morse chart V into a cycle z in Mκ

p that agrees with Up

above the Ep-level κ − ε/2. It follows that the homology class of z maps into
the nontrivial homology class of Up in Hk(Mκ

p ,M
κ−
p ) under the map induced by

the inclusion. Notice that there is a deformation retraction of Mκ
p ∪ V onto Mκ

p .
It follows that z cannot be homologous within Mκ

p ∪ V to a class in Mκ−
p . This

finishes the proof of the proposition. �

We now come to the generalization of the theorem of Ozawa [1986] on the dis-
tance functions of taut submanifolds in Euclidean spaces and in spheres. In the
proof we will use the main idea of [Ozawa 1986].

Theorem 2.8. Let N be a Riemannian manifold and φ : M → N a taut
immersion. Then for every p ∈ N the energy functional Ep : P (N, φ×p) → R

is a Morse–Bott function.
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Proof. We will assume that M is embedded and work with P (N, M×q) instead
of P (N, φ×q) to simplify the notation. The general case does not require any
new ideas.

We will work with finite-dimensional approximations of the path spaces Mr−
p

as in [Milnor 1963]. Let r > 0 be some positive number. Let i(N) denote the
injectivity radius of N . Let n be a natural number greater than r/i(N)2. We
denote by Pp = Pp(r, n) the space of continuous curves γ : [0, 1] → N that start
in M and end in p and have the property that γ | [(j−1)/n, j/n

]
is a geodesic

of length less than i(N) for all j = 1, . . . , n. Then Ep(γ) < r. Notice that Pp is
a finite-dimensional open manifold. We denote its dimension by d.

There is a deformation retraction of Mr−
p onto Pp [Milnor 1963]. The critical

points of Ep in Mr−
p are of course contained in Pp. Conversely, if γ is a critical

point of the restriction of Ep to Pp, then it is also a critical point of Ep on
Mr−

p . Their indices and nullity in Pp are the same as in Mr−
p . A connected

component of the set of critical points in Mr−
p is nondegenerate if and only if it

is nondegenerate in Pp.
Let γ be a geodesic in Pp whose index as a critical point of Ep we denote by i.

We assume that the nullity of γ as a critical point is n0 > 0. This means that p
is a focal point of M along γ.

We now start following the arguments in [Ozawa 1986]. There are coordinates
x = (x1, . . . , xd) around γ in Pp such that

Ep(x) = Ep(γ) − x2
1 − · · · − x2

i + x2
i+1 + · · ·+ x2

d−n0
+O(‖x‖3)

in these coordinates and γ corresponds to 0.
For c = (c1, . . . , cn0) we set

A(c) = {xd−n0+j = cj for all j = 1, . . . , n0}.

Then the function Ep |A(c) has a nondegenerate critical point of index i in (0, c)
with value Ep(0, c) = Ep(γ) + O(‖(0, c)‖3). We set κ = E(γ) and κc = Ep(0, c).

Our goal is to show that κc = κ for c small. It then follows that (0, c) is a
critical point of Ep and hence that γ lies in a nondegenerate critical submanifold
of dimension n0. We do this in two steps. First we show that κc ≤ κ for c small.
Then we prove that κc ≥ κ for c small.

We introduce the stable and unstable manifolds of Ep |A(c) at (0, c) before
we start with the proof of the two steps explained above.

We can parametrize the family of local stable manifolds of Ep |A(c) at (0, c)
by a differentiable map Φ into Pp depending on c and the elements of a closed
ball Br(0) in Rd−n0−i. We set Sc = Φ(c, Br(0)). Then Sc ∈ A(c) is the stable
manifold of Ep |A(c) at (0, c).

Similarly we parametrize the family of local unstable manifolds of Ep |A(c)
at (0, c) by a differentiable map Ψ depending on c and the elements of a closed
ball Br(0) in Ri. We set Uc = Ψ(c, Br(0)).
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We will use the notation Ps
p for the set of curves in Pp with Ep-value less

than or equal to s and Ps−
p for the set of curves in Pp with Ep-value strictly less

than s.
We choose ε > 0 and δ > 0 so small that we have the following situation:

‖c‖ ≤ δ implies that the local stable manifold Sc in A(c) is a nontrivial cycle in
(Pp − Pκc−ε

p ) ∩ A(c) mod (Pp − Pκc+ε
p ) ∩A(c). This means that Ep is strictly

greater than κc + ε on ∂Sc. By choosing δ smaller if necessary we can assume
that ‖c‖ ≤ δ implies that Ep is strictly greater than κ+ ε on ∂Sc.

Furthermore, we assume ε and δ chosen such that the local unstable manifold
Uc in A(c) is a nontrivial cycle in Pκc+ε

p ∩ A(c) mod Pκc−ε
p ∩ A(c). This

means that Ep is strictly smaller than κc − ε on ∂Uc. After choosing δ smaller
if necessary, we can assume that Ep is strictly smaller than κ− ε on ∂Uc.

We can now begin the proof of the two cases.
(i) We continue the geodesic γ beyond p to a geodesic γ̃ defined on [0, 1+t0],

where t0 > 0 is so small that there is no focal point of M between p and q :=
γ̃(1 + t0) and the length of γ̃ between (n− 1)/n and 1 + t0 is less than i(N), the
injectivity radius of N . Denote by P̃q = P̃q(r, n) the path space defined as above
except that curves are parametrized between 0 and 1 + t0 instead of between
0 and 1 (but still with breaks at 1/n, . . . , (n − 1)/n). The dimension of P̃q is
equal to that of Pp, which was denoted by d. We assume that t0 is so small that
γ̃ ∈ P̃q .

Notice that γ̃ is a nondegenerate critical point of Eq of index i + n0. By
tautness, the local unstable manifold of Eq at γ̃ can be completed to a cycle z
in P̃q under the Eq(γ̃)-level; see Proposition 2.7.

Now we make a further restriction on t0. We assume it is so small that f̃ ∈ P̃q

for every f ∈ Sc with ‖c‖ ≤ δ, where f̃ is the path we get by replacing the
segment f | [(n−1)/n, 1] of f by the geodesic segment between f((n− 1)/n) and
q parametrized on the interval [(n−1)/n, 1+t0]. This gives us a differentiable
map of Sc into P̃q that is also differentiable in the parameter c. We denote the
images by S̃c.

By choosing t0 smaller if necessary we can arrange that the boundaries of S̃c

for all ‖c‖ ≤ δ have Eq-values strictly above κ+ ε and that κ+ ε > Eq(γ̃). For
t0 small enough we have that Eq | S̃0 has a nondegenerate absolute minimum in
γ̃ and the absolute minimum is not reached in any other point. It follows that
the intersection number of z and the relative cycle S̃0 mod P̃q − P̃κ+ε

q is equal
to one. (Notice that the dimensions of z and S̃0 are complementary).

Now assume that there is a c0 with ‖c0‖ ≤ δ such that κc0 > κ. Again by
choosing t0 smaller if necessary we can assume that Eq is strictly larger than
Eq(γ̃) on S̃c0 . Let c(t) be a path between 0 and c0 such that ‖c(t)‖ ≤ δ. Then
S̃c(t) gives a homotopy between the cycles S̃0 and S̃c0 keeping the boundaries
above the Eq-level κ + ε. The intersection number of z and S̃c0 is equal to 0.
This is a contradiction. It follows that κc ≤ κ for all ‖c‖ < δ.



TAUT IMMERSIONS INTO COMPLETE RIEMANNIAN MANIFOLDS 193

(ii) We now let γ̃ denote the restriction of the geodesic γ to the interval
[0, 1−t0], where t0 > 0 is so small that there is no focal point of M between
q := γ(1 − t0) and p. Denote by P̃q = P̃(r, n) the path space defined as above
except that curves are parametrized between 0 and 1 − t0 instead of between
0 and 1 (but still with breaks at 1/n, . . . , (n − 1)/n; that is, we also assume
t0 < 1/n). Notice that the dimension of P̃q is again equal to d and that γ̃ ∈ Pq

and that γ̃ is a nondegenerate critical point of Eq with index i.
As above we make further restrictions on t0. We assume it is so small that

f̃ ∈ P̃q for every f ∈ Uc with ‖c‖ < δ, where f̃ is the path we get by replacing the
segment f | [(n−1)/n, 1] of f by the geodesic segment between f((n− 1)/n) and
q parametrized on the interval [(n−1)/n, 1−t0]. This gives us a differentiable
map of Uc into P̃q that is also differentiable in the parameter c. We denote the
images by Ũc.

By choosing t0 smaller if necessary we can arrange that the boundaries of Ũc

for all ‖c‖ ≤ δ have Eq-values strictly below κ− ε and that κ− ε < Eq(γ̃). For
t0 small enough we have that Eq | Ũ0 has a nondegenerate absolute maximum
in γ̃ and that Eq | Ũ0 does not have any further critical points. It follows that
Ũ0 is homologous to the unstable manifold of Eq at γ̃ mod P̃κ−ε

q . Proposition
2.7 now implies that Ũ0 can be completed to a cycle z below the Eq level κ− ε

and that z is not homologous within P̃κ̃
q ∪ V to any cycle strictly below the level

κ̃ := Eq(γ̃), where V is some Morse chart around γ̃; see Proposition 2.7.
We now fix a Morse chart V around γ̃. By choosing δ smaller if necessary, we

can assume that Ũc lies in P̃κ̃
q ∪ V for all ‖c‖ ≤ δ.

We now assume that there is a c0 with ‖c0‖ ≤ δ such that κc0 < κ. By
choosing t0 smaller if necessary we can assume that Eq is strictly smaller than
Eq(γ̃) on Ũc0 . Let c(t) be a path between 0 and c0 such that ‖c(t)‖ ≤ δ. Then
Ũc(t) gives a homotopy between the cycles Ũ0 and Ũc0 keeping the boundaries
below the Eq level κ − ε. This induces a homotopy of z within P̃κ̃

q ∪ V that
deforms z below the Eq-level Eq(γ̃). This contradicts Proposition 2.7. It follows
that κc = κ for all ‖c‖ < δ, thus finishing the proof. �

Theorem 2.9. Let φ : M → N be a taut immersion. Then, given any p ∈ N ,
the map between the homology groups

H∗(Mr
p) → H∗(Mp)

induced by the inclusion of Mr
p into Mp is injective for all r ≥ 0. In particular ,

the energy function Ep is a perfect Morse–Bott function.

Proof. If Ep is a Morse function, it is perfect by the definition of tautness,
and the claim of the theorem follows by standard Morse theory (see the remarks
before Proposition 2.7). We therefore assume that Ep is not a Morse function.
Then it is a Morse–Bott function by Theorem 2.8. We have to show that it
is a perfect Morse–Bott function. Now assume that H∗(Mr

p) → H∗(Mp) is not
injective. Let z be a nontrivial cycle in Mr

p that is homologous to zero in Mp.
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Let w be a chain in Mp such that ∂w = z. Let q be a point close to p such that
Eq is a Morse function. Let Fp : Mp →Mq be the map that sends (r, γ) ∈Mp to
(r, γ̃), where γ̃ is the curve we get by adding onto γ the geodesic segment between
p and q and then reparametrizing it between 0 and 1. We define Fq : Mq →Mp

similarly. It follows, since Ep is a Morse–Bott function, that the critical levels
of Ep are isolated. We assume that q is so close to p that there is an ε > 0 such
that (r, r+3ε) ⊂ R(Ep) and Fp(Mr

p) ⊂Mr+ε
q and Fq(Mr+ε

q ) ⊂Mr+2ε
p . There is

an obvious continuous deformation of Fq(Fp(γ)) into γ since these curves only
differ up to parametrization by paths that go back and forth between p and q.
We assume that q is so close to p that the deformation of Fq(Fp(Mr

p)) into Mr
p

takes place within Mr+3ε
p . Now let z̃ = Fp(z) and w̃ = Fp(w). Since z̃ = ∂w̃, we

see that z̃ is homologous to zero in Mp. The injectivity of H∗(Mr+ε
q ) → H∗(Mq)

implies that there is a chain ỹ in Mr+ε
q such that z̃ = ∂ỹ. Set y = Fq(ỹ).

Notice that y lies in Mr+2ε
p . Notice also that Fq(z̃) and z are homologous within

Mr+3ε
p . It follows that z is homologous to zero in Mr+3ε

p since ∂y = Fq(z̃), and
z and Fq(z̃) are homologous in Mr+3ε

p . This is a contradiction since Mr
p is a

deformation retract of Mr+3ε
p . This finishes the proof of the theorem. �

Corollary 2.10. Suppose (N, g) is a simply connected complete Riemannian
manifold , and M is a connected taut submanifold of N . If γ0 is an index 0
critical point of Ep with nullity k on P (N, M×p) then Ep(γ0) is the absolute
minimum of Ep, and C = E−1

p (Ep(γ0)) is a connected k-dimensional critical
submanifold of Ep.

3. Variationally Complete and Polar Actions

Definition 3.1. Let G act on a complete Riemannian manifold N isometri-
cally. A Jacobi field J is called G-transversal if it is the variational field of a
family of geodesics that are perpendicular to the orbits. The G-action is called
variationally complete if any G-transversal Jacobi field that is tangent to orbits
at two points is the restriction of some Killing field on N induced by the action.

One of the main results (Theorem I) of the paper [Bott and Samelson 1958],
reformulated in our terminology, is the following theorem:

Theorem 3.2. Suppose G acts on N by isometries, and the G-action is varia-
tionally complete. Then the orbits of G are taut .

Let (G,K) be a symmetric pair, and let G = K⊕P be the corresponding Cartan
decomposition. There are three natural actions associated to the symmetric pair:

(i) K acts on G/K by g · (hK) = (gh)K.
(ii) The adjoint representation of G on G restricted to K leaves P invariant. So
K acts on P by Ad(K), which is also the isotropy representation of G/K at
eK.

(iii) The group K ×K acts on G by (k1, k2) · g = k1gk
−1
2 .
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Bott and Samelson apply the preceding theorem to symmetric spaces to prove
the next result [Bott and Samelson 1958, Theorem II]:

Theorem 3.3. Let (G,K) be a symmetric pair , and let G = K ⊕ P be the
corresponding Cartan decomposition. Then the action of K×K on G, the action
of K on G/K, and the action of K on P are variationally complete. Hence the
orbits of these actions are taut .

Bott had earlier [1956] proved important special cases of this theorem. The action
of a compact Lie group G on itself by conjugation is variationally complete, and
the same is true for the adjoint representation of G on its Lie algebra G. In these
two cases everything is much simpler and one does not really need Theorem 3.2
to prove the tautness of the orbits because all indices of critical points are even
in these cases.

Let G be a compact Lie group equipped with a bi-invariant metric, and L a
closed subgroup of G×G. Then L acts on G isometrically by (g1, g2)·g = g1gg

−1
2 .

Hermann [1960] generalized the first part of Theorem 3.3 as follows:

Theorem 3.4. Let (G,H) and (G,K) be two symmetric pairs of the compact
Lie group G. Then the action of H ×K on G and the action of H on G/K are
variationally complete.

Conlon [1971] found a geometric condition on isometric actions that implies
variational completeness. We will use a terminology that differs somewhat from
his.

Definition 3.5 [Palais and Terng 1987]. Let G be a compact Lie group acting
on the complete Riemannian manifold N by isometries. The G-action on N is
said to be polar if there is a closed submanifold Σ of N that meets all orbits of
G, and every intersection between Σ and an orbit is perpendicular. Such Σ is
called a section. If the section is flat, the action is said to be hyperpolar.

It is easy to see that sections of a polar action are totally geodesic [Palais and
Terng 1987]. So polar actions on flat Riemannian manifolds are hyperpolar.

Theorem 3.6 [Conlon 1971]. A hyperpolar action is variationally complete.

Corollary 3.7. The orbits of hyperpolar actions are taut .

Remark 3.8. All the variationally complete examples in Theorem 3.3 and 3.4
are hyperpolar.

Example 3.9 [Heintze et al. 1995]. Recall that the cohomogeneity of a G-action
on N is defined to be the codimension of the principal orbits. If an isometric
G-action on N is of cohomogeneity one and the normal geodesics of principal
orbits are closed, then the G-action is hyperpolar. Now suppose G/K is a rank-2
symmetric space, G = K + P is the corresponding Cartan decomposition, and
the dimension of G/K is n. Then the K action on P leaves the unit sphere Sn−1
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of P invariant, and the induced action of K on Sn−1 is hyperpolar. Moreover,
the action of K × SO(n − 1) on SO(n) is also hyperpolar. These examples of
hyperpolar actions are different from those given in Theorem 3.3 and 3.4.

The following three problems arise naturally in the study of taut orbits in sym-
metric spaces:

Problem 3.10. Classify all cohomogeneity one actions on symmetric spaces.

Problem 3.11. Classify all hyperpolar actions on symmetric spaces.

Problem 3.12. Classify all taut orbits in symmetric spaces.

When the symmetric space N is Rn or Sn, Problem 3.11 is solved by Dadok’s
Theorem [Dadok 1985]. In fact, he proved that if ρ : H → SO(n) is polar then
there exist a symmetric space G/K and a linear isometry A : Rn → P such
that A maps H-orbits onto K-orbits, where G = K ⊕ P is the corresponding
Cartan decomposition. When the symmetric space N is the hyperbolic space
Hn, Problem 3.11 is solved by Wu [1992].

Although there exist many examples, Problems 3.10 and 3.11 are far from
being solved for general symmetric spaces. Next we explain the reduction of
these problems to problems concerning Lie algebras. To explain this, we note
that, since the group of isometries of a simply connected, compact symmetric
space G/K is G, to classify hyperpolar actions on G/K it suffices to find all
closed subgroups H of G such that the action of H on G/K is hyperpolar.
It was proved in [Heintze et al. 1995] that for a closed subgroup H of G, the
action of H on G/K is hyperpolar if and only if the action of H × K on G is
hyperpolar. So to classify hyperpolar actions on compact symmetric spaces, it
suffices to classify hyperpolar actions on simply connected, compact Lie groups.
In fact, this was further reduced to a problem on Lie algebras:

Theorem 3.13 [Heintze et al. 1995]. Let G be a simply connected , compact
Lie group equipped with the bi-invariant metric defined by the negative of the
Killing form on G, and let H be a closed subgroup of G×G. Then the following
statements are equivalent :

(i) The H-action on G is hyperpolar .
(ii) g−1

0 ν(H · g0) is abelian for some principal orbit H · g0.
(iii) There exists g0 ∈ G such that the orthogonal complement of

{g0xg−1
0 − y : (x, y) ∈ H}

is an abelian subalgebra of G.

The problem of finding all H satisfying condition (iii) is still unsolved. For
further results on hyperpolar actions, see [Alekseevskĭı and Alekseevsk̆ı 1992;
1993; Heintze et al. 1994; 1995].

Problem 3.12 is not even solved for Rn. In fact, it is not known what all
the variationally complete actions on Rn are. Proposition 2.10 of [Terng 1991]
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asserted that an isometric action of G on Rn is variationally complete if and only
if it is polar, but this must now be regarded as unproven: The proof depended
on the main theorem of [Carter and West 1990], which stated that a totally
focal submanifold of Rn is isoparametric, and which in turn is unsettled by the
recent discovery of a gap in the demonstration of Theorem 5.1 of the same paper.
(A submanifold M of Rn is totally focal if η−1(C) consists of all critical points
of the endpoint map η : ν(M)→ R

n, where C is the set of all singular values of
η. In other words, M is a totally focal submanifold of Rn if for any a ∈ Rn the
critical points of the distance squared function fa are either all nondegenerate
or all degenerate.)

Example 3.14. There are examples of orthogonal representations all of whose
orbits are taut although the representations are neither polar nor variationally
complete. For example, the orbits of the action of SO(n) on Rn × Rn, for
n ≥ 3, defined by g · (v, w) = (gv, gw) are all taut by arguments as given in
[Pinkall and Thorbergsson 1989]. First note that principal orbits of this action
are diffeomorphic to the Stiefel manifold of orthonormal two-frames in Rn, and
the singular orbits are Sn−1 and 0. To prove all orbits are taut, we note:

(i) If {v, w} is orthonormal, then the SO(n)-orbit through (v, w) is the standard
embedding of the Stiefel manifold of orthonormal two-frames of Rn as a sin-
gular orbit of the isotropy representation of the symmetric space Gr(2, n). So
it is taut.

(ii) If v and w are linearly independent and v = ae1 + be2 and w = ce1 +
de2, where e1, e2 is an orthonormal two-frame, then the SO(n)-orbit M(v,w)

through (v, w) is the image of the orbit through (e1, e2) under the linear
transformation (x, y) 7→ (ax+ by, cx+ dy). Since tightness is invariant under
linear transformations and a taut submanifold in Euclidean space is tight, the
orbit M(v,w) is tight. But M(v,w) lies in a sphere, so it is taut.

(iii) If (v, w) has rank one, then the orbit M(v,w) is a standard Sn−1, hence taut.

It is proved in [Heintze et al. 1994] that a polar representation cannot have
repeated irreducible factors. So this action is not polar. To see this action is not
variationally complete, we first note that a focal submanifold of an isoparametric
submanifold is not totally focal. So M(e1,e2) is not totally focal. Now if the
action of SO(n) on R2n is variationally complete then its principal orbits must
be totally focal [Terng 1991], which then implies that M(e1,e2) is totally focal, a
contradiction.

Using a similar argument, we see that all orbits of the action of SO(n) on k
copies of Rn by g · (v1, . . . , vk) = (gv1, . . . , gvk) with k ≤ n are taut. Similar
constructions also work for other classical groups too. In fact, all orbits of k
copies of the standard representation of SU(n) with k < n on C kn are taut, and
all orbits of k (with k ≤ n) copies of the standard representation of Sp(n) on
H

kn are taut. (Here H denotes the quaternions.)
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Example 3.15. Examples of inhomogeneous isoparametric hypersurfaces in
spheres were first given in [Ozeki and Takeuchi 1975], and then in a more sys-
tematic way in [Ferus et al. 1981]. It is shown in the latter paper that there is
even an inhomogeneous isoparametric hypersurface in a sphere with a homoge-
neous focal manifoldM−. One sees easily that M− cannot be an orbit of a polar
representation. It is not difficult to show that

M− = {(u, v) ∈ H n × H n : ‖(u, v)‖ = 1 and u = αv for some α ∈ Sp(1)}.
Clearly, M− is an orbit of Sp(1)×Sp(n) acting on H n×H n by (α,A) · (u1, u2) =
(Au1, αAu2).

The above examples explain the complexity of the following open problem:

Problem 3.16. Classify all orthogonal representations all of whose orbits are
taut.

It follows from the definition of a hyperpolar action that the cohomogeneity of
such an action on a rank-k symmetric space has to be at most k. In particular,
this implies that a hyperpolar action on Sn must be of cohomogeneity one. A
polar action on Sn in general need not be variationally complete. To see this,
first we recall that the set of focal points of a principal orbit of a variationally
complete action is the set of all singular points of the action [Bott and Samelson
1958; Terng 1991]. Now suppose ρ : G → O(n) is irreducible, polar, and of
cohomogeneity k ≥ 3, and that M is a principal orbit in Sn−1. Then the action
of G on Sn−1 is polar and of cohomogeneity k− 1 ≥ 2. Moreover, τ (M) is again
a principal orbit in Sn−1, where τ : Sn−1 → Sn−1 is the antipodal map. But
τ (x) is a focal point of multiplicity k − 2 of M with respect to x for all x ∈ M .
So the set of all focal points of M as a submanifold of Sn−1 is the union of the
set of singular points and τ (M). This implies that the action of G on Sn−1 is
not variationally complete. But G-orbits are taut in Sn−1. These examples lead
us naturally to the following question:

Question 3.17. Are orbits of polar actions on a symmetric space taut?

4. Equifocal and Weakly Equifocal Submanifolds

The notions of equifocal and weakly equifocal submanifolds in symmetric
spaces were introduced in [Terng and Thorbergsson 1995]. These submanifolds
give new examples of nonhomogeneous taut submanifolds, and are geometric
analogues of the principal orbits of hyperpolar actions on symmetric spaces. In
this section, we will review some results on these submanifolds proved in [Terng
and Thorbergsson 1995].

First, we summarize some geometric and topological properties of principal
orbits of hyperpolar actions. Suppose the action of G on a compact Riemannian
manifold N is hyperpolar, and M is a principal G-orbit in N . Then [Bott and
Samelson 1958; Palais and Terng 1987] we can say that:
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(a) ν(M) is flat and has trivial holonomy. In fact, given v ∈ ν(M)p, let ṽ(g ·p) =
g∗(v). Then ṽ gives a well-defined equivariant normal vector field on M , and ṽ

is parallel with respect to the induced normal connection.

(b) exp(ν(M)x) is a closed flat submanifold of N for all x ∈M .

(c) v ∈ ν(M)p is a focal normal of multiplicity k of M with respect to p if and
only if ṽ(x) is a focal normal of multiplicity k of M with respect to x for all
x ∈M .

(d) y ∈ N is a focal point of multiplicity k of M if and only if G · y is a singular
orbit and k = dim(G · p)− dim(G · y).
(e) Let η : ν(M) → N denote the endpoint map, take v ∈ ν(M)p, and let

Mv = {η(ṽ(x)) : x ∈M}.
Then Mv = G · exp(v). Moreover, the map ηv : M →Mv defined by

ηv(x) = exp(ṽ(x)) = exp(g∗(v)) = g · exp(v)

is a fibration, and the fiber η−1
v (y) is diffeomorphic to a principal orbit of the

slice representation of G at y.
(
Recall that the slice representation at y is the

representation of Gy on ν(G · y)y defined by g ∗ v = g∗(v)
)
.

(f) A point q ∈ N is called subregular if there is no singular point x ∈ N such
that Gx ⊂ Gq and Gx 6= Gq. Suppose q = exp(v) for some v ∈ ν(M)x and q

is subregular. Then there exists an integer mq such that q is a focal point of
multiplicitymq of M with respect to all y ∈ η−1

v (q), and η−1
v (q) is diffeomorphic

to the sphere Smq . This follows since the slice representation at q is polar with
only one nontrivial orbit type.

(g) Bott and Samelson proved that Ea on P (N, M×a) is perfect for generic
a ∈ N (see Section 3). By definition, therefore, M is taut in N . They proved
this by constructing a linking cycle at every critical point of Ea. We now give
a geometric sketch of their construction. Assume that a ∈ N is not a focal
point of M and all focal points on each critical point γ of Ea on P (N, M×a)
are subregular. Let γ be a critical point of Ea, and let γ(0) = p ∈ M . Then
there exists v ∈ ν(M)p such that γ(t) = exp(tv) and γ(1) = a. Let p1 = γ(t1),
. . . , pr = γ(tr) be focal points on γ with 0 < tr < · · · < t2 < t1 < 1, and
let mi = dim(Gpi) − dim(Gp) be the dimension of η−1

tiv(pi). Now construct an
iterated sphere bundle ξr as follows:

ξr = {(g1p, g2g1p, . . . , grgr−1 · · ·g1p) : gj ∈ Gpj , 1 ≤ j ≤ r}.
Define a smooth map φ : ξr → P (N, M×a) by setting φ(y1, . . . , yr) to the curve
that restricted to the interval

[
i/n, (i+1)/n

]
is the image of γ | [i/n, (i+1)/n

]
under gi+1gi · · ·g1. The image of φ lies on a constant energy level Ea. By cutting
off corners of the broken geodesics in φ(ξr) we can deform φ(ξr) into a linking
cycle of Ea at γ, i.e., φ(ξr) a completion of a local unstable manifold at γ below
the energy level γ; see Section 2.
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We realized that at least in symmetric spaces the properties (d)–(g) only
depend on properties (a)–(c). This led us to the definition of equifocal submani-
folds as being those submanifolds of symmetric spaces that have these three
properties.

To make the definition more precise, we recall that an r-flat in a rank-k sym-
metric space N = G/K is an r-dimensional, totally geodesic, flat submanifold.
Let G = K ⊕ P be the corresponding Cartan decomposition. Then every flat
is contained in some k-flat, and every k-flat is of the form π(g exp(A)), where
g ∈ G and A is a maximal abelian subalgebra in P. If N is a compact Lie group
of rank k, then a k-flat in N is just a maximal torus. But an r-flat need not be
closed in general.

Let M be an immersed submanifold of a symmetric space N . The normal
bundle ν(M) is called abelian if exp(ν(M)x) is contained in some flat of N for
each x ∈M . It is called globally flat if the induced normal connection is flat and
has trivial holonomy.

Let v be a globally defined normal field on M , and ηv : M → N denote the
endpoint map associated to v defined by setting ηv(x) = exp(v(x)).

Definition 4.1. A connected, immersed submanifold M in a symmetric space
N is called equifocal if

(1) ν(M) is globally flat and abelian, and
(2) if v is a parallel normal field on M such that ηv(x0) is a focal point of mul-

tiplicity k of M with respect to x0, then ηv(x) is a focal point of multiplicity
k of M with respect to x for all x ∈ M . (Equivalently, the focal data Γ(M)
is “invariant under normal parallel translation”).

Examples 4.2. (i) Principal orbits of a hyperpolar action on a compact symmet-
ric space are equifocal since they satisfy properties (a), (b), and (c) of page 199.

(ii) A distance sphere in an irreducible compact symmetric space N is equifocal
if and only if N has rank one. This follows from the fact that a geodesic normal
to an equifocal hypersurface in an irreducible compact symmetric space is closed
(see Theorem 4.8(b) below). As a consequence, if a distance sphere is equifocal,
then all geodesics in N are closed and the rank of N is one. However, we will
see in Section 6 that distance spheres in compact symmetric spaces are always
taut.

Remarks 4.3. (i) It is proved in [Terng 1985] that if M is isoparametric in
Rn then ν(M) is globally flat. Given a unit vector v ∈ ν(M)x, then t0v is
a focal normal of multiplicity k if and only if 1/t0 is a principal curvature of
multiplicity k of M in the direction v. So it follows that a submanifold M in Rn

is isoparametric if and only if it is equifocal.

(ii) A hypersurface M in a sphere Sn is called isoparametric if it has constant
principal curvatures. It turns out that M is isoparametric in Sn if and only
if M is equifocal in Sn . The study of isoparametric hypersurfaces in Sn has a
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long history, and these hypersurfaces have many remarkable properties [Münzner
1980; 1981]. We will make some remarks about equifocal hypersurfaces and
isoparametric hypersurfaces towards the end of this section.

(iii) Notice that an isoparametric hypersurface of the real hyperbolic space Hn

is equifocal, but the converse is not true. In fact, an equifocal hypersurface in
Hn can be characterized by the property that the principal curvatures whose
absolute values are greater than one are constant.

Ewert [1997] has proved the following two results:

Theorem 4.4. A complete hypersurface in a symmetric space of noncompact
type is equifocal if and only if it is a tube around a submanifold without focal
points. Furthermore, such an equifocal hypersurface is taut .

Theorem 4.5. Suppose M is a submanifold of a simply connected complete
Riemannian manifold N such that M has no focal points. Then M is taut in N .

Wu [1994] defined a submanifold M in N to be hyper-isoparametric if it satisfies
the following conditions:

(1) M is curvature adapted, i.e., the operator Bv(u) = R(v, u)(v) leaves TM
invariant and commutes with the shape operator Av for all v ∈ ν(M),

(2) ν(M) is globally flat and abelian,
(3) the principal curvatures along any parallel normal field are constant.

Note that M is hyper-isoparametric if and only if M is curvature adapted and
equifocal. Wu independently obtained some of our results by using the method
of moving frames. But an equifocal submanifold is in general neither curvature
adapted nor has constant principal curvatures. For example, there are many
such equifocal hypersurfaces in CPn [Wang 1982].

Henceforth, we will assume that N = G/K is a compact, rank-k symmetric
space of semisimple type, that G = K+P is a Cartan decomposition, and that N
is equipped with the G-invariant metric given by the restriction of the negative
of the Killing form of G to P.

To simplify the terminology we make the following definition:

Definition 4.6. Let M be a submanifold in N , and v ∈ ν(M)x. Then t0 is
called a focal radius of M with multiplicitym along v if expx(t0v) is a focal point
of multiplicity m of M with respect to v.

Then a submanifold M with globally flat abelian normal bundle of a compact
symmetric space N is equifocal if the focal radii of M along any parallel normal
field are constant.

A smooth normal field v on a submanifold M is called a focal normal field
if v/‖v‖ is parallel and there exists an integer k such that exp(v(x)) is a focal
point of multiplicity k of M with respect to x for all x ∈ M . If v is a smooth
focal normal field of an equifocal submanifold M in N , then ‖v‖ is constant on
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M , and the endpoint map ηv : M → N has constant rank. So the kernel of dηv

defines an integrable distribution Fv with η−1
v (y) as leaves, and Mv = ηv(M) is

an immersed submanifold of N . We will call Fv, η−1
v (y) and Mv respectively the

focal distribution, focal leaf and the focal manifold defined by the focal normal
field v.

Theorem 4.7 [Terng and Thorbergsson 1995]. Let v be a parallel normal field on
an equifocal submanifold M of a compact , simply connected , symmetric space N .
Then Mv = ηv(M) is an embedded submanifold . Moreover :

(a) Mv is taut ;
(b) if exp(v(x)) is not a focal point then Mv is again equifocal and the endpoint

map ηv : M →Mv is a diffeomorphism; and
(c) if exp(v(x)) is a focal point then ηv : M → Mv is a fibration and the fiber
η−1

v (y) is diffeomorphic to a finite dimensional isoparametric submanifold in
the Euclidean space ν(Mv)y .

If M is a principal orbit of a hyperpolar G-action on N , then (b) and (c) are
consequences of the following facts:

(i) If v is a parallel normal field on M , then ηv(g · x0) = g · exp(v(x0)).
(ii) The focal points of M are the set of singular points of the G-action.
(iii) The slice representation of a polar action is hyperpolar. So in particular,

the orbits of the slice representation are isoparametric.

The basic ideas in the proof of Theorem 4.7(a) are:

(1) There is a geometric analogue of subregular points for equifocal submani-
folds.

(2) The focal leaves corresponding to “subregular” points are diffeomorphic to
standard spheres.

(3) There is a construction of linking cycles for critical points of Ea that is
similar to the one sketched in (g) on page 199.

We also associated to each equifocal submanifold M of N an affine Weyl group
W and a marked affine Dynkin diagram. We proved that the critical points of
Ep : P (N, M×p) → R and their indices can be described in terms of W and
the marked Dynkin diagram. We describe this situation more precisely in the
following theorem. Notice that the results are to a large extent analogous to the
rich structure theory of isoparametric submanifolds in Euclidean spaces [Terng
1985].

Theorem 4.8. Suppose M is a codimension-r equifocal submanifold of a simply
connected , compact symmetric space N . Then:

(a) For a focal normal field v, the leaf of the focal distribution Fv through x ∈M
is diffeomorphic to an isoparametric submanifold in ν(Mv)ηv(x).

(b) exp(ν(M)x) = Tx is an r-dimensional flat torus in N for all x ∈ M .
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(c) There exists an affine Weyl group W with r + 1 nodes in its affine Dynkin
diagram such that , for x ∈ M ,

(i) W acts isometrically on ν(M)x, and the set of singular points of the W -
action on ν(M)x is the set of all v ∈ ν(M)x such that exp(v) is a focal
point of M with respect to x, and

(ii) M ∩ Tx = expx(W · 0).

(d) Let Dx denote the Weyl chamber of the W -action on ν(M)x containing 0,
and let 4x = exp(Dx). Then

(i) expx maps the closure of Dx isometrically onto the closure of 4x, and
(ii) there is a labeling of the open faces of 4x by σ1(x), . . . , σr+1(x) and

integers m1, . . . , mr+1 independent of x such that if y ∈ ∂4x, then y is a
focal point with respect to x of multiplicity my, where my is the sum of mi

such that y is in the closure of σi(x).

(e) Let p ∈ N , let v be a parallel normal field on M , and let E be the en-
ergy functional on the path space P (M, p×Mv). Then the Z2-homology of
P (M, p×Mv) can be computed explicitly in terms of W and m1, . . . , mr+1 ;
moreover ,

(i) if p is not a focal point of M then E is a perfect Morse function, and
(ii) if p is a focal point of M then E is nondegenerate in the sense of Bott

and perfect .

Remark 4.9. Theorems 4.7 and 4.8 are invalid when N is not simply connected.
To see this, let N be the real projective space RPn and M a distance sphere inN
centered at x0. Then M is certainly equifocal. Let v be a unit normal field onM .
Then there exists t0 ∈ R such that exp(t0v(x)) = x0 for all x ∈ M . Let Tx be
the normal circle at a point x in M . Then Dx is an interval, and 4x = Tx \{x0}.
Moreover, there exists t1 such that the parallel set Mt1 is the cut locus of the
center x0, which is a Z2-quotient of M , i.e., a projective hyperplane. Notice
that the focal variety of M consists of only one point (x0, n−1) and Mt1 is not
diffeomorphic to M . In fact Mt1 has the same dimension as M and satisfies
all the conditions in the definition of an equifocal submanifold except that the
normal bundle does not have trivial holonomy. Although a parallel manifoldMv

of M in a simply connected compact symmetric space N is either equifocal or a
focal submanifold, this need not be the case if N is not simply connected.

Definition 4.10. A connected, compact, immersed submanifold M with a
globally flat and abelian normal bundle in a symmetric space N is called weakly
equifocal if, given a parallel normal field v on M , the following conditions are
satisfied:

(1) The multiplicities of the focal radius functions along v are constant, i.e., the
focal radius functions tj are smooth functions on M that can be ordered,

· · · < t−2(x) < t−1(x) < 0 < t1(x) < t2(x) < · · · ,
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and the multiplicities mj of the focal radii tj(x) are constant on M .
(2) the focal radius function tj is constant on η−1

tjv(x) for all x ∈ Mtjv.

Remarks 4.11. (i) It is proved in [Terng and Thorbergsson 1995] that condition
(2) on the focal radii in the definition of weakly equifocal submanifolds is always
satisfied if the dimension of η−1

tjv(x) is at least two.

(ii) It follows from the definitions that a (weakly) equifocal submanifold in a rank
k symmetric space has codimension less than or equal to k, and that equifocal
implies weakly equifocal.

In the following theorem we bring our main results on weakly equifocal submani-
folds.

Theorem 4.12 [Terng and Thorbergsson 1995]. Suppose M is an immersed ,
weakly equifocal compact submanifold of a simply connected symmetric space N
of compact type. Then

(a) M is embedded ,
(b) M is taut ,
(c) for a focal normal field v, the set η−1

v (x) is diffeomorphic to a taut submani-
fold of a finite-dimensional Euclidean space for all x ∈M .

We now discuss how equifocal and weakly equifocal submanifolds relate to sub-
manifolds of Euclidean space.

Definition 4.13 [Terng 1987]. A submanifoldM in Rn is called weakly isopara-
metric if

(1) ν(M) is globally flat,
(2) the multiplicities of the principal curvatures λ along a parallel normal field
v are constant, and

(3) if dλ(X) = 0 for X in the eigenspace Eλ(v) corresponding to the principal
curvature λ.

A submanifold ofRn is therefore clearly weakly isoparametric if and only if it is
weakly equifocal. Pinkall [1985] called a hypersurface inRn or Sn proper Dupin if
the multiplicities of the principal curvatures are constant and dλ(X) = 0 forX in
the eigenspace Eλ(v) corresponding to the principal curvature λ. A hypersurface
M in Rn or Sn is therefore weakly equifocal if and only if it is proper Dupin. It
was proved in [Thorbergsson 1983] that proper Dupin hypersurfaces are taut. In
[Terng 1987] this was generalized to weakly isoparametric submanifolds. These
results are of course special cases of Theorem 4.12.

Assume that M is an isoparametric hypersurface of Sn with g distinct con-
stant principal curvatures λ1 > · · · > λg along the unit normal field v with
multiplicities m1, . . . , mg. Let Ej denote the curvature distribution defined by
λj, i.e., Ej(x) is equal to the eigenspace of Av(x) with respect to the eigenvalue
λj(x). Then the focal distributions of M are the curvature distributions Ej. It
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follows from the structure equations of Sn that there exists 0 < θ < π/g such
that the principal curvatures are λj = cot(θ + (j−1)π/g) with j = 1, . . . , g,
and the parallel set Mt = Mtv for −π/g + θ < t < θ is again an isoparametric
hypersurface. The focal sets M+ = Mθv and M− = Mθ−π/g are embedded sub-
manifolds of Sn with codimension m1 +1 and mg +1, respectively, and the focal
variety of M in Sn is equal to

{(x,m1) : x ∈M+} ∪ {(x,mg) : x ∈M−}.
Another consequence of the structure equations is that the leaves of each Ej

are standard spheres. Using topological methods, Münzner proved that

(1) g has to be 1, 2, 3, 4 or 6,
(2) mi = m1 if i is odd, and mi = m2 if i is even,
(3) Sn can be written as the union D1∪D2, where D1 is the normal disk bundle

of M+, D2 is the normal disk bundle of M− and D1 ∩D2 = M , and
(4) the Z2-homology of M can be given explicitly in terms of g and m1, m2; in

particular, the sum of the Z2-Betti numbers of M is 2g.

It is proved in [Thorbergsson 1983] that proper Dupin hypersurfaces have the
above properties (1)–(4).

We end this section by restricting ourselves to equifocal hypersurfaces in sym-
metric spaces to see to which extent our results on equifocal submanifolds gen-
eralize the theory of isoparametric hypersurfaces in spheres that we have been
sketching.

Assume that M is an immersed compact equifocal hypersurface in a simply
connected, compact, semisimple symmetric space N . Then the following state-
ments follow from Theorems 4.7 and 4.8:

(a) The normal geodesics to M are circles of constant length, which will be
denoted by l.

(b) There exist integers m1, m2, an even number 2g and 0 < θ < l/(2g) such
that

(1) the focal points on the normal circle Tx = exp(ν(M)x) are

x(j) = exp((θ + (j − 1)l/(2g))v(x)) for 1 ≤ j ≤ 2g,

with multiplicity m1 if j is odd and m2 if j is even, and

(2) the group generated by reflections in pairs of focal points x(j), x(j + g)
on the normal circle Tx is isomorphic to the dihedral group W with 2g
elements, and hence W acts on Tx.

(c) M ∩ Tx = W · x.
(d) Let ηtv : M → N denote the endpoint map defined by tv, where v is a unit

normal field, and let Mt = ηtv(M) = {exp(tv(x)) : x ∈ M} denote the set
parallel to M at distance t; then Mt is an equifocal hypersurface and ηtv maps
M diffeomorphically onto Mt if t ∈ (−l/(2g)+θ, θ).
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(e) M+ = Mθ and M− = M−l/(2g)+θ are embedded submanifolds of codi-
mension m1 + 1 and m2 + 1 in N , and the maps ηθv : M → M+ and
η(−l/(2g)+θ)v : M →M− are Sm1 - and Sm2 -bundles, respectively.

(f) The focal variety V(M) equals (M+, m1) ∪ (M−, m2).
(g) {Mt : t ∈ [−l/(2g)+θ, θ]} gives a singular foliation of N , which is analogous

to the orbit foliation of a cohomogeneity one isometric group action on N .
(h) N = D1 ∪D2 and D1 ∩D2 = M , where D1 and D2 are diffeomorphic to the

normal disk bundles of M+ and M−, respectively.
(i) Mt is taut in N for all t ∈ R.
(j) The Z2-homology of P (N, p×Mt) can be computed explicitly in terms m1

and m2.

This generalizes most of the theory of isoparametric hypersurfaces in spheres to
equifocal hypersurfaces in simply connected compact symmetric spaces. There
is only one important result that we have not been able to generalize: Münzner’s
celebrated restriction on the possible values of g. Bing-le Wu [1995] solves this
problem for the rank-one symmetric spaces except the Cayley plane:

Theorem 4.14 [Wu 1995]. Suppose M is an equifocal hypersurface of a pro-
jective space CPn or HPn, and g is the number of focal points along a normal
geodesic of M . Then g is either 2, 4 or 6.

5. Dupin Submanifolds in a Complete Riemannian Manifold

In this section, we will introduce the notion of Dupin submanifolds in a general
Riemannian manifold and study its relation to tautness. First we review some
results concerning Dupin submanifolds in Rn and in Hilbert spaces. Then we
explain a linearization technique developed in [Terng and Thorbergsson 1995],
which lifts submanifolds in symmetric spaces to submanifolds in Hilbert space.
This lifting technique allows us to apply the extensive theory developed for taut
submanifolds in Hilbert spaces to taut submanifolds in symmetric spaces. These
results then motivate our definition of Dupin submanifolds in an arbitrary Rie-
mannian manifold.

The spectral theory of the shape operators and the Morse theory of the Eu-
clidean distance squared functions of submanifolds in Rn are closely related, and
they play essential roles in the study of the geometry and topology of submani-
folds inRn. Given a submanifoldM ofRn, the shape operator A is a smooth bun-
dle morphism from ν(M) to the bundle of self-adjoint operators Ls(TM, TM).
So there is an open dense subset V0 of ν1(M) such that the principal curvatures
are differentiable functions on V0 with locally constant multiplicities. Reckziegel
[1979] proved that given any v ∈ V0 ∩ ν(M)x0 and an eigenspace E0 of Av with
respect to a nonzero eigenvalue, there exist a connected submanifold S of M
through x0 and a parallel normal field ξ of M along S such that ξ(x0) = v,
TSx0 = E0, and TSx is equal to an eigenspace of Aξ(x) for all x ∈ S. Moreover,
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if d = dimS > 1, then S is a standard sphere. However, for v /∈ V0 and E0 an
eigenspace of Av of dimension > 1, such S may not exist and even when it exists
it need not be a standard sphere. This leads to the definition in [Reckziegel 1979]
that a connected submanifold S of M is called a curvature surface if there is a
parallel normal field ξ of M along S such that at each point x of S the tangent
plane TSx is a full eigenspace of Aξ(x). A one dimensional curvature surface is
called a line of curvature.

Definition 5.1 [Pinkall 1985]. A submanifold M of Rn is called Dupin if every
line of curvature is a standard circle.

Recall that a Dupin hypersurface is proper Dupin if the multiplicities of the
principal curvatures are constant; see Section 4.

Theorem 5.2 [Pinkall 1986]. A taut submanifold M in Rn is Dupin, i .e., the
lines of curvature of M are standard circles.

Question 5.3. Let M be a complete Dupin submanifold of Rn. Is M taut?

Theorem 5.4 [Pinkall 1986]. Let M be a compact submanifold of Rn, and let

νε(M) = {x+ v : v ∈ ν(M)x, ‖v‖ = ε}
denote the ε-tube of M . For small ε, the hypersurface νε(M) is taut if and only
if M is taut . Moreover , the set of focal points of νε(M) is Γ(M) ∪M , where
Γ(M) is the set of focal points of M in Rn.

If M is Dupin with constant multiplicities, then νε(M) is a proper Dupin hyper-
surface. So, by [Thorbergsson 1983], νε(M) and hence also M are taut. Notice
that a weakly isoparametric submanifold of Rn is taut, but the multiplicities of
the principal curvatures are in general not constant.

The three basic local invariants (the induced metric, the second fundamen-
tal form, and the induced normal connection), the endpoint map, and the focal
points and focal radii of an immersed Hilbert manifold M in a Hilbert space V
are defined exactly the same way as for immersed submanifolds in Rn. But the
spectral theory for the shape operators of M is complicated and the infinite-
dimensional differential topology and Morse theory cannot be applied easily
without further restrictions. In order to develop a good theory of submani-
fold geometry in Hilbert space, proper Fredholm submanifolds were introduced
in [Terng 1989]. Recall that an immersed finite codimension submanifoldM of a
Hilbert space V is called proper Fredholm (PF) if the endpoint map η restricted
to any finite radius normal disk bundle is proper and Fredholm [Terng 1989].
Properness implies that the map fa : M → R defined by fa(x) = ‖x − a‖2

satisfies the Palais–Smale condition C, so we can apply Morse theory to these
functions. The Fredholm condition allows us to use infinite-dimensional differ-
ential topology of Fredholm maps. Note that, if V = Rn, then M is PF if and
only if the immersion is a proper map.

A PF submanifold M of V has the following general properties [Terng 1989]:
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(a) The shape operators are compact.
(b) All nonzero principal curvatures have finite multiplicities.
(c) The set of nonfocal points ofM is open and dense in V (by the transversality

theorem for Fredholm maps).
(d) The set of focal points along the normal ray {x+ tv : t ∈ R} is locally finite

for any v ∈ ν(M)x.

A submanifold M of V is taut if it is PF and fa is perfect for generic a ∈ V .
Curvature surfaces of a PF submanifoldM in V can be defined exactly the same
way as in the finite-dimensional case. Using the same proof as in that case we
obtain the following:

Theorem 5.5. Suppose M is a PF submanifold of V . Then there exists an open
dense subset V0 of ν1(M) such that given any v0 ∈ V0∩ ν(M)x0 and multiplicity
k principal curvature λ0 of M in the direction of v0 there exists a curvature
surface S through x0 satisfying the following conditions:

(i) TSx0 is the eigenspace of Av0 with eigenvalue λ0.
(ii) If k > 1 then S is a standard sphere.
(iii) If M is taut and k = 1, then S is a standard circle.

It is easy to see that linear subspaces of V with finite codimension are PF and
taut. But if the dimension of V is infinite, the unit sphere S centered at 0
is not PF. This is because η−1(0) = S and S is not compact, contradicting
the condition that η is proper. Since S is contractible, the Euclidean distance
squared functions are not perfect.

Using exactly the same proof as in [Pinkall 1986], we can generalize Theorem
5.4 to Hilbert spaces:

Theorem 5.6. Suppose M is a PF submanifold of a Hilbert space V . Then the
ε-tube νε(M) is taut if and only if M is taut .

A PF submanifold M of a Hilbert space V is called isoparametric if ν(M) is
globally flat and the principal curvatures along any parallel normal field are
constant. If the multiplicities of principal curvatures (but not necessarily the
curvatures themselves) are constant and lines of curvatures are circles, we call
M weakly isoparametric. A theory of isoparametric and weakly isoparametric
submanifolds of Hilbert spaces is developed in [Terng 1989]. In particular, the
next result is proved there:

Theorem 5.7. If M is a (weakly) isoparametric submanifold of a Hilbert space
V , then M is taut .

To get geometrically and topologically interesting taut submanifolds in V , we
need to use infinite-dimensional transformation groups. First we review some
definitions. Let G be a Hilbert Lie group and M a Riemannian Hilbert manifold.
A smooth isometric G-action on M is called proper if gn · xn → x0 and xn → x0
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in M implies that {gn} has a convergent subsequence in G; and the G-action is
called Fredholm if every orbit map G→ G · x is a Fredholm map. An isometric,
proper Fredholm (PF) action is called polar if there exists a smooth, closed
submanifold Σ of M such that every orbit meets Σ, and all intersections between
Σ and orbits are perpendicular. Such a Σ is called a section for the action.

Theorem 5.8 [Terng 1989]. The orbits of a polar action on a Hilbert space
are isoparametric submanifolds or focal manifolds of isoparametric submanifolds,
and hence taut .

Theorem 5.9 [Terng 1995]. Let G be a compact Lie group, H a closed subgroup
of G×G, P (G,H) the group of H1-paths g : [0, 1] → G such that (g(0), g(1)) ∈ H ,
and V = H0([0, 1],G). Suppose the action of H on G is hyperpolar . Then the
action of P (G,H) on V by gauge transformations

g · u = gug−1 − gxg
−1

is polar .

Therefore the hyperpolar actions in Section 3 provide many examples of taut
orbits in Hilbert space. The simplest example of this kind comes from the action
of the diagonal group H = 4(SU(2)) on G = SU(2), i.e., the Adjoint action. Let
M be a principal Adjoint orbit of SU(2). Then a principal orbit of P (G,H) is a
hypersurface of V with Poincaré polynomial

1 + 2
∑
i>0

t2i,

and is diffeomorphic to P (SU(2), e×M). There are exactly two singular orbits
in V , which are codimension 3 submanifolds of V with Poincaré polynomial∑

i≥0

t2i.

The singular orbits are diffeomorphic to the group of based loops in SU(2).
Since fa satisfies condition C, we can prove an analogue of Ozawa’s theorem

[Ozawa 1986] (see also Section 2):

Theorem 5.10 [Terng and Thorbergsson 1995]. Suppose M is a taut submani-
fold in a Hilbert space V , and take a ∈ V . Then the distance squared function
fa : M → R is a perfect Morse–Bott function. Moreover , if x0 is a critical point
of fa with nullity k, the k-dimensional critical submanifold of fa at x0 is a taut
submanifold in some finite-dimensional affine subspace of V .

Next we will explain the relation between tautness in symmetric spaces and
in Hilbert spaces. Let π : G → G/K denote the natural fibration defined by
π(g) = gK, and φ : L2([0, 1],G) → G the parallel translation from 0 to 1, i.e.,
φ(u) = g(1), where g satisfies g−1gx = u and g(0) = e. Now for a submanifold
M of G/K, we set M∗ = π−1(M) and M̃ = φ−1(π−1(M)). One of our main
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steps in developing the theory of equifocal submanifolds in symmetric spaces is
to relate the focal structures of M , M∗ and M̃ . In fact, we proved in [Terng and
Thorbergsson 1995] that the following three statements are equivalent:

(i) M is (weakly) equifocal in G/K.
(ii) M∗ = π−1(M) is (weakly) equifocal in G.
(iii) M̃ = φ−1(M∗) is (weakly) isoparametric in L2([0, 1],G).

Hence we can apply the theory of (weakly) isoparametric submanifolds in Hilbert
space to obtain many of the properties described in Theorems 4.8 and 4.12. This
trick of lifting submanifolds of a symmetric space G/K to submanifolds in Hilbert
space can be viewed as a useful linearization process. In fact, we can do the same
for tautness:

Theorem 5.11. Let V = L2([0, 1],G), and let φ : V → G the parallel translation
from 1 to 0, i .e., φ(u) = g(0), where g is the solution of g−1gx = u and g(1) = e.
Let M be a submanifold of G, and set M̃ = φ−1(M). Then M is taut in G if
and only if M̃ is taut in V .

Proof. Suppose p = e−a. Given g ∈ P (G, M×p), let v = g−1gx and define
g̃(x) = g(x)eax. Then g̃ ∈ P (G, M×e) and

g̃−1g̃x = e−axg−1gxe
ax + a = e−axv(x)eax + a ∈ M̃.

Let Fa : V → V be the isometry defined by Fa(v) = e−axveax + a, and
ψ : P (G, G×p) → V the diffeomorphism defined by ψ(g) = g−1gx. Then
(Fa ◦ ψ)(P (G, M×p)) = M̃ and Ep = fa ◦ Fa ◦ ψ. Since both Fa and ψ are
diffeomorphisms, Ep is perfect if and only if fa is perfect. �

Theorem 5.12. Let G/K be a symmetric space, π : G → G/K the natural
projection, M a submanifold of G/K, and M∗ = π−1(M). Then M is taut in
G/K if and only if M∗ is taut in G.

Proof. Fix g0 ∈ G, and set p0 = π(g0). Let F denote the diffeomorphism from
P (G/K, p0×M)×P (K, e×K) to P (G, g0×M∗) defined by F (x, k)(t) = x̃(t)k(t),
where x̃(t) is the horizontal lift of x(t) to G with x̃(0) = g0. Note that if α is a
horizontal curve then α−1αx ∈ P. Since K ⊥ P,

‖(x̃k)′‖2 = ‖x̃′k + x̃k′‖2 = ‖x̃−1x̃′ + k′k−1‖2 = ‖x̃′‖2 + ‖k′‖2.

So we have

Eg0(F (x, k)) = Ep0(x) +Ee(k).

Notice that P (K, e×K) is contractible and that the only critical point of Ee :
P (K, e×K) → R is the constant path. This shows that Ee : P (K, e×K) → R

is perfect. So Ep0 on P (G/K, p0×M) is perfect if and only if Eg0 is perfect on
P (G, g0×M∗). �
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If M is a taut submanifold of N = R
n and if C is a critical submanifold of the

distance squared function fa, then C is also taut in Rn [Ozawa 1986]. But it is
not known whether this is true for general N .

Question 5.13. Suppose M is a taut submanifold of a complete Riemann-
ian manifold N and C̃ is a critical submanifold of the energy functional Ep on
P (N, p×M), and let C = {γ(1) : γ ∈ C̃}. Is C taut in N?

Now we are ready to define the notion of Dupin submanifolds in any complete
Riemannian manifold.

Definition 5.14. Let M be a submanifold of a complete Riemannian manifold
N , let v0 ∈ ν(M)x0 be a focal normal of multiplicity k ofM , and set p0 = exp(v0).
A k-dimensional submanifold S of N is called a focal leaf of M at x0 if there
exists a parallel normal field v of M along S such that

(i) exp(v(x)) = p0 for all x ∈ S,
(ii) v(x0) = v0,
(iii) v(x) is a focal normal of multiplicity k of M for all x ∈ S.

Definition 5.15. A submanifold M of a nonnegatively curved complete Rie-
mannian manifold N is called Dupin if there exists an open dense subset V0

of the set V of all focal normals of M such that given any multiplicity-k focal
normal v0 ∈ V0∩ ν(M)x0 there exists a focal leaf S of M through x0 such that S
is a k-dimensional submanifold of the distance sphere centered at exp(v0) with
radius ‖v0‖, and S is diffeomorphic to Sk.

Definition 5.16. A submanifold M of a nonnegatively curved complete Rie-
mannian manifold N is called proper Dupin if it is Dupin and the multiplicities
are locally constant on the set of focal normals of M .

Remarks 5.17. (i) When N = Rn, Definitions 5.14, 5.15 and 5.16 agree with
the original definitions.

(ii) We restrict ourselves to nonnegatively curved manifolds in Definitions 5.15
and 5.16 for the following reason: If the ambient space N is the real hyperbolic
space, then the conditions on M in the definitions would not imply anything for
principal curvatures whose absolute value is less than or equal to one. Conse-
quently, the definitions would not agree with the existing definition of Dupin and
proper Dupin submanifolds in hyperbolic space. However, Definition 5.16 does
make sense for arbitrary complete Riemannian manifold regardless of the sign
of the curvature, and “Dupin” in our sense is closely related with the notion of
tautness.

(iii) The local theory of Dupin submanifolds in hyperbolic space is equivalent to
the one in Euclidean space and the sphere. The reason for this is that “stereo-
graphic projections” from the sphere and the hyperbolic space into the Euclidean
space respects the Dupin property. The theory of compact Dupin submanifolds
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is therefore also the same in the real space forms. In hyperbolic space the lo-
cal theory coincides with the theory of complete Dupin submanifolds for the
following reason: The image of the hyperbolic space under the “stereographic
projection” is a ball in the Euclidean space. Hence a local Dupin submanifold in
hyperbolic space can be mapped to Euclidean space where by a homothety one
can arrange that its boundary lies outside of the ball model. Now we can map
it back to a complete Dupin submanifold in hyperbolic space.

From Theorems 5.10, 5.11, and 5.12 follows:

Proposition 5.18. Suppose M is a taut submanifold of the compact symmetric
space G/K, and v0 ∈ ν(M)x0 is a focal normal of multiplicity k of M in G/K.
Then there exists a k-dimensional focal leaf S through x0. Moreover , S lies in
the distance sphere of radius ‖v0‖ centered at exp(v0).

The following proposition follows from Theorems 5.5, 5.11 and 5.12.

Proposition 5.19. If M is a taut submanifold of a nonnegatively curved sym-
metric space, then M is Dupin.

Conjecture 5.20. IfM is taut in a nonnegatively curved complete Riemannian
manifold N , then M is Dupin.

Conjecture 5.21. If M is a compact submanifold of a complete Riemannian
manifold N , then there exists a subset F0 of ν(M) such that

(i) F0 is an open and dense subset of the set of all focal normals of M , and
(ii) if v0 ∈ ν(M)x0∩F0 is a focal normal of multiplicity k and k > 1, there exists

a focal leaf S through x0 such that S is a k-dimensional submanifold of the
distance sphere centered at exp(v0) with radius ‖v0‖ and S is diffeomorphic
to Sk .

If Conjecture 5.21 is true and M is a proper Dupin submanifold of N , then using
a construction similar to the one explained in (g) on page 199, we can construct
a linking cycle for each critical point of the energy functional Ep on P (N, M×p),
i.e., M is taut in N .

The study of equifocal submanifolds (Section 4) indicates that the following
more general class of submanifolds in complete Riemannian manifolds might
have very rich geometric and topological properties.

Definition 5.22. A submanifold M of a complete Riemannian manifold N is
said to have parallel focal structure if

(i) ν(M) is globally flat, and
(ii) given a parallel normal field v on M such that v(x0) is a focal normal of

multiplicity k of M , the vector v(x) is a focal normal of multiplicity k of M
for all x ∈M .
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Conjecture 5.23. Suppose M is a submanifold of a complete Riemannian
manifold N and M has parallel focal structure. Then M is taut.

We end this section with a question of a somewhat different nature.

Question 5.24. Is a totally geodesic submanifold in a compact symmetric
space taut? Assume M is taut in N1 which is totally geodesic in the compact
symmetric space N0. Is then M taut in N0? If the answer to the second question
is yes, it is sufficient to study whether maximal totally geodesic submanifolds
are taut in the first question. Notice that it is very easy to find counterexamples
to both questions if the ambient space is not symmetric.

6. Taut Points and Spheres

One of the main topics of this section is to study the geometric and topological
properties of a Riemannian manifold containing taut points. We discuss the
relation between Blaschke manifolds and manifolds all of whose points are taut.
We also show that a point is taut if and only if a distance sphere centered at that
point is taut. At the end of the section, we study the question whether a taut
Sn−1 in an n-dimensional complete Riemannian manifold is a distance sphere.

Let (N, g) be a complete Riemannian manifold, p ∈ N , and γv(t) = exp(tv)
for v ∈ TNp. Let

µ(v) = sup{r > 0 : γv | [0, r] is a minimizing geodesic}.
If µ(v) is finite, exp(µ(v)v) is called the cut point of p along γv.

Proposition 6.1. Suppose (N, g) is a complete simply connected Riemannian
manifold of dimension n, with a taut point p. Then the first conjugate point of
p along a geodesic coincides with the cut point of p along that geodesic and vise
versa.

Proof. Since N is simply connected, P (N, p×q) is connected. By Corollary
2.10, any critical point of index 0 of Eq is an absolute minimum.

Suppose γv(t) = exp(tv), µ(v) = t0 and γ(t1) is the first conjugate point along
γ. We will prove that t0 = t1. First notice that t0 ≤ t1 since a geodesic is not
minimizing after its first conjugate point. Assume that t1 > t0. By definition
of µ(v), for t2 ∈ (t0, t1), γ = γv | [0, t2] does not minimize the distance between
p and γv(t2). Since there are no conjugate points on γ, γ is a critical point of
Eγ(t2) with index zero. By the tautness of p, γ is therefore an absolute minimum,
a contradiction. This proves that t0 = t1.

Assume that γ(t0) is a cut point of p along the geodesic γ and that there is no
conjugate point of p along γ. Then, for s > t0, γ | [0, s] is not a minimum point of
Eγ(s) on P (n, p×γ(s)). But γ | [0, s] has index 0. Since p is taut, Eg(s)(γ | [0, s])
is an absolute minimum, a contradiction. So there must be conjugate point along
γ, say at γ(t1). So t0 = t1. �
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Corollary 6.2. Suppose (N, g) is a compact simply connected Riemannian
manifold of dimension n with a taut point p. Then there is a conjugate point
along every geodesic starting in p.

Proof. Since N is compact, every geodesic γ starting at p has a cut point of p.
By Proposition 6.1, this cut point is a conjugate point along γ. �

Theorem 6.3. If (N, g) is a symmetric space, then every point of N is taut .

Proof. Suppose N = G/K. By Theorem 3.3, orbits of the K-action on N are
taut. But the K-orbit at eK is {eK}. So eK is a taut point. Using Proposition
2.3 and the fact that N is homogeneous, all points in N are taut. �

This gives rise to the following question.

Conjecture 6.4. Suppose all points of (N, g) are taut, and N is homotopy
equivalent to a compact symmetric space. Then (N, g) is a symmetric space.

We will prove this conjecture when N is a torus or a sphere by using deep results
in Riemannian geometry. Then we will show that it is equivalent to the Blaschke
conjecture when N is homotopy equivalent to a compact rank-one symmetric
space. So this conjecture is more general than the Blaschke conjecture which is
still not settled.

Theorem 6.5. Let (N, g) be a complete Riemannian manifold without conjugate
points. Then all points in (N, g) are taut . Now let g̃ be another Riemannian
metric on N with respect to which all points are taut . Then also g̃ has no
conjugate points.

Proof. Let p and q be points in N . Then all critical points of the energy
functional Ep on P (N, p×q) have index zero and are nondegenerate since there
are no conjugate points. It follows that all points are taut. It also follows
that all connected components of P (N, p×q) are contractible. Now let g̃ be a
metric on N such that all points are taut. Let γ be a geodesic starting in p.
If there is a conjugate point on γ, then we can find a q on γ such that Eq has
a nondegenerate critical point with positive index i. By tautness, P (N, p×q)
would have a nonvanishing Betti number in a positive dimension contradicting
the contractibility of the connected components of P (N, p×q). Hence g̃ has no
conjugate points. �

E. Hopf [1948] proved that a Riemannian metric on a two-torus without conju-
gate points is flat. The generalization of this result to higher dimensions was one
of the well-known open problems in Riemannian geometry. It was finally solved
by Burago and Ivanov [1994].

Theorem 6.6 [Burago and Ivanov 1994]. Suppose (Tn, g) has no conjugate
points. Then g is flat .

It follows from Theorem 6.5 that all points on a flat torus are taut. As a
consequence of Theorems 6.6 and 6.5, we have:
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Theorem 6.7. Let g be a metric on Tn so that all points are taut . Then g is
flat .

We now come to Blaschke manifolds [Besse 1978]. We first review some defini-
tions. Let p and q be distinct points in a complete Riemannian manifoldM . Set
d = d(p, q). Then the link from p to q is defined to be the set Λ(p, q) of unit
vectors X = γ′(d) in TqM where γ : [0, d] → M is a length-minimizing geodesic
between p and q. A compact Riemannian manifold is said to be a Blaschke
manifold at p if for every point q in the cut locus C(p) of p the link Λ(p, q) is
a totally geodesic sphere in the unit sphere of TqM . A Riemannian manifold is
said to be Blaschke if it is Blaschke at all of its points. One says that a compact
n-dimensional Riemannian manifold M is Allamigeon–Warner at a point p ∈M
if there is a number l > 0 and an integer k between 1 and n − 1 such that the
first conjugate point on any geodesic starting in p comes after distance l and has
multiplicity k. It is proved in [Besse 1978, Theorem 5.43, p. 137] that if (M, g)
is Blaschke at p, then M is Allamigeon–Warner at p. Moreover, if M is simply
connected, then M is Blaschke at p if and only if it is Allamigeon–Warner at p.

It is well-known that if (Nn, g) is a simply connected compact, rank-one sym-
metric space, it is Blaschke and hence also Allamigeon–Warner at every point.
The integer k in the definition of N being Allamigeon–Warner at a point is 1, 3,
7 and n− 1 if N is a complex projective space, a quaternionic projective space,
a Cayley plane and a standard sphere respectively. Moreover, the first three
nonvanishing Betti numbers of the space of based loops in N are b0, bk, bk+n−1.

Blaschke Conjecture 6.8. Every Blaschke manifold is isometric to a com-
pact symmetric space of rank one.

In spite of the name, the Blaschke conjecture was never made by Blaschke in
this generality. It was solved for the two-sphere by L. Green [1963] and for the
n-sphere by Berger and Kazdan:

Theorem 6.9 [Besse 1978]. If (Sn , g) is a Blaschke manifold , then (Sn, g) is
the standard sphere with constant sectional curvature.

The Blaschke Conjecture is still not settled for the other simply connected,
compact rank-one symmetric spaces. But a lot of progress has been made; see
the references in [Reznikov 1994]. For example, if (N, g) is a Blaschke manifold,
then:

(i) There exists l > 0 such that all geodesics of N are closed with length l [Besse
1978].

(ii) N is homeomorphic to a compact rank-one symmetric space [Sato 1984;
Yang 1990].

(iii) We may assume that all geodesics ofN are closed with length 2π by rescaling
the metric. Then the number i(N) = vol(N)/vol(Sn) is an integer [Weinstein
1974].
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(iv) If N is homeomorphic to a rank-one symmetric space N0 then i(N) = i(N0)
[Reznikov 1994].

We now want to apply our generalization of Ozawa’s theorem 2.8 to study com-
pact manifolds with taut points. In fact, we will show that under certain as-
sumptions on the Betti numbers of the space of based loops, these manifolds are
Blaschke manifolds. First we consider the sphere case.

Theorem 6.10. Let (N, g) be a simply connected compact Riemannian manifold
of dimension n such that the first two nonvanishing Betti numbers of the based
loop space are b0 and bn−1. If p ∈ N is a taut point , then (N, g) is Blaschke at
p and N is homeomorphic to Sn.

Proof. Let γ be a geodesic starting in p. By Proposition 6.1 and Corollary
6.2 there is a point q on γ that is the first conjugate point on γ and is also a
cut point. Since the path space P (N, p×q) has trivial homology in dimensions
0 < i < n − 1, it follows from the tautness of p that the multiplicity of q as a
conjugate point along γ is n− 1. We assume that γ(1) = q. Then γ0 = γ | [0, 1]
is a critical point of Eq on P (N, p×q) with index 0 and nullity n − 1. It now
follows from Theorem 2.8 that there is an (n − 1)-dimensional nondegenerate
critical manifold in P (N, p×q) through γ0. As a consequence, all geodesics
starting in p first meet in q after constant distance l, have their first conjugate
point at constant distance l and this conjugate point is q. It follows easily that
N is homeomorphic to a sphere. �

As consequence of Theorems 6.9 and 6.10, we have:

Corollary 6.11. Suppose all points of (Nn, g) are taut , and N is homotopy
equivalent to Sn. Then (N, g) is isometric to the standard sphere.

Corollary 6.12. If all points of (Sn , g) are taut , then g is the standard metric.

Remark 6.13. There are Riemannian metrics on spheres with some, but not all,
points taut. For example, let (S2 , g) be a surface of revolution whose curvature
is not constant. Then the SO(2)-action is hyperpolar, and the north and the
south poles are fixed points of the action. So both the north and the south poles
are taut. Not all points of (S2 , g) are taut, because otherwise g would be the
standard metric on S2 by Corollary 6.12.

Theorem 6.14. Let (N, g) be a simply connected compact Riemannian manifold
of dimension n. Suppose the first three nonvanishing Betti numbers bi of the
based loop space of N are b0, ba and ba+n−1 for some 1 ≤ a < n− 1 and ba = 1.
If p is taut in N , then (N, g) is Blaschke at p.

Proof. Let γ : [0,∞)→ N be a unit-speed geodesic starting at p. By Corollary
6.2, γ has a conjugate point. Let q be the first conjugate point along γ. Using
the tautness of p and the assumption on the Betti numbers of the based loop
space, the multiplicity of q must be a. It now follows again from the assumption
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on the Betti numbers of the loop space and the tautness of p that the multiplicity
of the second conjugate point q2 on γ must be n−1. It follows from Theorem 2.8
that all geodesics starting in p will meet at q2 after distance l, where l is the arc
length of γ from p to q2. Furthermore, all the geodesics of length l from p to q2
have index a with q2 as a second conjugate point of multiplicity n−1. We claim
that q2 = p. To see this, notice that the energy functional Ep : P (N, p×p) → R

has a critical point γ of index a. It follows that γ is degenerate, since otherwise
both γ and γ−1 would be nondegenerate critical points of index a contradicting
the tautness of p and ba = 1. This implies that q2 = p. Using Theorem 2.8, we
obtain that every geodesic γ starting in p will be back to p after length l, the
first conjugate point has multiplicity a, and the second conjugate point along γ
is γ(l) = p with multiplicity n− 1.

We would now like to show that the first conjugate point on γ comes at
distance l/2. Assume it comes earlier at distance t0. We look at γ−1 between p

and q = γ(t0 + ε), where ε is a small number such that neither γ nor γ−1 have a
conjugate point in q and t0 + ε ≤ l/2. Then γ−1 from p to q is not a minimizing
geodesic between p and q. By tautness it must therefore have a conjugate point.
This conjugate point must have multiplicity a by what we have already proved.
It follows that Eq : P (N, p×q) → R has at least two nondegenerate critical
points of index a contradicting tautness and ba = 1.

Now assume that the first conjugate point on γ comes later than l/2, say
at γ(t0) = q. Then γ | [0, t0] is an index 0 critical point of Eq. So γ is a
minimizing geodesic from p to q by tautness of p. But γ−1 from p to q is
shorter, a contradiction. It follows that the first conjugate point of a geodesic
starting in p comes at distance l/2 and has multiplicity a.

So we have proved that every geodesic starting in p has its first conjugate
point after distance l/2 and its multiplicity is a. This is exactly the definition of
N being Allamigeon–Warner at p. Since N is simply connected it follows from
[Besse 1978, Theorem 5.43] that N is Blaschke at p. This finishes the proof. �

Corollary 6.15. Suppose all points of (N, g) are taut , and the first three
nonzero Betti numbers of the based loop space of N are b0, ba, ba+n−1 for some
1 ≤ a ≤ n − 1 and ba = 1. Then (N, g) is Blaschke. In particular , N is
homeomorphic to a compact rank-one symmetric space.

Corollary 6.16. Suppose N is homotopy equivalent to a simply connected
rank-one symmetric space, and g is a Riemannian metric on N such that all
points of (N, g) are taut . Then (N, g) is Blaschke.

Next we recall a definition in [Besse 1978]:

Definition 6.17. A Riemannian manifold (N, g) is called a Lp
l -manifold if all

geodesics starting at p return to p after length l.

It follows from the proof of Theorem 6.14 that:
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Corollary 6.18. Let (N, g) be as in Theorem 6.14. If (N, g) has a taut point
p, then (N, g) is a Lp

l -manifold .

One can say a lot about the topology of Lp
l -manifolds. Using Corollary 6.18 and

results from [Bott 1954; Samelson 1963] (compare [Besse 1978, Theorem 7.23])
on Lp

l -manifolds, we have:

Theorem 6.19. Let (N, g) be as in Theorem 6.14. Assume that N has a taut
point . Then a must be 1, 3, 7, or n− 1. Moreover :

(1) If a = 1, then n = 2m and N has the homotopy type of C Pm.
(2) If a = 3, then n = 4m and N has the integral cohomology ring of HPn.
(3) If a = 7, then n = 16 and N has the integral cohomology ring of CaP 2.
(4) If a = n − 1, then N is homeomorphic to Sn.

The next theorem gives a converse of Theorem 6.14, which shows that Conjecture
6.4 is more general than the Blaschke Conjecture 6.8.

Theorem 6.20. Let N be a simply connected Blaschke manifold. Then all
points in N are taut .

Proof. There is a number l such that every unit-speed geodesic in N is a
simple closed geodesic with least period l [Besse 1978, Corollary 5.42]. Here
simple means that there is no self-intersection in one period. Moreover, for
every p and a point q in the cut locus of p we have d(p, q) = l/2 [Besse 1978,
Proposition 5.39]. The conjugate points on a closed geodesics come after distance
l/2, l, 3l/2 and so on. Now fix p and let q 6= p be a point in N that is not at
distance l/2 from p. Then every geodesic between p and q has image on the same
closed geodesic. It follows that Eq : P (N, p×q) → R is a Morse function whose
critical points have indices a, a + n − 1, 2a + n− 1, 2(a + n− 1) and so on. It
is clear that Eq is perfect if a > 1 (and hence n > 2), since there are no critical
points with indices differing by 1. If a = 1, then by [Besse 1978, Theorem 7.23],
N is homotopy equivalent to a CPm, where 2m = n. The loop spaces of N and
CP

m are therefore also homotopy equivalent. It follows that the loop space of
N has nontrivial homology in dimensions a, a+ n − 1, 2a+ n− 1, 2(a+ n− 1)
and so on, and hence that Eq is perfect. �

Combining Corollary 6.16 and Theorem 6.20 we get:

Theorem 6.21. Let (N, g) be a simply connected compact Riemannian manifold
that is homotopy equivalent to a compact rank one symmetric space. Then (N, g)
is Blaschke if and only if all points of (N, g) are taut .

We assume that N is topologically or homotopically a rank-one symmetric space
in the discussion above for simplicity. Of course, the following problem is one of
our main interests:
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Problem 6.22. Suppose (N, g) is a simply connected complete Riemannian
manifold such that all points of N are taut. What can we say about the geometry
and topology of (N, g)?

The last topic we will deal with in this section is tautness of spheres. First we
prove a theorem that relates tautness of a point p and tautness of the distance
spheres centered at p.

Theorem 6.23. Let N be a complete Riemannian manifold and p a point in N .
Set φ = expp : Sε(0) → N , where Sε(0) is the sphere of radius ε around the
origin in TMp and ε is smaller than the conjugate radius of N at p. Then φ is
taut if and only if p is taut .

Proof. Let B denote the geodesic disk Bε(p). Since B is contractible, the
fibration P (N, B×p) → B defined by γ 7→ γ(0) is trivial. Hence the fibration
restricts to P (N, φ×p) is trivial, and we have

P (N, φ×p) ∼ S × P (N, p×p).
So the Poincaré polynomial of P (N, φ×p) is

(1 + tn−1)
∑

bkt
k, (6.1)

where n = dimN and bk is the k-th Betti number of P (N, p×p). Now let q be
some point in N . Then the critical points of Eq : P (N, φ×q) → Rare pairs (r, γ)
where γ is a geodesic starting perpendicularly to φ(Sε(p)) in φ(r) and ending in q.
There are two possibilities: either after adding to γ or deleting from γ a geodesic
segment of length ε we end up in p. A critical point of Eq : P (N, p×q) → R of
index k therefore gives rise two critical points of Ep : P (N, φ×q) → R of index
k and k + (n − 1) respectively, and vise versa. The equivalence of the tautness
of S and p now follows from Equation (6.1). �

As a consequence of Theorems 6.3 and 6.23, we have:

Corollary 6.24. The distance spheres in a symmetric space N are taut if their
radius is smaller than the conjugate radius of N .

Next we study whether a null-homotopic taut sphere Sn−1 in an n-dimensional
manifold (N, g) must be a distance sphere. First remember that if S is an embed-
ded hypersurface of N that is null-homotopic, then N \ S has two components.
If one of the components is diffeomorphic to an n-dimensional ball, then we say
that S bounds a ball on one side.

Theorem 6.25. Let S = Sn−1 be a null-homotopic embedded taut hypersurface
in a complete Riemannian manifold N of dimension n. Assume that Sn−1 bounds
a ball on one side. Then S is a distance sphere.

Proof. We denote by B the component of M \S that is diffeomorphic to an n-
ball. We look at the parallel hypersurfaces of S in B. There must be a singularity
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in one of them. There is therefore a geodesic γ starting perpendicularly in S,
going into B and having a first focal point p in B at distance l. We assume
l is minimal with this property. We denote the multiplicity of this focal point
by k and want to prove that it is equal to n − 1. By Theorem 2.8, there is a
k-dimensional critical submanifold C of minima of Ep through γ in P (N, S×p),
which, by tautness represents a nontrivial homology class of P (N, S×p). Now C

is contained in P (B, S×p). This implies that C represents a nontrivial homology
class of P (B, S × p). Since P (B, S×p) does not have any nontrivial homology
class of positive dimension less than n − 1, it follows that k = n − 1. The focal
point p is therefore of index n−1 and it follows that C is an (n−1)-dimensional
family of geodesics starting perpendicularly to S, going into B and meeting in p
at distance l. Hence all geodesics starting perpendicularly to S and going into
B meet in p at distance l. It follows that S is a geodesic sphere. �

The Differentiable Schoenfliess Theorem says that if n ≥ 5 an embedded Sn−1

in Sn always bounds a ball [Milnor 1965, Proposition D, p. 112]. The ques-
tion whether an embedded and null-homotopic Sn−1 in an arbitrary smooth
n-manifoldN bounds a ball is more complicated. It was answered by Ruberman
[Ruberman 1997]:

Theorem 6.26. Suppose that i : Sn−1 → N is a null-homotopic smooth embed-
ding , where N has dimension n. Let S = i(Sn−1). Then one of the following
statements must hold :

(1) S bounds a ball on one side.
(2) N is a rational homology sphere, the fundamental groups of both components

of N \ S are finite, and at least one of them is trivial .

It follows from [Chern and Lashof 1957] that any taut hypersurface in Sn that is
homeomorphic to a sphere, is a distance sphere. Together with Theorems 6.25
and 6.26, this implies the following results:

Corollary 6.27. A null-homotopic, embedded taut hypersphere in a symmetric
space must be a distance sphere.

Corollary 6.28. Suppose N is homotopy equivalent to a compact symmetric
space which is not a sphere. Then a null-homotopic, embedded , taut hypersphere
of (N, g) must be a distance sphere.

Theorem 6.29. Suppose the n-dimensional manifold N is not a rational homol-
ogy sphere. Then a null-homotopic, embedded taut hypersphere Sn−1 of (N, g)
must be a distance sphere.
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Appendix: Applications of Infinite-Dimensional
Morse Theory to Section 2

Let φ : M → N be an immersion, and take p ∈ N . It is known that Ep :
P (N, φ×p) → R satisfies the Palais–Smale condition. So we can apply infinite-
dimensional Morse theory to Ep. As in Section 2 we set

Mp = P (N, φ×p) and Mr
p = {γ ∈ Mp : Ep(γ) ≤ r},

and let R(Ep) and C(Ep) denote the set of regular values and the set of sin-
gular values of Ep. In this appendix, we will explain how one can use infinite-
dimensional Morse theory to prove the following theorem.

Theorem A.1. If M is an immersed taut submanifold of N and p ∈ N and r
is a regular value of Ep, then the map

i∗ : H∗(Mr
p) → H∗(Mp)

induced by the inclusion of Mr
p in Mp is injective.

The proof follows the same method as the proof of [Terng 1989, Proposition 5.8],
except that here the function Ep changes its domain as p changes in N . But it
is easy to see that it suffices to prove analogues of [Terng 1989, Propositions 5.6
and 5.7], here called Lemmas A.3 and A.4, and the rest of the proof is exactly
the same.

We will make some remarks at the end of this appendix on how we can prove
injectivity of i∗ for all r with these methods if we use Čech homology instead
of singular homology. Notice that we proved in Section 2 that i∗ is injective for
all r in singular homology, but that proof relies on Theorem 2.8 and is therefore
more difficult. It would be nice to have a proof of Theorem 2.8 that does not
use finite-dimensional approximations. The computations below should also be
useful for writing such a proof.

Recall that the tangent space ofMp at γ is the set of all absolutely continuous
vector fields v along γ such that v(0) ∈ TMγ(0) and v(1) = 0. A Riemannian
metric is defined on Mp by

〈u, v〉1 =
∫ 1

0

(∇γ′u(t),∇γ′v(t)) dt.

The gradient ∇Ep(γ) ∈ T (Mp)γ of Ep is implicitly defined by

d(Ep)γ(u) = 〈∇Ep(γ), u〉1
for all u ∈ T (Mp)γ . We next prove a formula for ∇Ep(γ).

Proposition A.2. Let γ ∈ Mp, and let {ei} be a parallel orthonormal frame
field along γ such that e1(0), . . . , em(0) span TMγ(0). Write γ′(t) =

∑
i ai(t)ei(t).
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Then

‖∇Ep(γ)‖2
1 =

∑
i≤m

∫ 1

0

a2
i dt+

∑
i>m

∫ 1

0

(ai − αi)2 = E(γ) −
∑
i>m

α2
i ,

where αi =
∫ 1

0
ai(t) dt denotes the mean value of ai.

Proof. Let F denote ∇Ep(γ), and write F =
∑

i fiei. Note that

d(Ep)γ(u) =
∫ 1

0

(∇γ′u, γ′) dt =
∫ 1

0

(γ′, u)′ dt−
∫ 1

0

(∇γ′γ′, u) dt

= 〈F, u〉1 =
∫ 1

0

(∇γ′F,∇γ′u) dt

=
∫ 1

0

(∇γ′F, u)′ dt−
∫ 1

0

(∇γ′∇γ′F, u) dt,

for all u ∈ T (Mp)γ . So we have f ′′i = a′i, fi(1) = 0 for all i, fi(0) = 0 for all
i > m, and ∫ 1

0

∑
i

(f ′i − ai)′(t) dt = 0.

The proposition now follows by a direct computation. �

Lemma A.3. If [r, s] ⊂ R(Ep), there exists δ > 0 such that [r, s] ⊂ R(Eq) if the
distance d(p, q) < δ.

Proof. If the claim is not true, there exist a sequence qn ∈ N converging to p
and critical points γn of Eqn on P (N, M×qn) such that Eqn(γn) ∈ [r, s]. Since
γn is a critical point of Epn , there is a vn ∈ TNqn such that

γn(t) = exp((1−t)vn) and ‖vn‖2 = E(γn).

But qn → p and ‖vn‖ ≤ √
s. So there exists a subsequence, still denoted by vn,

converging to some v0 ∈ TNp. Set γ(t) = exp((1−t)v0). Then γ is a critical
point of Ep and E(γ) ∈ [r, s], a contradiction. �

Lemma A.4. If [r, s] ⊂ R(Ep), then there exist δ1 > 0, δ2 > 0 such that d(p, q) <
δ1 and Eq(γ) ∈ [r, s] imply that ‖∇Eq(γ)‖1 ≥ δ2.

Proof. Suppose the claim is false. First choose a δ > 0 as in Lemma A.3 that is
also less than the injectivity radius at p. Then there exist a sequence qn ∈ N and
γn ∈ Mqn such that d(qn, p) < δ, qn → p, Eqn(γn) ∈ [r, s] and ‖∇Eqn(γn)‖1 → 0.

Set δn = d(p, qn) and let βn : [1−δn, 1] → N denote the geodesic joining qn

to p parametrized by arc length, and

γ̃n(t) =



γn

(
t

1− δn

)
, if t ∈ [0, 1−δn],

βn(t), if t ∈ [1−δn, 1].
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Let ei(t) be a parallel orthonormal frame along γ̃n as in Proposition A.2. Write
γ′n =

∑
i a

n
i ei, and γ̃′n =

∑
i ã

n
i ei and β′n =

∑
i d

n
i ei. Then the dn

i are constant
and

∑
i(d

n
i )2 = 1,

ãn
i (t) =




1
1− δn

an
i

(
t

1− δn

)
, if t ∈ [0, 1− δn],

dn
i , if t ∈ [1− δn, 1].

A direct computation shows that the mean α̃n
i of ãn

i is related to the mean αn
i

of an
i by

α̃n
i = αn

i + δnd
n
i .

Using Proposition A.2, we obtain

‖∇Ep(γ̃n)‖2
1 =

‖∇Eqn(γn)‖2
1

1− δn
+ δn +

∑
i>m

(
δn

1− δn
(dn

i )2 − 2αn
i d

n
i δn − (dn

i )2δ2n
)
.

But ‖∇Eqn(γn)‖1 → 0, ‖dn‖ = 1 and δn → 0. So we have ‖∇Ep(γ̃n)‖1 → 0.
Since Ep satisfies condition C, there is a convergent subsequence γ̃nk → γ0 and
γ0 is a critical point of Ep. It is clear that Ep(γ0) ∈ [r, s], contradicting the
assumption that [r, s] ⊂ R(Ep). �

Remark A.5. We now explain how Theorem A.1 can be proved for all values
r, not only regular ones, if we replace singular homology by Čech homology. We
will denote Čech homology by Ȟ∗ and singular homology by H∗.

Let r be any real number and let (rk) be a decreasing sequence of regular
values of Ep that converge to r. Notice that Ȟ∗(Mp) = H∗(Mp) and Ȟ∗(Mrk

p ) =
H∗(Mrk

p ) for all k since Mp and Mrk
p are manifolds (with or without boundary).

By Theorem A.1 we have

Ȟ∗(Mrk
p ) → Ȟ∗(Mp)

is injective for all k. We have

Ȟ∗(Mr
p) = lim

k→∞
Ȟ∗(Mrk

p )

by continuity of Čech homology. We also know that Ȟ∗(Mr
p) = Ȟ∗(Mrk

p ) for
k > k0 for some k0 since Ȟ∗(Mrl

p ) → Ȟ∗(Mrm
p ) is injective for l > m and

H∗(Mrk
p ) is finite-dimensional for all k so that the sequence (H∗(Mrk

p )) must
stabilize for big k. It now follows that

Ȟ∗(Mr
p) → Ȟ∗(Mp)

is injective as we wanted to show.
The above argument is quite typical in the theory of tight and taut immer-

sions; see [Kuiper 1980], for example.
It follows from Theorem 2.8 thatMr

p is homotopy equivalent to a CW-complex
for all r. Consequently, Čech and singular homology coincide, and we have
injectivity in singular homology in Theorem A.1 for all r (see Section 2).
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Null-Homotopic Embedded Spheres

of Codimension One

DANIEL RUBERMAN

Abstract. Let S be an (n−1)-sphere smoothly embedded in a closed, ori-
entable, smooth n-manifold M , and let the embedding be null-homotopic.
We show that, if S does not bound a ball, then M is a rational homology
sphere, the fundamental groups of both components of M \ S are finite,
and at least one of them is trivial.

Let M be a closed, oriented n-manifold, and suppose that ι : Sn−1 → M

is a smooth embedding that is null-homotopic. It follows easily that the image
ι(Sn−1) = S separates M into two pieces: M = X0 ∪S Y0, or M = X # Y

with X = X0 ∪Bn and Y = Y0 ∪ Bn. An obvious instance is when X0 or Y0 is
diffeomorphic to Bn; we then say that S bounds a ball on one side. The question
as to whether this is the only possibility arises in [Terng and Thorbergsson
1997]. The following theorem describes what can happen; there are examples in
every dimension to show that this is (more or less) the best possible. The only
qualification is that it is perhaps possible to show that both X and Y must be
simply connected; all of the examples constructed at the end of this article have
this property.

Theorem 1. Suppose that ι : Sn−1 → Mn is a null-homotopic smooth em-
bedding . Then either S bounds a homotopy ball on one side, or the following
statements hold :

(i) M is a rational homology sphere, and therefore X and Y are as well .
(ii) The fundamental groups of both X and Y are finite, and at least one of them

is trivial .

For n > 4, if S bounds a homotopy ball then it bounds a (smooth) ball , while if
n = 4 it bounds a topological ball .

The basic ingredient in the proof is the well-known principle that a manifold
admitting a map from a sphere of nonzero degree must be a rational homology
sphere:
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Lemma 2. Suppose that M is an n-dimensional oriented manifold , and that
f : Sn → M has degree k > 0. Then M is a rational homology sphere, and
H∗(M ;Z) has no m-torsion if gcd(m, k) = 1. Moreover , π1(M) is finite, and its
order divides k.

The first part follows by Poincaré duality with rational orZ/m coefficients. The
second part follows by considering the lift of f to the universal cover of M .

To apply the lemma, note that there are maps πX : M → X and πY :
M → Y collapsing Y0 and X0, respectively, to a point. These maps induce
an isomorphism from Hn(M, S) to the direct sum Hn(X) ⊕ Hn(Y ). Here X

and Y are oriented by the image of Hn(M) in Hn(M, S), and also X0 and Y0

acquire orientations as manifolds with boundary. The inverse of the isomorphism
(πX)∗ ⊕ (πY )∗ is then induced by the inclusions ιX , ιY of X0, Y0 into M .

Suppose now that F : Bn → M is an extension of ι coming from the null-
homotopy of ι. Composing with the projections πX and πY gives maps FX :
Sn → X and FY : Sn → Y .

Lemma 3. The degrees of FX and FY satisfy deg FX − deg FY = ±1.

Proof. This is a small diagram chase. The point is that (with suitable orienta-
tion conventions) the boundary map ∂ : Hn(M, S) → Hn−1(S), takes the class
ι∗([X0]) to +1 and ι∗([Y0]) to −1. �

Proof of Theorem 1. Suppose that S is null-homotopic, and that neither X

nor Y is a homotopy ball. The fact that one of X and Y must be simply con-
nected follows from the van Kampen theorem, which implies that π1(M) is the
free product π1(X)∗π1(Y ). It is easily seen that a lift of S to the universal cover
M̃ intersects a properly embedded line, and is thus essential (in homology). But
the covering homotopy theorem implies that any lift of S is null-homotopic. In
dimension n = 3, a standard argument implies that a simply connected manifold
with boundary S2 is a homotopy ball; hence one of X0 or Y0 is a homotopy ball.

Suppose now that n > 3, and that one of the degrees, say deg(FY ), is zero.
By the preceding lemma, the other one must be ±1. By the first lemma, X must
be a homotopy sphere, i.e., X0 is a homotopy ball. In all dimensions except 4,
X0 is then known to be diffeomorphic to a ball [Milnor 1965]; in dimension 4,
all one can say at present is that X0 is homeomorphic to a ball [Freedman and
Quinn 1990].

If neither degree is zero, both X and Y are rational homology spheres, by the
first lemma. �

We remark that a simply connected four-manifold has no torsion in its homology,
so a simply connected rational homology four-sphere must be homotopy equiv-
alent to, and thus homeomorphic to, a sphere. In dimension four, therefore, a
null-homotopic sphere must bound a ball, and the new phenomena must be in
higher dimensions.
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We now construct examples that show that in some sense the theorem gives
as much information as possible. Clearly, by the theorem, one needs a source of
simply connected manifolds that arise as the target of a map of nonzero degree
from a sphere. We use the following two lemmas to put such manifolds together
to give examples of manifolds M containing a null-homotopic sphere.

Lemma 4. Suppose that X is a simply connected n-manifold whose homology in
dimensions 0 < m < n is all k-torsion, for some integer k. Then the image of
the Hurewicz map πn(M) → Hn(M) is given by kr

Zfor some r. In particular ,
there is a map Sn → M of degree kr.

Proof. This follows from the mod C Hurewicz theorem [Serre 1953], where C
is the class of finite abelian groups. �

Lemma 5. Suppose that X and Y are oriented simply connected manifolds,
admitting maps from Sn of degrees k and l, respectively . Then the connected
sum M = X # Y admits a map from Bn such that the restriction takes Sn−1 to
the sphere separating X from Y , and the induced map has degree k + l.

Proof. Choose regular values x ∈ X and y ∈ Y . By a homotopy of the maps, if
necessary, we can assume that the local degree at some point p in the preimage
of x is positive, and that the local degree at some point q in the preimage of y is
negative. Remove small ball neighborhoods of x and y, and form the connected
sum X # Y using an orientation reversing diffeomorphism of Sn−1. There is
an obvious map of a punctured sphere to X0, and another one to Y0, that fit
together (near p and q) to give a map of a punctured sphere to M . All of the
boundary Sn−1’s map to S, and the total degree of all the maps is clearly k + l.

Choose one of the boundary components S0 of the punctured sphere, and for
each of the other boundary components, choose an arc joining it to S0. The arcs
become loops in M , which can be contracted to lie in a neighborhood of S. (This
is where the simple connectivity gets used.) Remove a neighborhood of each of
the arcs, to get a map of Bn, with boundary lying in S × I. The map on the
boundary can be homotoped to lie in S; the homotopy extension theorem says
that this homotopy extends to a homotopy of the map of the ball as well. �

Remark 6. The simple connectivity of at least one of X and Y is essential,
as the proof of the theorem shows. It is not known if X and Y both have to
be one-connected. There is also some possible confusion about orientations: the
sphere S gets its orientation as the boundary of the submanifold X0 of M .

To apply these lemmas, suppose X and Y admit degree-k and degree-l maps
from the sphere. By precomposing with maps of the sphere to itself, of degrees a

and b, we can get a map from the ball to X # Y sending Sn−1 to S with degree
ak + bl. If gcd(k, l) = 1, we can choose ak + bl = 1, so the map is homotopic to
the embedding of S in M . So all we need is a collection of rational homology
spheres, in each dimension n ≥ 5, with only k-torsion in their homology.
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Example 7. For n ≥ 5, start with the manifold S2 × Bn−2. Add a three-
handle to S2×Bn−2 where the attaching two-sphere in the boundary S2×Sn−3

represents k times the generator of H2(S2×Sn−3). (When n = 5, some care must
be taken, as not every homology class is represented by an embedded sphere. But
in the case at hand, this is not a problem; tube together k parallel copies of the
obvious sphere S2×pt.) Double the resulting manifold with boundary, to obtain
a simply connected manifold Xk. If n > 5, the only homology in Xk (apart from
dimensions 0 and n) is Z/k in dimensions 2 and n − 2. For dimension 5, the
homology isZ/k⊕Z/k in dimension 2.

The 5-manifolds Xk were constructed by D. Barden [1965] by a somewhat
different method. As an alternative to the previous paragraph, one could obtain
higher-dimensional examples inductively, starting from Barden’s manifolds, as
follows: From an n-dimensional Xk, form the product Xk × S1 , and then surger
the circle (this is called spinning X) to get an (n+1)-manifoldXk with nontrivial
homology (Z/k⊕Z/k) only in dimensions 2 and n− 2.

Example 8. Start with the Hopf map p : S7 → S4 . As a (linear) S3 bundle
over S4 , it has an Euler class that is easily seen to be a generator of H4(S4).
Now let g : S4 → S4 have nonzero degree, say k, and let pk : Xk → S4 be the
pull back bundle g∗(p). By naturality, pk has Euler class k; it is easy to compute
(with a Gysin sequence) that the homology of Xk is Z/k in dimension 3, Zin
dimensions 0 and 7, and trivial otherwise. Using the naturality of the Gysin
sequence, or a geometric argument, it is easy to see that the degree of the map
Xk → S7 covering g is exactly k. From properties of the Hopf invariant, it is not
hard to check that there is a map S7 → Xk of degree exactly k. By spinning as
in the previous example, one gets examples in every dimension ≥ 7.
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Real Hypersurfaces

in Complex Space Forms

ROSS NIEBERGALL AND PATRICK J. RYAN

Abstract. The study of real hypersurfaces in complex space forms has
been an active field of study over the past decade. This article attempts to
give the necessary background material to access this field, as well as a de-
tailed construction of the important examples of hypersurfaces in complex
projective and complex hyperbolic space. Following this we give a survey
of the major classification results, including such topics as restrictions on
the shape operator, the η-parallel condition, and restrictions on the Ricci
tensor. We conclude with a brief discussion of some additional areas of
study and some open problems. A comprehensive bibliography is included.

Introduction

The study of real hypersurfaces in complex projective space C P n and complex
hyperbolic space C Hn has been an active field over the past decade. Although
these ambient spaces might be regarded as the simplest after the spaces of con-
stant curvature, they impose significant restrictions on the geometry of their
hypersurfaces. For instance, they do not admit umbilic hypersurfaces and their
geodesic spheres do not have constant curvature. They also do not admit Ein-
stein hypersurfaces. M. Okumura [1978] remarked that there was a poverty of
vocabulary for describing the differential geometric properties of the hypersur-
faces that can arise. That situation has since been improved.

One can regard C P n as a projection from S2n+1 with fibre S1. H. B. Lawson
[1970] was the first to exploit this idea to study a hypersurface in C P n by
lifting it to an S1-invariant hypersurface of the sphere. He identified certain
hypersurfaces called equators of C P n which are minimal and lift to Clifford
minimal hypersurfaces of the sphere. Subsequently, other investigators explored
properties that lifted to familiar properties of hypersurfaces in S2n+1.
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R. Takagi’s classification [1973] of the homogeneous real hypersurfaces of C P n

was important in its own right, but it also identified a whole list of hypersurfaces,
gave them names (type A1, type B, etc.), and focused attention on them. Other
geometers began to study them and to derive new characterizations of various
subsets of the list.

Another important notion that developed was the relevance of the structure
vector of a hypersurface. It is defined by W = −Jξ where J is the complex
structure and ξ is the unit normal field. In early investigations, it was found
that computations were more tractable when W was a principal vector. Further,
it was observed that W is principal for all homogeneous hypersurfaces in C P n.
Later, geometric characterizations of this property were found and hypersurfaces
that satisfy it are now called Hopf hypersurfaces.

It has also developed that certain interesting classes of hypersurfaces can be
characterized by simply stated conditions on the so-called holomorphic distri-
bution W⊥. For example, the notions of η-umbilical and pseudo-Einstein have
arisen. These are the appropriate analogues of umbilical and Einstein, respec-
tively, and essentially say that the indicated property holds on W⊥.

The homogeneous hypersurfaces of C P n all have constant principal curva-
tures, and Hopf hypersurfaces with constant principal curvatures have been de-
termined, both for C P n and for C Hn. In real space forms, constant principal
curvature hypersurfaces are isoparametric and have many nice properties re-
lated to parallel families and focal sets. The various equivalent definitions of
isoparametric that can be used in real space forms lead to distinct classes of hy-
persurfaces in C P n. Several of these alternatives have been investigated but the
constant principal curvature hypersurfaces have been studied most intensively.

The study of hypersurfaces in C Hn has followed developments in C P n, of-
ten with similar results, but sometimes with differences. For example, a Hopf
hypersurface with constant principal curvatures in C P n must have 2, 3, or 5
distinct principal curvatures. For C Hn, 2 and 3 are the only possibilities. On
the other hand, C Hn admits a wider variety of hypersurfaces with a specific
number (say 2) of principal curvatures.

In this article, we will present the fundamental definitions and results neces-
sary for reaching the frontiers of research in the field. We will state the known
classification results and provide proofs of many of them. For those proofs that
we cannot include because of time and space limitations, we provide appropriate
pointers to the literature.

In Section 1 we construct the standard models of spaces of constant holo-
morphic sectional curvature, and give the essential background for studying real
hypersurfaces. In Section 2 we discuss the notion of Hopf hypersurfaces, and
show that the shape operator satisfies rather stringent conditions for these hy-
persurfaces. In Section 3 we list the standard examples of real hypersurfaces that
occur in spaces of constant holomorphic sectional curvature. The classification
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results are discussed in Sections 4–7. Finally, in Sections 8 and 9, we discuss
areas for further study.

We conclude this section by mentioning a few notational conventions. In
addition to the usual end-of-proof symbol �, we use / to conclude the statement
of a theorem whose proof is to be omitted.

For Hopf hypersurfaces, the shape operator A preserves the holomorphic dis-
tribution W⊥. Rather than say that λ is a principal curvature whose correspond-
ing principal vectors lie in W⊥, we often say that λ is a principal curvature “on
W⊥”. This will allow us to avoid repeating a wordy and awkward phrase.

When X and Y are vectors, X ∧ Y will denote the linear transformation
satisfying

(X ∧ Y )Z = 〈Y, Z〉X − 〈X, Z〉Y
where 〈 , 〉 is the inner product. Finally, since covariant differentiation acts as a
derivation on the algebra of tensor fields, and commutes with contractions, the
curvature operator R(X, Y ) can operate in the same way. For any tensor field
T , the tensor field defined by

R(X, Y ) · T = ∇X∇Y T −∇Y∇XT −∇[X,Y ]T

is abbreviated R · T . For instance, if T is a tensor field of type (1, 1),

(R · T )(X, Y, Z) = (R(X, Y ) · T )Z = R(X, Y )(TZ) − T (R(X, Y )Z).

1. Preliminaries

In this section we construct the standard models of spaces of constant holo-
morphic sectional curvature. We first construct C P n and then C Hn, and then
we take a unified approach to the discussion of spaces of constant holomorphic
sectional curvature. We then discuss the geometry of hypersurfaces and their
lifts.

Complex Projective Space. We first introduce the complex projective space
C P n and the basic equations for studying its hypersurfaces. For z = (z0, . . . , zn),
w = (w0, . . . , wn) in C n+1, write

F (z, w) =
n∑

k=0

zkw̄k

and let 〈z, w〉 = ReF (z, w), the real part of F (z, w). The (2n + 1)-sphere
S2n+1(r) of radius r is defined by

S2n+1(r) = {z ∈ C n+1 : 〈z, z〉 = r2}.
We may consider C n+1 as R2n+2 and define u, v ∈ R2n+2 by

zk = u2k + u2k+1i, wk = v2k + v2k+1i.
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Then

〈z, w〉 = 〈u, v〉 =
2n+1∑
k=0

ukvk.

We will use 〈z, w〉 and 〈u, v〉 interchangeably. When desired, we can work ex-
clusively in real terms by introducing the operator J for multiplication by the
complex number i. Note that for z ∈ S2n+1(r),

TzS
2n+1(r) = {w ∈ C n+1 : 〈z, w〉 = 0}.

Restricting 〈 , 〉 to S2n+1(r) gives a Riemannian metric whose Levi-Civita con-
nection ∇̃ satisfies

DXY = ∇̃XY − 〈X, Y 〉 z

r2

for X, Y tangent to S2n+1(r) at z, where D is the Levi-Civita connection of
R2n+2. The usual calculations of the Gauss equation yield that the curvature
tensor R̃ of ∇̃ satisfies

R̃(X, Y ) =
1
r2

X ∧ Y. (1.1)

Let V = Jz and write down the orthogonal decomposition into so-called
vertical and horizontal components,

TzS
2n+1(r) = span{V } ⊕ V ⊥.

Let π be the canonical projection of S2n+1(r) to complex projective space C P n,

π : S2n+1(r) → C P n.

Complex Hyperbolic Space. Next, we introduce the complex hyperbolic
space C Hn. The construction is parallel to that of C P n with some important
differences. For z, w in C n+1, write

F (z, w) = −z0w̄0 +
n∑

k=1

zkw̄k

and let 〈z, w〉 = ReF (z, w). The anti–de Sitter space of radius r in C
n+1 is

defined by
H2n+1

1 (r) = {z ∈ C n+1 : 〈z, z〉 = −r2}.
We denote H2n+1

1 (r) by H for short. We use the same identification of C n+1

with R2n+2 so that

〈z, w〉 = 〈u, v〉 = −u0v0 − u1v1 +
2n+1∑
k=2

ukvk.

For z ∈ H ,
TzH = {w ∈ C n+1 : 〈z, w〉 = 0}.

Restricting 〈 , 〉 to H gives a Lorentz metric whose Levi-Civita connection ∇̃
satisfies

DXY = ∇̃XY + 〈X, Y 〉 z

r2
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for X, Y tangent to H at z. The Gauss equation takes the form

R̃(X, Y ) = − 1
r2

X ∧ Y. (1.2)

Again take V = Jz and we get the analogous orthogonal decomposition

TzH = span{V } ⊕ V ⊥.

Denote by C Hn the image of H by the canonical projection π to complex pro-
jective space,

π : H → C Hn ⊂ C P n.

Thus, topologically, C Hn is an open subset of C P n. However, as Riemannian
manifolds, they have quite different structures.

Complex Space Forms From here we make a uniform exposition covering both
C P n and C Hn. When convenient, we make use of the letter ε to distinguish the
two cases. It denotes the sign of the constant holomorphic sectional curvature
4c = 4ε/r2. For example, (1.1) and (1.2) could be written as

R̃(X, Y ) =
ε

r2
X ∧ Y.

We also use M̃ to stand for either C P n or C Hn and M̃ ′ for S2n+1(r) or H .
Note that π∗V = 0 but that π∗ is an isomorphism on V ⊥. Let z be any point

of M̃ ′. For X ∈ TπzM̃ , let XL be the vector in V ⊥
z that projects to X. XL

is called the horizontal lift of X to z. Define a Riemannian metric on M̃ by
〈X, Y 〉 = 〈XL, Y L〉. It is well-defined since the metric on M̃ ′ is invariant by the
fibre S1. Since V ⊥ is J-invariant, M̃ can be assigned a complex structure (also
denoted by J) by JX = π∗(JXL). It is easy to check that 〈 , 〉 is Hermitian on
M̃ and that its Levi-Civita connection ∇̃ satisfies

∇̃XY = π∗(∇̃XLY L). (1.3)

We also note that on M̃ ′

∇̃XLV = ∇̃V XL = JXL = (JX)L (1.4)

while

∇̃V V = 0.

See [O’Neill 1966; Gray 1967] for background on Riemannian submersions.

Theorem 1.1. The curvature tensor R̃ of M̃ satisfies

R̃(X, Y )Z =
ε

r2
(X ∧ Y + JX ∧ JY + 2〈X, JY 〉J)Z.

In particular , the sectional curvature of a holomorphic plane spanned by X and
JX is 4ε/r2 so that M̃ is a space of constant holomorphic sectional curvature. /
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The Riemannian metrics we have just constructed are known as the Fubini–Study
metric on C P n and the Bergman metric on C Hn respectively. See [Kobayashi
and Nomizu 1969, Chapter IX] for additional information on these metrics.

Hypersurfaces in Complex Space Forms. Let M̃(c) be a space of con-
stant holomorphic sectional curvature 4c with real dimension 2n and Levi-Civita
connection ∇̃. For an immersed manifold f : M2n−1 → M̃ , the Levi-Civita
connection ∇ of the induced metric and the shape operator A of the immersion
are characterized respectively by

∇̃XY = ∇XY + 〈AX, Y 〉ξ
and

∇̃Xξ = −AX

where ξ is a local choice of unit normal. We omit mention of the immersion f

for brevity of notation. Let
J : TM̃ → TM̃

be the complex structure with properties J2 = −I, ∇̃J = 0, and 〈JX, JY 〉 =
〈X, Y 〉. Define the structure vector

W = −Jξ.

Clearly W ∈ TM , and |W | = 1. Write a = 〈AW, W 〉. We reserve the symbols
W and a for these purposes throughout.

Define a skew-symmetric (1, 1)-tensor ϕ from the tangential projection of J

by
JX = ϕX + 〈X, W 〉ξ. (1.5)

Then, since −X = J2X = J(ϕX + 〈X, W 〉ξ) = ϕ2X + 〈ϕX, W 〉ξ + 〈X, W 〉Jξ,
we see that

ϕ2X = −X + 〈X, W 〉W. (1.6)

It is easy to check that

〈ϕX, ϕY 〉 = 〈X, Y 〉 − 〈X, W 〉〈Y, W 〉. (1.7)

Putting X = W in (1.5) gives ϕW = 0. Noting that ϕ2 = −I on W⊥ = {X ∈
TM : 〈X, W 〉 = 0} we see that ϕ has rank 2n− 2 and that

ker ϕ = span{W}.
Such a ϕ determines an almost contact metric structure [Blair 1976, pp. 19–21]
and W⊥ is called the holomorphic distribution.

In the usual way, we derive the Gauss and Codazzi equations:

R(X, Y ) = AX ∧AY + c
(
X ∧ Y + ϕX ∧ ϕY + 2〈X, ϕY 〉ϕ)

, (1.8)

(∇XA)Y − (∇Y A)X = c
(〈X, W 〉ϕY − 〈Y, W 〉ϕX + 2〈X, ϕY 〉W )

. (1.9)
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Corollary 1.2. We have
〈
(∇XA)Y − (∇Y A)X, W

〉
= 2c〈X, ϕY 〉 and〈

(∇XA)W, W
〉

=
〈
(∇WA)X, W

〉
= 〈(∇W A)W, X〉.

Proof. The first equation follows by taking the inner product of the Codazzi
equation with W , and the second follows by letting Y = W . �

From equation (1.8) we get the Ricci tensor S of type (1, 1) defined by

〈SX, Y 〉 = trace{Z → R(Z, X)Y } (1.10)

as

SX = (2n + 1)cX − 3c〈X, W 〉W + (trace A)AX − A2X. (1.11)

The scalar curvature is

s = trace S = 4(n2 − 1)c + (trace A)2 − trace A2.

The mean curvature is m = trace A and we reserve the symbol m for this purpose
throughout.

Proposition 1.3. We have ∇XW = ϕAX and

(∇Xϕ)Y = 〈Y, W 〉AX − 〈AX, Y 〉W.

Proof. For the first equality,

∇XW =−∇X(Jξ) = −∇̃X(Jξ) + 〈AX, Jξ〉ξ
=− J∇̃Xξ + 〈AX, Jξ〉ξ = JAX − 〈JAX, ξ〉ξ = ϕAX.

For the second,

(∇Xϕ)Y = ∇X(ϕY )−ϕ∇XY = ∇X(JY −〈Y, W 〉ξ)−ϕ∇XY

= ∇̃X(JY −〈Y, W 〉ξ)−〈AϕY, X〉ξ−ϕ∇XY

= J(∇XY + 〈AX, Y 〉ξ)−X〈Y, W 〉ξ + 〈Y, W 〉AX−〈AϕY, X〉ξ−ϕ∇XY

= ϕ∇XY + 〈∇XY, W 〉ξ−〈AX, Y 〉W −〈∇XY, W 〉ξ
−〈Y, ϕAX〉ξ + 〈Y, W 〉AX−〈AϕY, X〉ξ−ϕ∇XY

= 〈Y, W 〉AX−〈AX, Y 〉W. �

Proposition 1.4. If c 6= 0 then ∇W cannot be identically zero. Equivalently ,
ϕA cannot be identically zero.

Proof. By Proposition 1.3, ∇XW = 0 if and only if ϕAX = 0. Suppose that
this condition holds for all X. Then AX = 〈AX, W 〉W . Thus, for all X and Y ,

(∇XA)Y = ∇X(AY ) −A∇XY ∈ span{W}.
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Applying the Codazzi equation, we have

c(〈X, W 〉ϕY − 〈Y, W 〉ϕX) ∈ span{W}.

In particular, put Y = W to get that −cϕX lies in the span of W for all X.
This is clearly impossible since c 6= 0. �

Theorem 1.5. Let M2n−1, where n ≥ 2, be a hypersurface in a complex space
form of constant holomorphic sectional curvature 4c 6= 0. Then the shape oper-
ator A cannot be parallel . Also, no identity of the form A = λI can hold , even
with λ nonconstant . In particular , umbilic hypersurfaces cannot occur .

Proof. Let us first assume that A = λI. The Codazzi equation (1.9) becomes

(Xλ)Y − (Y λ)X = c(〈X, W 〉ϕY − 〈Y, W 〉ϕX + 2〈X, ϕY 〉W ).

If we put Y = W in this equation, it simplifies to

(Xλ)W − (Wλ)X = −cϕX.

For X 6= 0 orthogonal to W , the set {X, ϕX, W} is linearly independent, and
so c = 0 which contradicts the hypothesis. Now suppose that ∇A = 0. Take
X 6= 0 orthogonal to W and Y = W in the Codazzi equation, to get −cϕX = 0,
another contradiction. �

The nonexistence of umbilic hypersurfaces was proved by Tashiro and Tachibana
[1963].

Lifts of Hypersurfaces in M̃ to M̃ ′. Once again, we let M̃ represent C P n or
C Hn and M̃ ′ represent S2n+1(r) or H respectively, with the canonical projection

π : M̃ ′ → M̃.

Now consider a hypersurface M in M̃ . Then M ′ = π−1M is an S1-invariant
hypersurface in M̃ ′ (Lorentzian in the case M̃ ′ = H ). If ξ is a unit normal for
M , then ξ′ = ξL is a unit normal for M ′. The induced connection ∇′ and the
shape operator A′ for M ′ satisfy

∇̃XY = ∇′
XY + 〈A′X, Y 〉ξ′, ∇̃Xξ′ = −A′X,

and the more familiar form of the Codazzi equation

(∇′
XA′)Y = (∇′

Y A′)X.

There is also a Gauss equation, but we will not have occasion to use it. We
also have WL = U = −Jξ′ where W = −Jξ is the structure vector introduced
earlier.
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Lemma 1.6. For X and Y tangent to M̃ ,

(∇̃XY )L = ∇̃XLY L + ε〈JXL, Y L〉 1
r2

V. (1.12)

Proof. By (1.3), π∗ applied to each side of (1.12) yields the same result. Thus,
it only remains to check that the right side is horizontal. However,

〈∇̃XLY L, V 〉+ ε〈JXL, Y L〉 1
r2
〈V, V 〉 = −〈Y L, ∇̃XLV 〉+ 〈JXL, Y L〉ε2

= −〈Y L, JXL〉+ 〈JXL, Y L〉 = 0. �

Lemma 1.7. (i) ∇̃V ξ′ = Jξ′ = −U , so A′V = U .
(ii) For X tangent to M , (AX)L = A′XL − 〈XL, U〉εr−2V.

(iii) In particular , (AW )L = A′U − εr−2V.

(iv) If AW = aW , then A′U = aU + εr−2V .

Proof. To verify the first assertion, note that ∇̃V ξ′ = ∇̃V ξL = JξL = −U .
For the second, we compute

−A′XL = ∇̃XLξL = (∇̃Xξ)L − ε〈JXL, ξL〉r−2V,

and hence

A′XL = (AX)L + ε〈XL, U〉r−2V.

Assertions (iii) and (iv) are special cases of (ii). �

We now look at the relationship between the covariant derivatives of the respec-
tive shape operators of M and M ′.

Theorem 1.8. Let M2n−1, where n ≥ 2, be a real hypersurface in a complex
space form of constant holomorphic sectional curvature 4c 6= 0. Then the shape
operator A′ of M ′ = π−1M satisfies

π∗((∇′
XLA′)Y L) = (∇XA)Y + c

(〈ϕX, Y 〉W + 〈Y, W 〉ϕX
)

for all X, Y tangent to M .

Proof. We begin with the fundamental identity,

(∇XA)Y = ∇X(AY ) −A(∇XY ),

and take the horizontal lift of each side. In the following equation, all equalities
are to be understood mod V . We freely use (1.3), (1.4) and the results of
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Lemmas 1.6 and 1.7.(
(∇XA)Y

)L =
(∇̃X(AY )−〈AX, AY 〉ξ)L−A′(∇XY )L

= ∇̃XL(AY )L−〈(AX)L, (AY )L〉ξ′−A′((∇̃XY )L−〈(AX)L, Y L〉ξ′)
= ∇̃XL(A′Y L−εr−2〈Y L, U〉V )

−(〈A′XL, A′Y L〉+r−4〈XL, U〉〈Y L, U〉〈V, V 〉)ξ′
+2εr−2〈XL, U〉〈Y L, U〉ξ′
−A′(∇̃XLY L +εr−2〈JXL, Y L〉V −〈(AX)L, Y L〉ξ′)

= ∇′
XL(A′Y L)+〈A′XL, A′Y L〉ξ′−εr−2〈Y L, U〉JXL

−〈A′XL, A′Y L〉ξ′+εr−2〈XL, U〉〈Y L, U〉ξ′
−A′(∇′

XLY L+〈A′XL, Y L〉ξ′+εr−2〈JXL, Y L〉V −〈(AX)L, Y L〉ξ′)
= (∇′

XLA′)Y L−εr−2〈Y L, U〉(JX)L

+εr−2〈XL, U〉〈Y L, U〉ξ′−εr−2〈JX, Y 〉U
= (∇′

XLA′)Y L−εr−2〈Y, W 〉(ϕX)L−εr−2〈Y, W 〉〈X, W 〉ξL

+εr−2〈X, W 〉〈Y, W 〉ξL−εr−2〈ϕX, Y 〉WL,

from which the result follows. �

Note that the Codazzi equation (1.9) for M in M̃ is a consequence of Theo-
rem 1.8 together with the Codazzi equation for M ′ in M̃ ′. We also look at the
vertical component of the covariant derivative of A′ and observe the following
nice relationship. The proof is a straightforward application of the same methods
used in Theorem 1.8.

Proposition 1.9. Under the hypothesis of Theorem 1.8,〈
(∇′

XLA′)Y L, V
〉

= 〈(ϕA−Aϕ)X, Y 〉.

Therefore (∇′
XLA′)Y L is horizontal for all X and Y if and only if ϕ and A

commute. /

A (1, 1) tensor A is said to be a Codazzi tensor with respect to a semi-Riemannian
metric 〈 , 〉 if, for all tangent vectors X and Y ,

〈AX, Y 〉 = 〈X, AY 〉 and (∇XA)Y = (∇Y A)X,

where ∇ is the Levi-Civita connection.

Lemma 1.10. Let A be a Codazzi tensor . Assume that there are constants α

and β such that A2 = αA + βI. If α2 + 4β 6= 0, then ∇A = 0. Furthermore,
if α2 + 4β < 0, the tangent space splits into spacelike and timelike subspaces of
equal dimensions.
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Proof. Differentiating the quadratic condition yields

(∇XA)A + A(∇XA) = α(∇XA) (1.13)

so that
A(∇XA)A = (αA− A2)∇XA = −β∇XA. (1.14)

On the other hand, we can write (1.13) in the form

〈(∇ZA)Y, AX〉 + 〈(∇ZA)X, AY 〉 = α〈(∇ZA)X, Y 〉
where we have used the symmetry of A and∇ZA. Applying the Codazzi equation
and then replacing Z by AZ yields

〈(∇Y A)AZ, AX〉 + 〈(∇XA)AZ, AY 〉 = α〈(∇XA)AZ, Y 〉.
Again using symmetry and the Codazzi equation, along with (1.14), we have

−2β
〈
(∇XA)Y, Z

〉
= α

〈
A(∇XA)Y, Z

〉
= α

〈
(∇XA)AZ, Y

〉
.

Since the left side is symmetric in Y and Z, we have

α(∇XA)A = αA(∇XA) = −2β∇XA

so that, in view of (1.13),
(α2 + 4β)∇XA = 0.

If α2 + 4β < 0, there is a constant γ such that P = γ(A − 1
2
αI) is a symmetric

transformation satisfying P 2 = −I. In fact, γ =
(−(β + 1

4α2)
)−1/2

. The result
follows immediately. �

Using Theorem 1.8, we can strengthen the result that the shape operator cannot
be parallel. In fact, its covariant derivative cannot vanish even at one point.
Specifically:

Theorem 1.11. Let M2n−1, where n ≥ 2, be a real hypersurface in a complex
space form of constant holomorphic sectional curvature 4c 6= 0. Then the shape
operator A satisfies |∇A|2 ≥ 4c2(n− 1).

Proof. Let

T (X, Y ) = (∇XA)Y + c(〈ϕX, Y 〉W + 〈Y, W 〉ϕX),

the right side of the equation in Theorem 1.8. Then

0 ≤ |T |2 = |∇A|2 + 2ck1 + c2k2,

where k1 is the sum of

〈(∇XA)Y, 〈ϕX, Y 〉W + 〈Y, W 〉ϕX〉
as X and Y range over an orthonormal basis, while k2 is the sum of

〈ϕX, Y 〉2 + 〈Y, W 〉2|ϕX|2
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over the same range of X and Y . Summing over Y and using the fact that ∇XA

is symmetric, we see that k1 is equal to the sum over X of

〈ϕX, (∇XA)W 〉 + 〈W, (∇XA)ϕX〉 = 2〈ϕX, (∇XA)W 〉.
By the Codazzi equation,

〈ϕX, (∇XA)W 〉 = 〈ϕX, (∇W A)X〉 − c〈ϕX, ϕX〉.
Now note that (∇WA)ϕ has zero trace while the trace of ϕ2 is −2(n− 1). Thus
we can calculate that k1 = −4c(n − 1), while k2 = 4(n− 1). Therefore

|∇A|2− 8c2(n− 1) + 4c2(n− 1) ≥ 0,

which gives the desired result. �

As a byproduct of this proof, we also see that equality holds if and only if T = 0.
This means that

(∇XA)Y = −c(〈ϕX, Y 〉W + 〈Y, W 〉ϕX).

We will discuss this further at the beginning of Section 4. See Corollary 4.4.

2. Hopf Hypersurfaces: When W Is Principal

If W is a principal vector, M is called a Hopf hypersurface. Hopf hypersur-
faces have several nice characterizations. The notion makes sense in any Kähler
ambient space, and corresponds to the property that the integral curves of W

are geodesics. Tubes over complex submanifolds are known to be Hopf.
A fundamental fact about Hopf hypersurfaces is that the principal curvature

a corresponding to W is constant for complex space forms of nonzero curvature.
For c > 0, the proof is fairly direct, but for c < 0, it is rather lengthy, and involves
formidable computation. Nevertheless, it is of significance for the geometry of
real hypersurfaces in complex space forms, and so we will include it here. When
c = 0, a need not be constant, but nonconstancy puts rather strong restrictions
on A.

Theorem 2.1. Let M2n−1, where n ≥ 2, be a Hopf hypersurface in a com-
plex space form of constant holomorphic sectional curvature 4c, and let a be the
principal curvature corresponding to W .

(i) If c 6= 0, then a must be constant .
(ii) If c = 0 and grada 6= 0 at some point , then A|W⊥ = 0 in a neighborhood of

this point . Consequently , the number of distinct principal curvatures is 1 or 2
in this neighborhood . /

We first remark that a = 〈AW, W 〉 is a smooth function whether or not W

is principal. The first few lemmas establish a relationship between the shape
operator A and the structure tensor ϕ. A consequence of these preliminary
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results is the proof of the theorem in the case when c ≥ 0. The remainder of the
section is necessary to establish the result when c < 0.

Throughout this section, M2n−1, where n ≥ 2, will be a real hypersurface in
a space of constant holomorphic sectional curvature 4c, and X, Y , and Z will
be vectors tangent M .

Lemma 2.2. Let M2n−1, where n ≥ 2, be a Hopf hypersurface in a complex
space form of constant holomorphic sectional curvature 4c. Then

AϕA − a

2
(Aϕ + ϕA) − cϕ = 0 (2.1)

and
grad a = (Wa)W. (2.2)

Proof. Expand (∇XA)W , by making use of Proposition 1.3 to calculate that

(∇XA)W = ∇X(AW ) −A∇XW = (Xa)W + (aI − A)ϕAX. (2.3)

Then, by Corollary 1.2,

Xa = 〈(∇XA)W, W 〉 = 〈(∇W A)X, W 〉, (2.4)

and 〈(∇W A)W, X〉 = (Wa)〈W, X〉. Since 〈grad a, X〉 = Xa, we have grada =
(Wa)W . Now, using (2.3) and (2.4),

〈(∇XA)Y, W 〉 = 〈(∇XA)W, Y 〉
= (Wa)〈W, X〉〈W, Y 〉+ 〈(aI −A)ϕAX, Y 〉. (2.5)

Interchanging X and Y in (2.5) and subtracting, we calculate

〈(∇XA)Y, W 〉 − 〈(∇Y A)X, W 〉 = 〈(aI − A)ϕAX, Y 〉 − 〈(aI − A)ϕAY, X〉.
Comparing this with Corollary 1.2 we see that

2c〈X, ϕY 〉 = 〈(aI −A)ϕAX, Y 〉 − 〈(aI −A)ϕAY, X〉
= −〈X, Aϕ(aI − A)Y 〉 − 〈X, (aI −A)ϕAY 〉.

Since this is true for all tangent X and Y , we get

2cϕY = −a(AϕY + ϕAY ) + 2AϕAY,

and so
AϕA − a

2
(Aϕ + ϕA)− cϕ = 0. �

Here is an immediate consequence of this lemma.

Corollary 2.3. (i) If X ∈ W⊥ and AX = λX, then

(λ − a

2
)AϕX = (

λa

2
+ c)ϕX.
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(ii) If a nonzero X ∈ W⊥ satisfies AX = λX and AϕX = µϕX, then

λµ =
λ + µ

2
a + c.

(iii) If Tλ is ϕ-invariant , then λ2 = aλ+ c. (The notation Tλ is used for the set
of principal vectors for a principal curvature λ). /

Lemma 2.4. Let M2n−1, where n ≥ 2, be a Hopf hypersurface in a complex space
form of constant holomorphic sectional curvature 4c. Then (Wa)(ϕA+Aϕ) = 0.

Proof. Let β = Wa, so that grad a = βW . Then

〈∇X(grad a), Y 〉 − 〈∇Y (grad a), X〉
= X〈grad a, Y 〉 − 〈grad a,∇XY 〉 − Y 〈grad a, X〉 + 〈grad a,∇Y X〉
= XY a− Y Xa − grad a〈∇XY −∇Y X〉 = ([X, Y ]− (∇XY −∇Y X))a = 0.

(This is, of course, true for any function a and expresses the symmetry of the
Hessian.) So, since βW = grad a,

0 = 〈∇X(βW ), Y 〉 − 〈∇Y (βW ), X〉
= Xβ〈W, Y 〉+ β〈ϕAX, Y 〉 − Y β〈W, X〉 − β〈ϕAY, X〉
= (Xβ)〈W, Y 〉 − (Y β)〈W, X〉 + β〈(ϕA + Aϕ)X, Y 〉. (2.6)

If we set Y = W in this equation, we get

0 = Xβ − (Wβ)〈W, X〉 + β〈AϕX, W 〉,
where the last term is zero since AW = aW and ϕW = 0. Thus

Xβ = (Wβ)〈W, X〉.
Using this to simplify equation (2.6) and noticing that this is true for all X

proves the lemma. �

Corollary 2.5. Let M2n−1, where n ≥ 2, be a real hypersurface in a complex
space form of constant holomorphic sectional curvature 4c. If ϕA = Aϕ, then
AW = aW . If , in addition, c 6= 0, then a must be constant .

Proof. Start with a = 〈AW, W 〉. Because ϕAW = AϕW = 0, AW lies in the
span of W ; that is, AW = 〈AW, W 〉W = aW . Now suppose that β = Wa 6= 0
at some point. From Lemma 2.4, we have Aϕ = −ϕA = −Aϕ so that Aϕ = 0,
and hence cϕ = 0 by (2.1). If c 6= 0, we have a contradiction. If c = 0, there is
no contradiction, but A must vanish on W⊥ in a neighborhood of the point in
question. �

A cylinder of the form Γ× C n, where Γ is any plane curve other than a circle or
line, shows that a need not be constant when c = 0.
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Corollary 2.6. Let M2n−1, where n ≥ 2, be a real hypersurface in a complex
space form of constant holomorphic sectional curvature 4c. Suppose AW = aW .
If c > 0, then a is constant . If c = 0, then either a is constant or g ≤ 2, where
g is the number of distinct eigenvalues of A.

Proof. By Lemma 2.4, if β 6= 0 at some point, then ϕA + Aϕ = 0 in some
neighborhood of this point, and (2.1) reduces to

ϕA2 + cϕ = 0.

Now, for any eigenvector of A, say X, orthogonal to W , we have

0 = ϕ(A2 + cI)X = ϕ(λ2 + c)X,

where λ is the eigenvalue of A for X. Hence λ2 + c = 0. For c > 0, this is a
contradiction. If c = 0, then λ = 0, and there can be no eigenvalues other than
0 and a. �

To complete the proof of Theorem 2.1, the main result of this section, we must
verify the theorem for the case when c < 0 The purpose of this next series
of lemmas is to compute the explicit form of ∇XA. This is accomplished in
Lemma 2.9. We can then compute (R(X, Y ) · A)Z and use this to prove that
Aϕ+ϕA cannot be zero and hence that Wa = 0. Our proof follows [Ki and Suh
1990].

Lemma 2.7. Let M2n−1, where n ≥ 2, be a real hypersurface in a complex space
form of constant holomorphic sectional curvature 4c. If Aϕ+ϕA = 0, then

(∇XA)AY+A(∇XA)Y = 2aβ〈X, W 〉〈Y, W 〉W
+(a2 +c)(〈ϕAX, Y 〉W +〈Y, W 〉ϕAX), (2.7)

(∇XA)AY−(∇Y A)AX = 2ca〈ϕX, Y 〉W +a2(〈Y, W 〉ϕAX−〈X, W 〉ϕAY ). (2.8)

Proof. First note that Aϕ = −ϕA implies that ϕAW = 0 and hence that W is
principal, so we can write AW = aW . Also, (2.1) simplifies to ϕ(A2 + cI) = 0,
and from this we compute

0 = (∇X(ϕ(A2 + cI)))Y

= (∇Xϕ)(A2 + cI)Y + ϕ(∇XA)AY + ϕA(∇XA)Y. (2.9)

Proposition 1.3 allows us to rewrite the first term, and equation (2.9) becomes

0 = (a2 + c)〈Y, W 〉AX − 〈(A3 + cA)X, Y 〉W + ϕ(∇XA)AY + ϕA(∇XA)Y.

Applying ϕ to this equality gives

ϕ((a2 + c)〈Y, W 〉AX) + ϕ2((∇XA)AY ) + ϕ2(A(∇XA)Y ) = 0. (2.10)

Using (1.6), the second term of (2.10) is

ϕ2(∇XA)AY = −(∇XA)AY + 〈(∇XA)AY, W 〉W.



248 ROSS NIEBERGALL AND PATRICK J. RYAN

From Proposition 1.3 and the fact that ϕA2 = −cϕ, we calculate directly that

〈(∇XA)AY, W 〉 = 〈AY, (Xa)W + (aI −A)ϕAX〉
= aβ〈X, W 〉〈Y, W 〉 + a〈AϕAX, Y 〉 − 〈A2ϕAX, Y 〉
= aβ〈X, W 〉〈Y, W 〉 + ca〈ϕX, Y 〉 + c〈ϕAX, Y 〉.

Again using (1.6), we can rewrite the third term of (2.10) as

ϕ2A(∇XA)Y = −A(∇XA)Y + 〈A(∇XA)Y, W 〉W,

and we can calculate directly that

〈A(∇XA)Y, W 〉 = a〈(∇XA)Y, W 〉aβ〈X, W 〉〈Y, W 〉 + a2〈ϕAX, Y 〉 − ac〈ϕX, Y 〉.
All of the information allows us to rewrite (2.10) as

(∇XA)AY + A(∇XA)Y

= (a2 + c)〈Y, W 〉ϕAX + 2aβ〈X, W 〉〈Y, W 〉W + (a2 + c)〈ϕAX, Y 〉W,

which is equation (2.7). Then, interchanging X and Y in (2.7) and subtracting
gives

(∇XA)AY − (∇Y A)AX + c(〈X, W 〉AϕY − 〈Y, W 〉AϕX + 2a〈X, ϕY 〉W )

= (a2 + c)
(〈Y, W 〉ϕAX − 〈X, W 〉ϕAY + 〈ϕAX, Y 〉W − 〈ϕAY, X〉W )

.

Equation (2.8) results from this. �

Lemma 2.8. Let M be a real hypersurface in a complex space form of constant
holomorphic sectional curvature 4c. If ϕA + Aϕ = 0, then

(∇XA)AY − A(∇XA)Y = (a2 − c)(〈Y, W 〉ϕAX − 〈ϕAX, Y 〉W )

− 2ac(〈W, Y 〉ϕX + 〈W, X〉ϕY + 〈ϕY, X〉W ).

Proof. Taking the inner product of Z with (∇XA)AY and using the Codazzi
equation results in

〈(∇XA)AY, Z〉 = 〈AY, (∇XA)Z〉
= 〈AY, (∇ZA)X〉+ c〈AY, 〈X, W 〉ϕZ −〈Z, W 〉ϕX +2〈X, ϕZ〉W 〉
= 〈AY, (∇ZA)X〉

+ c
(〈X, W 〉〈AϕY, Z〉− 〈Z, W 〉〈AϕX, Y 〉+2a〈W, Y 〉〈X, ϕZ〉).

Reversing X and Y and subtracting the two equations, we get

〈(∇XA)AY, Z〉 − 〈(∇Y A)AX, Z〉 = 〈AY, (∇ZA)X〉 − 〈AX, (∇ZA)Y 〉
+c

(〈X, W 〉〈AϕY, Z〉−〈Y, W 〉〈AϕX, Z〉)+2ac
(〈W, Y 〉〈X, ϕZ〉−〈W, X〉〈Y, ϕZ〉).

Then the coefficient of X on the right hand side is
(∇ZA)AY − A(∇ZA)Y + c(〈AϕY, Z〉W − 〈Y, W 〉AϕZ)

+ 2ac(〈W, Y 〉ϕZ − 〈Y, ϕZ〉W ). (2.11)
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Now consider equation (2.8). If we take the inner product of this equation with
Z, the coefficient of X on the right hand side is

−2ca〈W, Z〉ϕY + a2(〈Y, W 〉ϕAZ − 〈ϕAY, Z〉W ).

Since this represent the same quantity as (2.11), the two expressions can be
equated, and we get

(∇ZA)AY − A(∇ZA)Y = (a2 − c)〈Y, W 〉ϕAZ

− 2ac
(〈W, Y 〉ϕZ + 〈W, Z〉ϕY + 〈ϕY, Z〉W ) − (a2 − c)〈ϕAY, Z〉W.

The statement of the lemma can be obtained by replacing Z with X. �

Lemma 2.9. Let M2n−1, where n ≥ 2, be a real hypersurface in a complex space
form of constant holomorphic sectional curvature 4c 6= 0. If ϕA + Aϕ = 0, then

(∇XA)Y = β〈X, W 〉〈Y, W 〉W +a
(〈X, W 〉ϕAY +〈Y, W 〉ϕAX +〈ϕAX, Y 〉W )

+c
(〈ϕY, X〉W −〈W, Y 〉ϕX

)
.

Proof. Adding the result of Lemma 2.8 to the first equation from Lemma 2.9
we get

(∇XA)AY = aβ〈X, W 〉〈Y, W 〉W + c〈ϕAX, Y 〉W + a2〈Y, W 〉ϕAX

− ac
(〈Y, W 〉ϕX + 〈X, W 〉ϕY + 〈ϕY, X〉W )

. (2.12)

Notice that (A2 + cI)Y = (a2 + c)〈Y, W 〉W , since ϕ(A2 + cI) = 0. Also recall
that AϕA = cϕ. Replacing Y by AY in (2.12) we get

(∇XA)A2Y = a2β〈X, W 〉〈Y, W 〉W + c2〈ϕX, Y 〉W
+ a3〈Y, W 〉ϕAX − a2c〈Y, W 〉ϕX − ac〈X, W 〉ϕAY − ac〈ϕAY, X〉W. (2.13)

On the other hand, by computing it directly we see that

(∇XA)A2Y = −c(∇XA)Y +(a2 + c)〈Y, W 〉(∇XA)W

= −c(∇XA)Y +(a2 + c)β〈Y, W 〉〈X, W 〉W
+ (a2 + c)〈Y, W 〉aϕAX − (a2 + c)c〈Y, W 〉ϕX

= −c(∇XA)Y + a2β〈X, W 〉〈Y, W 〉W + βc〈X, W 〉〈Y, W 〉W
+ a3〈Y, W 〉ϕAX + ac〈Y, W 〉ϕAX − a2c〈Y, W 〉ϕX − c2〈Y, W 〉ϕX.

Now after equating this with (2.13), we can make several cancellations to get

c(∇XA)Y = cβ〈X, W 〉〈Y, W 〉W + ac〈ϕAY, X〉W
+ ac(〈Y, W 〉ϕAX + 〈X, W 〉ϕAY ) − c2〈Y, W 〉ϕX − c2〈ϕX, Y 〉W.

Finally, using the assumption that 4c 6= 0, we obtain the desired conclusion. �
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In this final pair of lemmas we show that if Aϕ + ϕA = 0, then c = 0. This is
accomplished by computing ∑

(R(ei, ϕei) · A)Z,

where {ei} is an orthonormal basis for W⊥, in two different ways. The first way,
described in Lemma 2.10, is to use Lemma 2.9, and compute the sum directly.
The second way, described in Lemma 2.11, uses the Gauss equation.

Lemma 2.10. Let M2n−1, where n ≥ 2, be a real hypersurface in a complex space
form of constant holomorphic sectional curvature 4c 6= 0. Suppose Aϕ + ϕA = 0
and X ∈ W⊥. Then direct calculation of (R(X, ϕX) · A)Z using Lemma 2.9
yields

(R(X, ϕX) · A)Z = c(〈X, Y 〉ϕAX − 〈X, ϕZ〉AX + 〈X, AZ〉ϕX + 〈X, ϕAZ〉X).

Consequently , if {ei} is an orthonormal basis for W⊥, we have∑
(R(ei, ϕei) · A)Z = 4cϕAZ

for all tangent vectors Z.

Proof. We will first calculate ∇X((∇ϕXA)Z), (∇ϕXA)(∇XZ) and (∇∇XϕXA)Z
separately, and then put the pieces together to get the desired results. We will
make the first calculation in detail, and simply state the results for the others.

Direct calculation, using previous results, in particular Lemma 2.9, and re-
peated use of (1.7) and Proposition 1.3 allows us to conclude that

∇X

(
(∇ϕXA)Z

)
= ∇X

(
a(〈Z, W 〉ϕAϕX + 〈ϕAϕX, Z〉W ) + c(〈ϕZ, ϕX〉W − 〈W, Z〉ϕ2X)

)
= a

(〈∇XZ, W 〉AX + 〈Z,∇XW 〉AX + 〈Z, W 〉∇X(AX)

+ 〈∇X(AX), Z〉W + 〈AX,∇XZ〉W + 〈AX, Z〉∇XW
)

+c
(〈∇XX, Z〉W + 〈X,∇XZ〉W + 〈X, Z〉∇XW

+ 〈∇XW, Z〉X + 〈W,∇XZ〉X + 〈W, Z〉∇XX
)
, (2.14)

where we have used (2.2) to dispose of Xa. Then, using the fact that

∇X(AX) = A(∇XX) + (∇XA)X = A(∇XX) + a〈ϕAX, X〉W + c〈ϕX, X〉W,

and noting that 〈ϕX, X〉 = 0, we rewrite (2.14) as

∇X

(
(∇ϕXA)Z

)
= a

(〈∇XZ, W 〉AX+〈Z, ϕAX〉AX+〈Z, W 〉A(∇XX)+a〈ϕAX, X〉〈Z, W 〉W
+〈A(∇XX), Z〉W +a〈ϕAX, X〉〈W, Z〉W +〈AX,∇XZ〉W +〈AX, Z〉ϕAX

)
+c

(〈∇XX, Z〉W +〈X,∇XZ〉W +〈X, Z〉ϕAX

+〈ϕAX, Z〉X+〈W,∇XZ〉X+〈W, Z〉∇XX
)
. (2.15)
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Similar calculations can be performed to compute

(∇ϕXA)(∇XZ) = a
(〈∇XZ, W 〉AX + 〈AX,∇XZ〉W )

+ c
(〈∇XZ, X〉W + 〈W,∇XZ〉X)

, (2.16)

and
(∇∇XϕXA)Z = −β〈AX, X〉〈Z, W 〉W

+ a
(〈Z, W 〉A∇XX − 〈AX, X〉ϕAZ − 〈Z, W 〉〈∇XX, W 〉aW

+〈A∇XX, Z〉W − a〈∇XX, W 〉〈W, Z〉W )
+ c

(〈Z,∇XX〉W − 〈Z, W 〉〈∇XX, W 〉W
+〈W, Z〉∇XX − c〈W, Z〉〈∇XX, W 〉W )

. (2.17)

Now define

N(X, Z) = (∇X∇ϕXA−∇∇XϕXA)Z

= ∇X

(
(∇ϕXA)Z

) − (∇ϕXA)(∇XZ) − (∇∇XϕXA)Z.

Substituting the values from equations (2.15), (2.16), and (2.17), we get

N(X, Z) = β〈AX, X〉〈Z, W 〉W
+ a

(〈Z, ϕAX〉AX + 〈AX, Z〉ϕAX + 〈AX, X〉ϕAZ
)

+ c
(〈X, Z〉ϕAX + 〈ϕAX, Z〉X − 2〈Z, W 〉〈ϕAX, X〉W )

. (2.18)

Also, notice that, since we are assuming that X is orthogonal to W , we have

N(ϕX, Z) = (∇ϕX∇ϕ2XA−∇∇ϕXϕ2XA)Z − (∇X∇ϕXA −∇∇XϕX)Z,

from which we conclude that

(R(X, ϕX) ·A)Z = N(X, Z) + N(ϕX, Z).

Now, by direct calculation using (2.18), we see that

N(ϕX, Z) = −β〈AX, X〉〈Z, W 〉W
+ a

(〈Z, AX〉AϕX + 〈AϕX, Z〉AX − 〈AX, X〉ϕAZ
)

+ c
(〈ϕX, Z〉AX + 〈AX, Z〉ϕX − 2〈Z, W 〉〈X, AϕX〉W )

.

Hence

(R(X, ϕX) · A)Z = c
(〈X, Z〉ϕAX + 〈X, ϕAZ〉X − 〈X, ϕZ〉AX + 〈X, AZ〉ϕX

)
.

Now let {ei} be an orthonormal basis of W⊥. Then∑
(R(ei, ϕei) · A)Z = c

(
ϕAZ + ϕAZ − AϕZ + ϕAZ

)
= 4cϕAZ. �

Lemma 2.11. Under the conditions of Lemma 2.10, the Gauss equation yields∑
(R(ei, ϕei) ·A)Z = −4c(2n + 1)ϕAZ.
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Proof. First look at the calculations for any (1, 1) tensor T , and evaluate

(TX ∧ TϕX)AZ − A(TX ∧ TϕX)Z.

Two of the terms needed in calculating the desired equality are of this form for
various tensors T . Expand this to get

(TX ∧ TϕX)AZ − A(TX ∧ TϕX)Z

= 〈TϕX, AZ〉TX − 〈TX, AZ〉TϕX − 〈TϕX, Z〉ATX + 〈TX, Z〉ATϕX.

Summing this over X = ei, the right side becomes

−T (ϕT ∗AZ) − TϕT ∗AZ + ATϕT ∗Z + ATϕT ∗Z = −2TϕT ∗AZ + 2ATϕT ∗Z,

(2.19)
where T ∗ is the transpose of T . Now we can look at this for specific choices of
T . In the case when T = I, (2.19) becomes

2(Aϕ− ϕA)Z = −4ϕAZ.

When T = A, (2.19) is

−2AϕA2Z + 2A2ϕAZ = −2(AϕA)AZ + 2A(AϕA)Z = −4cϕAZ.

Here we have substituted for AϕA using (2.1). Now

R(ei, ϕei) = Aei ∧Aϕei + c(ei ∧ ϕei + ϕei ∧ ϕ2ei + 2〈ei, ϕ
2ei〉ϕ)

= Aei ∧Aϕei + 2c(ei ∧ ϕei)− 2cϕ.

Summation of the last term in (R(ei, ϕei) · A)Z gives −4c(2n − 2)ϕAZ. Using
this and (2.19) with T = I and T = A, we get∑

(R(ei, ϕei) ·A)Z = −4c(2n + 1)ϕAZ,

which is the claim of the lemma. �

Corollary 2.12. Let M2n−1, n ≥ 2, be a real hypersurface in a complex space
form of constant holomorphic sectional curvature 4c 6= 0. Then Aϕ+ϕA cannot
be identically zero.

Proof. Suppose Aϕ + ϕA = 0. From Lemmas 2.10 and 2.11 we see that for all
tangent vectors Z,

8c(n + 1)ϕAZ = 0.

Therefore, ϕA = 0. This is impossible by Proposition 1.4. �

Now all the ingredients for proving that a is constant have been assembled.

Proof of Theorem 2.1. In view of Corollary 2.12 and Lemma 2.4, we must
have Wa = 0. This implies that grad a = 0 by Lemma 2.2. Thus a is constant.

�
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Lemmas 2.7 and 2.8 are valid for c = 0, and, in fact, ϕA + Aϕ = 0 leads to
no contradiction in this case. However, the only new information that can be
derived from these lemmas is that A(∇XA)Y = 0 when X and Y are in W⊥.
Even this can be deduced more easily by differentiating the identity AY = 0.

We finish this section with two applications that make use of the preceding
material. The first one will be useful for later classifications.

Lemma 2.13. Let M2n−1, where n ≥ 2, be a Hopf hypersurface in a complex
space form of constant holomorphic sectional curvature 4c 6= 0. Then Wm = 0.

Proof. By the Codazzi equation (1.9), we have (∇W A)X = (∇XA)W + cϕX.
Thus

Wm = W (trace A) = trace∇WA = trace{X 7→ a∇XW − A∇XW + cϕX}
= trace(aϕA −AϕA + cϕ) = 0. �

The second application shows that there is a lower bound on the rank of A, even
pointwise.

Proposition 2.14. Let M2n−1, where n ≥ 2, be a hypersurface in a complex
space form of constant holomorphic sectional curvature 4c 6= 0. Then the rank
of the shape operator A is ≥ 2 at some point .

Proof. Suppose that the rank of A is ≤ 1 everywhere. Since M cannot be
umbilic, by Theorem 1.5, there is an open connected set U where the rank is 1.
We restrict our attention to U . Let λ be the nonzero principal curvature with
(one-dimensional) principal subspace Tλ. If X and Y are vector fields in the
principal distribution T0 = ker A = T⊥λ , then Codazzi’s equation gives

c(〈X, W 〉ϕY − 〈Y, W 〉ϕX + 2〈X, ϕY 〉W ) = (∇XA)Y − (∇Y A)X

= −A(∇XY −∇Y X). (2.20)

Clearly the right (and hence the left) side of this equation lies in T⊥0 = Tλ. In
particular, taking the inner product with W yields

3〈X, W 〉〈ϕY, X〉 = 0. (2.21)

If W /∈ Tλ, we can choose X ∈ T0 which is not orthogonal to W . For this X,
we have 〈ϕY, X〉 = 0 for all Y ∈ T0 by (2.21). Thus ϕX ∈ Tλ. At any point
where ϕX = 0, we have X = 〈X, W 〉W by (1.6) so that W ∈ span {X} ⊂ T0. If
ϕX 6= 0, on the other hand, we have

0 = 〈ϕW, X〉 = −〈W, ϕX〉
so that W ∈ T⊥

λ = T0. In either case, we can conclude that AW = 0.
The net result is that either AW ≡ λW or that AW ≡ 0 on U . Thus U is a

Hopf hypersurface and we can apply Corollary 2.3(i). In the first case, we get

−λ

2
AϕX = cϕX
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for any X ∈ T0 = W⊥, which contradicts the fact that the rank is 1. If AW = 0,
on the other hand, we have ϕX ∈ Tλ for any X orthogonal to W in T0. This
comes from setting Y = W in (2.20). Corollary 2.3 then yields cϕX = 0, another
contradiction. �

For other theorems involving lower bounds on the rank, see [Suh 1991].

3. Hypersurfaces in Complex Space Forms

In this section we will describe the standard examples of real hypersurfaces in
spaces of constant holomorphic sectional curvature. We start with real hyper-
surfaces in complex hyperbolic space, and discuss them in detail.

3A. Examples in Complex Hyperbolic Space. We begin with a lemma
that will be useful for discussing the first class of examples, the horospheres.
The proof is a straightforward calculation.

Lemma 3.1. In C
n+1, let p = (1, 1, 0, . . . , 0) and let η = (z0 − z1)p. Then

treating z as the position vector field , we have, for any vector field Z in C n+1,

(i) η = (z0 − z1)p = −F (z, p)p.
(ii) 〈η, z〉 = −|z0 − z1|2 = −|F (z, p)|2.
(iii) 〈η, Z〉 = −Re(F (z, p)F (Z, p)) = 〈DZη, z〉.
(iv) DZη = −F (Z, p)p.
(v) Z〈η, z〉 = 2〈η, Z〉. /

We will use the notation introduced in Section 1. In particular, r is a positive
number and the holomorphic curvature of C Hn is 4c = −4/r2. All of the
examples, both in C Hn and in C P n, are tubes of some sort, and we will use
these descriptive names for the purposes of identification. However, we will not
attempt to justify these names, but refer the reader to [Cecil and Ryan 1982;
Kimura 1986a; Berndt 1989a; 1990] for a full discussion.

The horospheres: Type A0. The first class of examples to be considered
were called “self tubes” by Montiel [1985] and are now called horospheres. They
form a one-parameter family, parametrized by t > 0. Let

M ′ = {z ∈ C n+1 : 〈z, z〉 = −r2, |z0 − z1|2 = t}.
Then the corresponding horosphere is M = πM ′. We now investigate the

geometry of M and its relation to that of M ′.

Lemma 3.2. M ′ is a hypersurface in H . For z ∈ M ′,

TzM
′ = {Z ∈ C n+1 : 〈Z, z〉 = 0, 〈Z, η〉 = 0}.

Proof. First we show that z and η are linearly independent. Both are nonzero,
since 〈η, z〉 = −t 6= 0. However, 〈η, η〉 = Re(F (z, p)F (z, p)F (p, p)) = 0 so z

cannot be a multiple of η.
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The map Φ : C n+1 → R
2, given by Φ(z) = (〈z, z〉, 〈η, z〉) implicitly defines

M ′. That is
M ′ = Φ−1(−r2,−t).

Its rank is 2 since for Z ∈ C n+1, we have Φ∗Z = 0 if and only if Z〈z, z〉 = 0 =
Z〈η, z〉, if and only if 〈z, Z〉 = 0 = 〈η, Z〉. Thus ker Φ∗ = (span{z, η})⊥, which
has dimension 2n.

Let ξ′ = (r/t)η−(1/r)z. Then ξ′ is orthogonal to TzM
′ (since η and z are) and

coefficients have been chosen so that 〈ξ′, z〉 = 0 and 〈ξ′, ξ′〉 = 1. Then {z/r, ξ′}
can be completed to an orthonormal basis for Cn+1 by adding one timelike and
2n− 1 spacelike vectors, so M ′ is a Lorentz hypersurface of H . �

The proof of the next lemma can be verified directly from the definitions, and
the background developed in Section 1.

Lemma 3.3. Let U = −Jξ′ and V = Jz. Then {r−1z, ξ′, r−1V, U = −Jξ′} is
an orthonormal set of vectors with {U, V } in TzM ′ and {z, ξ′} is orthogonal to
TzM

′. The shape operator A′ satisfies A′V = U , A′U = −r−2V + 2r−1U . For
Z ∈ TzM

′ ∩ {U, V }⊥, A′Z = r−1Z. /

We now look at the geometry of M = πM ′ which is a hypersurface in C Hn.
First note that ξ′ is the horizontal lift of the unit normal ξ of M . For W = −Jξ,
we have

∇̃W ξ = π∗(∇̃WLξL) = π∗
( 1

r2
V − 2

r
U

)
= −2

r
W.

For X in W⊥,

∇̃Xξ = π∗(∇̃XLξL) = −1
r
X,

since XL ∈ {U, V }⊥. Thus we have established the following.

Theorem 3.4. The horospheres (Type A0) are hypersurfaces of complex hyper-
bolic space that have two distinct principal curvatures: λ = 1/r of multiplicity
2n− 2, and a = 2/r of multiplicity 1. /

Tubes around complex hyperbolic spaces: Types A1, A2. Such tubes
also form a one-parameter family, parametrized initially by b > 0 and later by
u. Begin by writing C n+1 = C

p+1 × C q+1 where p, q ≥ 0 and p + q = n− 1 > 0.
Let

M ′ = {z = (z1, z2) ∈ C n+1 : F1(z1, z1) = −(b2 + r2), F2(z2, z2) = b2}
where F1 and F2 are the restrictions of F to C p+1 and C q+1 respectively. Then
M ′ is the Cartesian product of an anti–de Sitter space and a sphere whose radii
have been chosen so that M ′ lies in H . Specifically,

M ′2n = H2p+1
1 ((b2 + r2)1/2)× S2q+1(b).

Write b = r sinhu, (b2 + r2)1/2 = r cosh u, λ1 = r−1 tanhu, λ2 = r−1 coth u, and
c = −r−2, so that λ1λ2 +c = 0. These turn out to be principal curvatures of M ′.
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Let ξ′ = −(λ1z1 + λ2z2). Note that we identify z1 and (z1, 0) for convenience of
notation. Similarly for z2. It is easy to check that ξ′ is a unit normal vector for
M ′.

Let V = Jz. Note that V is tangent to M ′ since 〈V, z〉 = 〈Jz, z〉 = 0 and
〈V, ξ′〉 = −〈Jz1 + Jz2, λ1z1 + λ2z2〉 = −(λ1〈Jz1, z1〉+ λ2〈Jz2, z2〉) = 0. Both λ1

and λ2 satisfy the equation

λ2 − αλ +
1
r2

= 0 with α =
2
r

coth 2u.

A routine calculation yields the following two lemmas.

Lemma 3.5. For X tangent to H2p+1
1 , A′X = λ1X. For X tangent to S2q+1 ,

A′X = λ2X. If U = −Jξ′, then A′V = U and A′U = αU − V r−2. /

Lemma 3.6. {z/r, ξ′, V/r, U} is an orthonormal set with ξ′ and U spacelike.
The other two vectors are timelike. /

The hypersurface πM ′ is denoted by M2p+1,2q+1. At a typical point z ∈ M ′, the
horizontal subspace of TzM ′ is the orthogonal direct sum

(span{U})⊕ T1 ⊕ T2,

where
T1 = {Z ∈ TzH2p+1

1 : 〈Z, U〉 = 0, 〈Z, V 〉 = 0},
T2 = {Z ∈ TzS2q+1 : 〈Z, U〉 = 0, 〈Z, V 〉 = 0}.

Note that T1 and T2 are J-invariant. Thus

TπzM2p+1,2q+1 = (span{W})⊕ π∗T1 ⊕ π∗T2.

We calculate the shape operator A using Lemma 1.7.

AW = π∗(A′U)− ε

r2
π∗V = π∗

(
A′U +

1
r2

V
)

= π∗
(
αU − 1

r2
V +

1
r2

V
)

= π∗(αU) = αW.

For X ∈ π∗T1,

AX = π∗
(
A′XL − 〈XL, U〉 ε

r2
V

)
= π∗λ1X

L = λ1X.

Similarly, AX = λ2X for X ∈ π∗T2. When p = 0, M is a geodesic hypersphere
with principal curvatures λ2 (of multiplicity 2n − 2) and α of multiplicity 1.
The radius of the sphere is ru. When q = 0, M is a tube of radius ru over a
complex hyperbolic hyperplane. There are only two principal curvatures λ1 and
α. These are the Type A1 hypersurfaces. The rest are Type A2 and have three
distinct principal curvatures. Again, they are tubes of radius ru about complex
hyperbolic spaces of codimension greater than 1. Summarizing this information,
we have the following results.
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Theorem 3.7. The tubes around complex hyperbolic hyperplanes (Type A1) in
complex hyperbolic space have two distinct principal curvatures: λ1= (1/r) tanhu

of multiplicity 2n− 2 and a = (2/r) coth 2u of multiplicity 1. /

Theorem 3.8. The geodesic spheres (Type A1) in complex hyperbolic space have
two distinct principal curvatures: λ2 = (1/r) coth u of multiplicity 2n − 2 and
a = (2/r) coth 2u of multiplicity 1. /

Theorem 3.9. The Type A2 hypersurfaces in complex hyperbolic space have
three distinct principal curvatures: λ1 = (1/r) tanhu of multiplicity 2p, λ2 =
(1/r) coth u of multiplicity 2q, and a = (2/r) coth 2u of multiplicity 1, where
p > 0, q > 0, and p + q = n− 1. /

Tubes around real hyperbolic space: Type B. Again, these examples form
a one-parameter family. We begin with t > r4 but later find a more convenient
parameter u. Let

M ′ = {z ∈ C n+1 : 〈z, z〉 = −r2, |F (z, z̄)|2 = t}.
Write Q(z) = F (z, z̄) and η = Q(z)z̄.

Lemma 3.10. M ′ is a hypersurface in H . For z ∈ M ′,

TzM
′ = {Z ∈ C n+1 : 〈Z, z〉 = 0, 〈Z, η〉 = 0}.

Proof. First we note that z and η are nonzero. In fact, 〈η, η〉 = |Q(z)|2〈z̄, z̄〉 =
−tr2. Further, they are linearly independent since if η = ρz then −ρr2 = 〈η, z〉 =
ReF (F (z, z̄)z̄, z) = |F (z, z̄)|2 = t. On the other hand, by considering 〈η, η〉, we
have ρ2 = t. Thus tr4 = ρ2r4 = (−ρr2)2 = t2. In other words, t(r4 − t) = 0,
which is a contradiction.

The map Φ : C n+1 → R2, given by Φ(z) = (〈z, z〉, |Q(z)|2) implicitly defines
M ′. That is,

M ′ = Φ−1(−r2, t).

Its rank is 2 since, for Z ∈ C n+1, we have Φ∗Z = 0 if and only if Z〈z, z〉 = 0 =
Z〈η, z〉, if and only if 〈z, Z〉 = 0 = 〈η, Z〉. To see this, note that

Z(F (z, z̄)F (z̄, z)) = (F (Z, z̄) + F (z, Z̄))F (z̄, z) + F (z, z̄)(F (Z̄, z) + F (z̄, Z))

= 2 Re(F (Z, z̄)F (z̄, z)) + 2(ReF (z, Z̄)F (z̄, z))

= 2 ReF (Z, Q(z)z̄) + 2 ReF (Q(z)z, Z̄)

= 4〈Z, Q(z)z̄〉 = 4〈Z, η〉. �

From the lemma we see that η is normal to M ′ but not tangent to H . However,
it is easy to verify that

ξ0 = r2η + tz

satisfies 〈ξ0, z〉 = 0. Furthermore,

F (ξ0, ξ0) = r4〈η, η〉+t2F (z, z)+2r2 ReF (η, tz) = −r6t−t2r2+2t2r2 = r2t(t−r4),
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so that we can define a unit normal ξ′ by

ξ0 = −rt1/2(t− r4)1/2ξ′. (3.1)

We now describe the shape operator A′ of M ′. First let V = Jz as in earlier
examples. Note that V is tangent to M ′ since F (Q(z)z̄, V ) = −iF (Q(z)z̄, z) =
−iQ(z)Q(z) is purely imaginary. Also the vector field U0 = −Jξ0 = −tV − r2Jη

is tangent to M ′ and orthogonal to V . In computing A′, we first work with ξ0

to avoid the normalization factor involved in (3.1).

Lemma 3.11. (i) For Z tangent to M ′, DZξ0 = 2r2F (Z, z̄)z̄ + r2Q(z)Z̄ + tZ.
(ii) In particular , DV ξ0 = −U0.
(iii) DU0ξ0 = (t− r4)(2U0 + tV ).
(iv) There are two n − 1 dimensional subspaces V+ and V−, orthogonal both to
{U, V } and to each other , such that DXξ0 = (t + r2t1/2)X for X ∈ V+, and
DXξ0 = (t− r2t1/2)X for X ∈ V−.

Proof. We compute

DZξ0 = DZ(r2F (z, z̄)z̄) + DZ (tz) = 2r2F (Z, z̄)z̄ + r2F (z, z̄)Z̄ + tZ

= 2r2F (Z, z̄)z̄ + r2Q(z)Z̄ + tZ,

which proves the general formula (i). Now, if Z = V = iz, we get

DV ξ0 = 2r2F (iz, z̄)z̄ + r2Q(z)(−iz̄) + tiz = ir2Q(z)z̄ + tiz = iξ0 = −U0.

For (iii) we compute

DU0ξ0 = 2r2F (U0, z̄)z̄ + r2Q(z)Ū0 + tU0.

It is straightforward to verify that

F (U0, z̄) = −i(t − r4)Q(z)

and that
Q(z)Ū0 = it(r2z + η),

from which it follows by substitution that

DU0ξ0 = (t− r4)(2U0 + tV ).

We now prove (iv). Choose α in the range 0 ≤ α ≤ π/2 and such that Q(z) =
e2iα|Q(z)|. Let X be a totally real tangent vector (that is, X̄ = X). Then
Z = eiαX = cos αX + sin αJX satisfies

DZξ0 = r2Q(z)e−iαX + teiαX = r2Q(z)e−2iαZ + tZ

= (r2|Q(z)|+ t)Z = (t + r2t1/2)Z.

Similarly, if Z = eiαJX = ei(α+π/2)X, then

DZξ0 = r2Q(z)e−iα(−iX) + teiα(iX) = −r2Q(z)e−2iαZ + tZ = (t − r2t1/2)Z.
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Now

V+ = {eiαX : X ∈ TzM
′, X̄ = X, 〈X, U0〉 = 〈X, V 〉 = 0}

and V− = JV+ have the properties stated in (iv). Note that V− is obtained
from “totally imaginary” tangent vectors as follows:

V− = {eiαX : X ∈ TzM ′, X̄ = −X, 〈X, U0〉 = 〈X, V 〉 = 0},

and that J interchanges the two principal spaces V+ and V−. �

Theorem 3.12. The Type B hypersurfaces in complex hyperbolic space have
three principal curvatures, namely , λ1 = (1/r) coth u of multiplicity n− 1, λ2 =
(1/r) tanhu of multiplicity n− 1, and a = (2/r) tanh2u of multiplicity 1. These
curvatures are distinct unless coth u =

√
3, in which case λ1 and a coincide to

make a principal curvature of multiplicity n.

Proof. Taking the normalization factor from (3.1) into account, we get

A′X =
1
r

(t1/2 + r2)
(t − r4)1/2

X = λ1X

for X ∈ V+, and

A′X =
1
r

(t1/2 − r2)
(t − r4)1/2

X = λ2X

for X ∈ V−. (These equations serve to define the principal curvatures λ1 and
λ2.) Also, we get

DU0ξ
′ = −(t − r4)1/2

rt1/2
(2U0 + tV ).

Applying Lemma 1.7, V+ and V− are horizontal subspaces projecting to TπzM

and the principal curvatures are preserved. Also, we get

AW =
(t− r4)1/2

rt1/2
(2W ).

It is easy to verify that λ1λ2 = 1/r2 = −c, so that there is a unique positive
number u satisfying λ1 = (1/r) coth u and λ2 = (1/r) tanhu. A direct calculation
shows that a = (2/r) tanh 2u. �

The Type B hypersurfaces are tubes of radius ru around real hyperbolic space
RHn.

3B. Examples in Complex Projective Space. We now discuss the standard
examples of real hypersurfaces in complex projective space. Since these examples
may be more widely know than those in complex hyperbolic space, and since the
constructions often resemble those in complex hyperbolic space, we will leave
some of the details to the reader. Here r is a positive constant and c = 1/r2.



260 ROSS NIEBERGALL AND PATRICK J. RYAN

Tubes around complex projective spaces: Types A1, A2. Begin by writ-
ing C n+1 = C

p+1 × C
q+1, where p, q ≥ 0 and p + q = n − 1 > 0. Choose b so

that 0 < b < r. Let

M ′ = {z = (z1, z2) ∈ C n+1 : F1(z1, z1) = r2 − b2, F2(z2, z2) = b2},

where F1 and F2 are the restrictions of F to C p+1 and C q+1 respectively. Then
M ′ is the Cartesian product of spheres whose radii have been chosen so that M ′

lies in S2n+1(r). Specifically,

M ′2n = S2p+1
(
(r2 − b2)1/2

)× S2q+1(b).

Write b = r sin u, so (r2−b2)1/2 = r cosu. We can choose u so that 0 < u < π/2.
Write λ1 = −(1/r) tanu and λ2 = (1/r) cotu. Since c = r−2 we have λ1λ2 + c =
0. The numbers λ1 and λ2 turn out to be the principal curvatures of M ′.

The principal curvatures λ1, λ2, and α project as in the hyperbolic case. There
is only one kind of Type A1 hypersurface since tubes over complex projective
hyperplanes are also geodesic spheres. The principal curvatures of one are related
to those of the other by replacing the parameter u by π

2 − u. We summarize as
follows.

Theorem 3.13. The geodesic spheres (Type A1) in complex projective space
have two distinct principal curvatures: λ2 = (1/r) cotu of multiplicity 2n − 2
and a = (2/r) cot 2u of multiplicity 1. /

Theorem 3.14. The Type A2 hypersurfaces in complex projective space have
three distinct principal curvatures: λ1 = −(1/r) tanu of multiplicity 2p, λ2 =
(1/r) cotu of multiplicity 2q, and a = (2/r) cot 2u of multiplicity 1, where p > 0,
q > 0, and p + q = n− 1. /

Tubes around the complex quadric: Type B. Again, such tubes form a
one-parameter family. We begin with t < r4 but later find a more convenient
parameter u. Let

M ′ = {z ∈ C n+1 : 〈z, z〉 = r2, |F (z, z̄)|2 = t}.

Write Q(z) = F (z, z̄) and η = Q(z)z̄. Then we have,

Theorem 3.15. The Type B hypersurfaces in complex projective space have
three distinct principal curvatures: λ1 = −(1/r) cotu of multiplicity n− 1, λ2 =
(1/r) tanu of multiplicity n− 1, and a = (2/r) tan2u of multiplicity 1. /

The Type B hypersurfaces are also tubes over totally geodesic real projective
spaces RP n. The parameter u is chosen so that the tubes have radius ru. Then
the tubes over the complex quadric have radius r(π/4 − u). This is taken into
account in the statement of Theorem 6.1. For more detail—in particular, the
relationship to focal sets—see [Cecil and Ryan 1982].
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Examples with Five Principal Curvatures. There are three additional stan-
dard types of hypersurfaces in C P n and they have five distinct principal curva-
tures. They are listed at the end of Section 3 (page 261), but we will not describe
their construction in detail. However we will list the principal curvatures for fu-
ture reference.

Theorem 3.16. The Type C hypersurfaces in complex projective space have five
distinct principal curvatures,

(i) λ1 = −(1/r) cot u of multiplicity n− 3,
(ii) λ2 = (1/r) cot(π/4− u) of multiplicity 2,
(iii) λ3 = (1/r) cot(π/2 − u) of multiplicity n− 3,
(iv) λ4 = (1/r) cot(3π/4− u) of multiplicity 2,
(v) a = −(2/r) cot 2u of multiplicity 1.

These hypersurfaces occur for n ≥ 5, n odd . /

Theorem 3.17. The Type D hypersurfaces in complex projective space have five
distinct principal curvatures,

(i) λ1 = −(1/r) cot u of multiplicity 4,
(ii) λ2 = (1/r) cot(π/4− u) of multiplicity 4,
(iii) λ3 = (1/r) cot(π/2 − u) of multiplicity 4,
(iv) λ4 = (1/r) cot(3π/4− u) of multiplicity 4,
(v) a = −(2/r) cot 2u of multiplicity 1.

This hypersurface occurs only in C P 9. /

Theorem 3.18. The Type E hypersurfaces in complex projective space have five
distinct principal curvatures,

(i) λ1 = −(1/r) cot u of multiplicity 8,
(ii) λ2 = (1/r) cot(π/4− u) of multiplicity 6,
(iii) λ3 = (1/r) cot(π/2 − u) of multiplicity 8,
(iv) λ4 = (1/r) cot(3π/4− u) of multiplicity 6,
(v) a = −(2/r) cot 2u of multiplicity 1.

This hypersurface occurs only in C P 15. /

3C. Summary: Takagi’s list and Montiel’s list. In this section, we list,
for reference purposes, standard examples of hypersurfaces in complex space
forms. These examples are so prevalent in the subject that they have acquired
a standard nomenclature. In C P n, they divide into five types, A–E, while C Hn

has just two types. Types are further subdivided, e.g., A1, A2. The list is as
follows. In complex projective space, C P n:

(A1) Geodesic spheres.
(A2) Tubes over totally geodesic complex projective spaces C P k, where 1 ≤ k ≤

n− 2.
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(B) Tubes over complex quadrics and RPn.
(C) Tubes over the Segre embedding of C P 1 × C P m where 2m + 1 = n and

n ≥ 5.
(D) Tubes over the Plücker embedding of the complex Grassmann manifoldG2,5.

Occur only for n = 9.
(E) Tubes over the canonical embedding of the Hermitian symmetric space

SO(10)/U(5). Occur only for n = 15.

This list consists precisely of the homogeneous real hypersurfaces in C P n as
determined by Takagi [1973], and is often referred to as “Takagi’s list”. The
list itself with the type names is given in [Takagi 1975a]. In addition, every
Hopf hypersurface with constant principal curvatures is an open subset of one
of these. Many authors contributed to this result, which was completed by M.
Kimura [Kimura 1986a]. In complex hyperbolic space C Hn the list is as follows:

(A0) Horospheres.
(A1) Geodesic spheres and tubes over totally geodesic complex hyperbolic hy-

perplanes.
(A2) Tubes over totally geodesic C Hk, where 1 ≤ k ≤ n− 2.
(B) Tubes over totally real hyperbolic space RHn.

These hypersurfaces are homogeneous, but there is yet no classification theorem
for homogeneous hypersurfaces in C Hn. However, every Hopf hypersurface with
constant principal curvatures must be one of these. This classification was begun
by S. Montiel [1985] (who also described the examples in detail) and completed
by J. Berndt [1989a]. We refer to the list as “Montiel’s list”.

In subsequent sections, we will characterize certain subsets of these lists in
terms of properties of the shape operator, Ricci tensor and other geometric
objects.

4. Restrictions on the Shape Operator and
the Number of Principal Curvatures

We recall that the principal spaces of the Type A hypersurfaces are invariant
by the structure tensor ϕ. One of the first classification theorems in this subject
is that this property is a characterization for Type A hypersurfaces.

Theorem 4.1. Let M2n−1, where n ≥ 2, be a real hypersurface in a complex
space form of constant holomorphic sectional curvature 4c 6= 0. Then ϕA = Aϕ

if and only if M is an open subset of a Type A hypersurface.

As a first step in proving Theorem 4.1, we show that this property is equivalent
to parallelism of the shape operator of the lifted hypersurface M ′.

Lemma 4.2. Under the hypothesis of Theorem 4.1, ϕA = Aϕ if and only if A′

is parallel .
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Proof. If A′ is parallel, then ϕA = Aϕ by Proposition 1.9. Conversely, suppose
ϕA = Aϕ. Then (A2−aA− cI)ϕ = 0 by Lemma 2.2 and Corollary 2.5, so A|W⊥

satisfies the quadratic equation

t2 − at− c = 0. (4.1)

Lifting this condition to M ′ using Lemma 1.7, we see that A′ satisfies (4.1) on
{U, V }⊥. Again using Lemma 1.7, we have

(A′)2U = A′(aU + cV ) = aA′U + cA′V = aA′U + cU

and
(A′)2V = A′U = aU + cV = aA′V + cV.

Applying Lemma 1.10 to A′, we see that A′ is parallel provided that a2 +4c 6= 0.
Suppose now that a2 + 4c = 0. Without loss of generality we can assume that a

is positive so that a = 2/r. Let

P = A′ − 1
2aI = A′ − 1

r
I

so that (4.1) means that P 2 = 0. Note that ∇′A′ = ∇′P and that

ker P = {U, V }⊥ ⊕ span{rU − V } = {rU − V }⊥.

Writing Ū = rU−V and V̄ = rU +V , we have P Ū = 0 and P V̄ = (2/r)Ū . Take
Z ∈ kerP and and differentiate 〈Z, Ū〉 = 0 with respect to an arbitrary tangent
vector X. Using the fact that Ū = −J(rξ + z), we arrive at

〈∇′
XZ, Ū〉 = −r〈Z, JPX〉.

On the other hand,

PX ∈ (kerP ) ∩ (kerP )⊥ = span Ū

so that JPX ∈ span{rξ + z} which is normal to M ′. Thus

〈∇′
XZ, Ū〉 = 0. (4.2)

Now take any tangent vectors X and Y and let Z be in kerP . Then

〈(∇′
XP )Y, Z〉 = 〈∇′

X(PY ), Z〉 = −〈PY,∇′
XZ〉 = 0

since ∇′
XZ ∈ ker P by (4.2). Noting that any expression of the form 〈(∇′

XP )Y, Z〉
is symmetric in its three arguments (by the Codazzi equation), we have shown
that such an expression is zero if any of its three arguments lies in kerP . To
complete the proof that ∇′P = 0, we need only show that 〈(∇′

XP )Y, Z〉 = 0
when X = Y = Z = V̄ . For this Z we have 〈PZ, Z〉 = 2r−2〈Ū , V̄ 〉 = 4r, so that

〈(∇′
ZP )Z, Z〉+ 2〈PZ,∇′

ZZ〉 = 0.

On the other hand, if we differentiate 〈Z, Ū〉, we get

〈∇′
ZZ, Ū〉 = −〈Z,∇′

ZŪ〉 = −〈Z, rDZU −DZV 〉.
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Substituting U = −Jξ and V = Jz, we show that the second argument of the
inner product is −J(r−1V̄ + 2r−1Ū) which is a normal vector to M ′. Thus
〈PZ,∇′

ZZ〉 = 0 and hence 〈(∇′
ZP )Z, Z〉 = 0. This completes the proof that A′

is parallel. �

Sketch of proof of Theorem 4.1. Suppose that ϕA = Aϕ. By Lemma 4.2,
A′ is parallel. It also follows from Lemma 1.10 that a2 + 4c ≥ 0. This is
because n ≥ 2 and the tangent space to M ′ cannot have a timelike subspace of
dimension greater than one. If a2 + 4c > 0, then (4.1) has two distinct roots.
The classification is fairly straightforward in this case. If a2 + 4c = 0, it is a
little more difficult and leads to the horosphere. For details, see [Ryan 1971;
Okumura 1975; Montiel and Romero 1986]. �

There are other characterizations of the Type A hypersurfaces. Theorem 1.8
together with Proposition 1.9 yield the following formula for ∇A.

Theorem 4.3. Let M2n−1, where n ≥ 2, be a real hypersurface in a complex
space form of constant holomorphic sectional curvature 4c 6= 0. Then ϕA = Aϕ

if and only if
(∇XA)Y = −c(〈ϕX, Y 〉W + 〈Y, W 〉ϕX). (4.3)

/

Corollary 4.4. Equality occurs in Theorem 1.11 if and only if M is an open
subset of a Type A hypersurface. /

Theorem 4.1 is due to Okumura [1975] for C P n and to Montiel and Romero
[1986] for C Hn. Theorem 1.11 and Corollary 4.4 were proven by Y. Maeda
[1976] for C P n and by B.-Y. Chen, G. D. Ludden, and Montiel [1984] for C Hn.
Also, a generalization of Theorem 1.11 and Corollary 4.4 to Type B hypersurfaces
can be found in [Ki et al. 1990a]. As we saw in Theorem 1.5, there are no real
hypersurfaces for which A is parallel. A (1, 1) tensor field T is said to be cyclic
parallel if the cyclic sum

〈(∇XT )Y, Z〉 + 〈(∇Y T )Z, X〉 + 〈(∇ZT )X, Y 〉
vanishes for all X, Y , and Z. This provides yet another characterization of the
Type A hypersurfaces. Relevant references are [Chen and Vanhecke 1981; Chen
et al. 1984; Ki 1988; Ki and Kim 1989].

Theorem 4.5. Let M2n−1, where n ≥ 2, be a real hypersurface in a complex
space form of constant holomorphic sectional curvature 4c 6= 0. Then the shape
operator A is cyclic parallel if and only if (4.3) holds.

Proof. First assume (4.3). Then

〈(∇XA)Y, Z〉 = −c(〈ϕX, Y 〉〈W, Z〉 + 〈Y, W 〉〈ϕX, Z〉),
〈(∇Y A)Z, X〉 = −c(〈ϕY, Z〉〈W, X〉 + 〈Z, W 〉〈ϕY, X〉),
〈(∇ZA)X, Y 〉 = −c(〈ϕZ, X〉〈W, Y 〉 + 〈X, W 〉〈ϕZ, Y 〉).
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The right sides sum to zero by skew-symmetry of ϕ. Thus A is cyclic parallel.
Conversely, suppose that A is cyclic parallel. Then we obtain (4.3) by applying

the Codazzi equation twice, as follows:

−〈(∇XA)Y, Z〉 = 〈(∇Y A)Z, X〉 + 〈(∇ZA)X, Y 〉
= 〈Z, (∇Y A)X〉 + 〈(∇ZA)X, Y 〉
= 〈(∇XA)Y, Z〉
− c(〈X, W 〉〈ϕY, Z〉 − 〈Y, W 〉〈ϕX, Z〉 + 2〈X, ϕY 〉〈W, Z〉)
+ 〈(∇ZA)X, Y 〉,

−2〈(∇XA)Y, Z〉 = 〈(∇ZA)X, Y 〉
− c(〈X, W 〉〈ϕY, Z〉 − 〈Y, W 〉〈ϕX, Z〉 + 2〈X, ϕY 〉〈W, Z〉),

−2〈Y, (∇XA)Z〉 = 〈(∇XA)Z, Y 〉
− c(〈X, W 〉〈ϕZ, Y 〉 − 〈Z, W 〉〈ϕX, Y 〉 + 2〈X, ϕZ〉〈W, Y 〉)
− c(〈X, W 〉〈ϕY, Z〉 − 〈Y, W 〉〈ϕX, Z〉 + 2〈X, ϕY 〉〈W, Z〉),

−3〈Y, (∇XA)Z〉 = 3c(〈Y, W 〉〈ϕX, Z〉 + 〈Z, W 〉〈ϕX, Y 〉).
That is,

(∇XA)Y = −c(〈ϕX, Y 〉W + 〈Y, W 〉ϕX). �

Theorem 4.5 is also trivially true when c = 0. In that case, A is cyclic parallel
if and only if ∇A = 0 because of the Codazzi equation. Also, when c = 0, (4.3)
means that ∇A = 0.

The “standard examples” listed in the summary at the end of Section 3 have
constant principal curvatures, and there are classification theorems using this
hypothesis. It is possible to get some results by merely imposing a limit on the
number of distinct principal curvatures. As we noted in Theorem 1.5, there is no
possibility of an umbilic hypersurface. The next two theorems show what can
happen when the number of distinct principal curvatures is 2. For proofs, we
refer to [Cecil and Ryan 1982; Montiel 1985].

Theorem 4.6. Let M2n−1, where n ≥ 3, be a real hypersurface in a complex
space form of constant holomorphic sectional curvature 4c > 0. Suppose that the
number g of distinct principal curvatures is ≤ 2 at each point . Then M is an
open subset of a geodesic hypersphere. /

Theorem 4.7. Let M2n−1, where n ≥ 3, be a real hypersurface in a complex
space form of constant holomorphic sectional curvature 4c < 0. Suppose that the
number g of distinct principal curvatures is ≤ 2 at each point . Then M is an
open subset of one of the following :

(i) a geodesic sphere (Type A1);
(ii) a tube over a complex hyperbolic hyperplane (Type A1);
(iii) a horosphere (Type A0);



266 ROSS NIEBERGALL AND PATRICK J. RYAN

(iv) a tube of radius

r log

(
1 +

√
3√

2

)
=

r

2
log

(
2 +

√
3
)

over a totally real hyperbolic space (Type B). /

Possibility (iv) occurs when u is chosen so that cothu = 2 tanh 2u. One principal
subspace includes W and therefore has dimension n.

Since A cannot be parallel, we look for similar but weaker conditions that can
be satisfied and can serve as characterizing properties. The condition R · A = 0
is sometimes called “semi-parallel”, and has been of interest for hypersurfaces in
real space forms. However, here we find it is also too strong, as is shown by the
next sequence of results.

Lemma 4.8. Let M2n−1, where n ≥ 2, be a real hypersurface in a complex space
form of constant holomorphic sectional curvature 4c 6= 0. Suppose that p is a
point where R · A = 0. If λ and µ are distinct principal curvatures at p, with
associated principal orthonormal vectors X and Y , then

λµ + c
(
1 + 3〈ϕX, Y 〉2) = 0.

Proof. Since A(R(X, Y )Y = R(X, Y )AY = µR(X, Y )Y , we have R(X, Y )Y ∈
Tµ(p) so that 〈R(X, Y )Y, X〉 = 0. On the other hand, by the Gauss equation,

〈R(X, Y )Y, X〉
= (λµ + c) + c〈ϕY, Y 〉〈ϕX, X〉 − c〈ϕX, Y 〉〈ϕY, X〉 + 2c〈X, ϕY 〉〈ϕY, X〉
= λµ + c(1 + 3〈ϕX, Y 〉2). �

Theorem 4.9. Let M2n−1, where n ≥ 2, be a Hopf hypersurface in a complex
space form of constant holomorphic sectional curvature 4c 6= 0. Then R ·A never
vanishes.

Proof. Suppose R · A = 0 at a point p. Take Y = W in Lemma 4.8. This
shows that A = λI on W⊥ where λa + c = 0. In particular, for any X ∈ W⊥,
AX = λX and AϕX = λϕX. By Corollary 2.3, 0 6= λ2 = λa + c = 0, which is a
contradiction. �

Theorem 4.10. Let M2n−1, where n ≥ 3, be a real hypersurface in a complex
space form of constant holomorphic sectional curvature 4c > 0. Then R · A
cannot be identically zero.

Proof. Suppose that R · A = 0. As a result of Lemma 4.8, any two distinct
principal curvatures have opposite signs. Therefore, there can be at most two of
them at each point. Thus M must be an open subset of a geodesic hypersphere
by Theorem 4.6. Since geodesic hyperspheres are Hopf hypersurfaces, this con-
tradicts Theorem 4.9. �
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Theorem 4.10 is due to S. Maeda [1983]. Note that it deals only with the case
c > 0. Also, because of the hypotheses required for Theorem 4.6, the proof only
applies when n ≥ 3. However, there is a direct proof for n = 2, both for positive
and for negative c. For the proof, we refer to [Niebergall and Ryan 1996].

Theorem 4.11. Let M3 be a real hypersurface in a complex space form M̃ of
constant holomorphic sectional curvature 4c 6= 0. Then R·A cannot be identically
zero. /

In the next two theorems, we use the hypothesis of constant principal curvatures.

Theorem 4.12. Let M2n−1, where n ≥ 2, be a real hypersurface in a complex
space form of constant holomorphic sectional curvature 4c > 0. Suppose that
the number of principal curvatures is 3 at each point and that these principal
curvatures are constant . Then M is an open subset of a hypersurface of Type
A2 or Type B . /

It is not known whether a similar theorem holds for complex hyperbolic space.
In order to get further results along this line for either ambient space, we need
to restrict our attention to Hopf hypersurfaces.

Theorem 4.13. Let M2n−1, where n ≥ 2, be a Hopf hypersurface in a complex
space form of constant holomorphic sectional curvature 4c 6= 0. If the principal
curvatures are constants, then M is an open subset of a member of Takagi’s list
or Montiel’s list . /

Theorem 4.12 is due to Takagi for n ≥ 3 and to Q.-M. Wang for n = 2. Theo-
rem 4.13 is due to Kimura for c > 0 and to Berndt for c < 0. Relevant references
are [Takagi 1975a; 1975b; Li 1988; Wang 1983; Kimura 1986a; Berndt 1989a;
1990].

Böning [1995] obtained the following result, which we may regard as a gener-
alization of Theorems 4.5 and 4.6 to the case g = 3. Note that he assumes that
M is Hopf with a2 + 4c 6= 0. He proves that under the stated hypotheses, the
principal curvatures must be constants. Then Theorem 4.13 can be applied. It
is not known whether the hypothesis that a2 + 4c 6= 0 is necessary.

Theorem 4.14. Let M2n−1, where n ≥ 3, be a Hopf hypersurface in a complex
space form of constant holomorphic sectional curvature 4c 6= 0. Suppose that
a2 + 4c 6= 0 and the number of distinct principal curvatures is equal to 3 at each
point . Then M is an open subset of a member of Takagi’s list or Montiel’s list . /

Further results involving assumptions on the principal curvatures may be found
in [Chen 1996; Deshmukh and Al-Gwaiz 1992; Ki and Takagi 1992; Kon 1980;
Xu 1992]. Semi-parallelism and semi-symmetry are also discussed in [Kimura
and Maeda 1993; Vernon 1991]. For extensions in other directions, including the
indefinite case and the case of minimal hypersurfaces, see [Berndt et al. 1995;
Bejancu and Duggal 1993; Garay and Romero 1990; Gotoh 1994; Kim and Pyo
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1991; Maeda 1984; Mart́ınez and Ros 1984; Miquel 1994; Nagai 1995; Shen 1985;
Vernon 1989; Vernon 1987; Udagawa 1987]. The constructions in [Fornari et al.
1993] are also of interest, although their main result is incorrect, as noted in the
errata to that paper.

5. The η-Parallel Condition

It is clear that the behavior of the structure vector W is crucial whenever
we work with real hypersurfaces in complex space forms. The Hopf condition
takes this into account. The next set of conditions we study will also do so.
Specifically, we will take some familiar condition that is too strong to be useful
for classification, and weaken it by only insisting that it apply on the holomorphic
distribution W⊥. We begin with η-parallelism which essentially restricts the
∇A = 0 condition to W⊥.

A (1, 1) tensor T on a hypersurface in a complex space form is said to be
η-parallel if 〈(∇XT )Y, Z〉 = 0 for all X, Y , and Z ∈ W⊥. Further, T is said to
be cyclic η-parallel if the cyclic sum of this same expression vanishes. That is,

〈(∇XT )Y, Z〉 + 〈(∇Y T )Z, X〉 + 〈(∇ZT )X, Y 〉 = 0

for all X, Y , and Z ∈ W⊥.

Lemma 5.1. Let M2n−1, where n ≥ 2, be a Hopf hypersurface in a complex space
form of constant holomorphic sectional curvature 4c 6= 0. Let X be a (smooth)
principal vector field in W⊥ with associated principal curvature λ. Then Wλ = 0.
Further , if A is η-parallel , λ must be constant .

Proof. The Codazzi equation gives

(∇XA)W − (∇W A)X = −cϕX,

which, using the fact that a is constant (Theorem 2.1), can be rewritten as

(aI − A)ϕAX − (Wλ)X − (λI −A)∇W X = −cϕX.

Taking the inner product with X yields Wλ = 0.
Suppose now that A is η-parallel. Then if Y ∈ W⊥, we have

0 = 〈(∇Y A)X, X〉 = (Y λ)〈X, X〉 + 〈(λI −A)∇Y X, X〉 = (Y λ)〈X, X〉,
so Y λ = 0. This proves that λ is constant. �

Lemma 5.2. Let M2n−1, where n ≥ 2, be a Hopf hypersurface in a complex space
form of constant holomorphic sectional curvature 4c 6= 0. If M has η-parallel
shape operator , then its principal curvatures are constant .

Proof. Suppose M has η-parallel shape operator. Let p be a point where
the maximum number of principal curvatures are distinct. The 2n− 1 principal
curvature functions, numbered in nonincreasing order, are continuous. The set U
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of points where they assume the values taken at p is clearly closed by continuity.
On the other hand, p must have a neighborhood where the distinct principal
curvatures have constant multiplicities. Lemma 5.1 shows that these principal
curvatures are constant in such a neighborhood. This shows that the set U is
also open. We conclude that the principal curvatures are constant on M . (We
have implicitly assumed that M is orientable. If not, apply the same argument
to the twofold covering to reach the same conclusion.) �

We make the observation that the expression 〈(∇XA)Y, Z〉 restricted to W⊥ is
symmetric in its three arguments. This is immediate from the Codazzi equation
and the symmetry of A.

Theorem 5.3. Let M2n−1, where n ≥ 2, be a Hopf hypersurface in a complex
space form of constant holomorphic sectional curvature 4c 6= 0. Then M has
η-parallel shape operator if and only if it is an open subset of a Type A or Type
B hypersurface from Takagi’s list or Montiel’s list .

Proof. In light of Theorem 4.13, there are two things to prove. First that every
Type A or Type B hypersurface has η-parallel shape operator, and second, that
hypersurfaces of type C, D, or E do not. The first part is easy. Since M is Hopf,
W⊥ is spanned by principal vector fields locally. Suppose M is a Type A or
Type B hypersurface. Since the number of distinct principal curvatures on W⊥

is 1 or 2, the arguments in any expression of the form 〈(∇XA)Y, Z〉 with X, Y ,
and Z principal vectors in W⊥, can be permuted so that Y and Z belong to the
same principal distribution, say that of λ. Then

〈(∇XA)Y, Z〉 = 〈(λI − A)∇XY, Z〉 = 〈∇XY, (λI − A)Z〉 = 0,

where we have used the fact that λ is constant. We write the second half of the
proof as a separate lemma. �

Lemma 5.4. Hypersurfaces of types C , D , and E in complex projective space
are not η-parallel .

Proof. Denote the four distinct principal curvatures (other than a) by λ, µ,
ρ, and σ, where Tλ and Tµ are ϕ-invariant, while ϕ interchanges Tρ and Tσ .
Assume that A is η-parallel. Choose X ∈ Tλ, Z ∈ Tρ (nonzero vectors) and
compute 〈R(X, ϕX)Z, ϕZ〉 in two ways, once directly and once using the Gauss
equation. This will lead to a contradiction. We first observe that since A is
η-parallel, ∇X takes any principal distribution Tr ⊆ W⊥ into the span of Tr and
W provided that X ∈ W⊥. In the curvature calculation,

〈∇ϕXZ, W 〉 = −〈Z,∇ϕXW 〉 = −〈Z, ϕAϕX〉 = λ〈Z, X〉 = 0.

Therefore, ∇ϕXZ ∈ Tρ and ∇X∇ϕXZ contributes nothing to the curvature since
it has no Tσ component. Similarly∇ϕX∇XZ makes no contribution. Finally, the
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W⊥ component of [X, ϕX] makes no contribution since differentiation in a W⊥

direction takes Z to Tρ. However,

〈[X, ϕX], W 〉 = 〈∇X(ϕX), W 〉 − 〈∇ϕXX, W 〉
= 〈ϕX, ϕAX〉 + 〈X, ϕAϕX〉 = −2λ〈X, X〉.

So far, we have

〈R(X, ϕX)Z, ϕZ〉 = 2λ〈∇W Z, ϕZ〉〈X, X〉.
We now simplify the right side further, as follows:

〈(∇W A)Z, ϕZ〉 = 〈(ρI − A)∇WZ, ϕZ〉 = (ρ− σ)〈∇W Z, ϕZ〉.
Also,

〈(∇ZA)W, ϕZ〉 = 〈(aI −A)∇ZW, ϕZ〉 = (a − σ)〈ϕAZ, ϕZ〉 = (a − σ)ρ〈Z, Z〉.
Now apply the Codazzi equation to get

(ρ− σ)〈∇W Z, ϕZ〉 = ((a− σ)ρ− c)〈Z, Z〉 =
a

2
(ρ− σ)〈Z, Z〉,

the last equality using the relationship between ρ and σ implicit in Corollary 2.3.
Specifically, it is

ρσ =
ρ + σ

2
a + c.

Thus we get
〈R(X, ϕX)Z, ϕZ〉 = λa〈X, X〉〈Z, Z〉.

On the other hand, using the Gauss equation, we obtain

〈R(X, ϕX)Z, ϕZ〉 = −2c〈X, X〉〈Z, Z〉.
Since λa + 2c 6= 0, as can be seen from Corollary 2.3, we have the desired
contradiction. �

Theorem 5.3 was proved by Kimura and S. Maeda [1989] for complex projective
space. They also produced a class of examples which showed that the Hopf
hypothesis is necessary (ruled real hypersurfaces). Suh [1990] extended it to
complex hyperbolic space. In addition, the following characterization [Ki and
Suh 1994] uses a condition that is stronger than η-parallelism. However, it does
not assume that the hypersurface is Hopf, and establishing this is the heart of
the proof.

Theorem 5.5. Let M2n−1, where n ≥ 3, be a real hypersurface in a complex
space form of constant holomorphic sectional curvature 4c 6= 0. Assume that

(∇XA)Y = −c〈ϕX, Y 〉W
and

〈(Aϕ−ϕA)X, Y 〉 = 0



REAL HYPERSURFACES IN COMPLEX SPACE FORMS 271

for all X and Y in W⊥. Then M is an open subset of a Type A hypersurface
from Takagi’s list or Montiel’s list . /

For further results along these lines, see [Hamada 1995; Suh 1995].

6. Conditions on the Ricci Tensor

We recall from Section 1 that the (1, 1) Ricci tensor is denoted by S. A
Riemannian manifold for which S is a constant multiple of the identity is called
an Einstein space. A weaker condition is the Ricci-parallel condition which says
that ∇S = 0. As we shall see, both are too strong to be satisfied by a real
hypersurface. A real hypersurface in a complex space form is said to be pseudo-
Einstein if there are constants ρ and σ such that

SX = ρX + σ〈X, W 〉W (6.1)

for all tangent vectors X. (The terms quasi-Einstein and η-Einstein have also
been used for this notion.) The following theorem classifies pseudo-Einstein
hypersurfaces in C P n, and in fact proves a stronger result, namely that if a con-
dition of the form (6.1) is satisfied, the coefficients are automatically constants.
The proof can be found in [Cecil and Ryan 1982].

Theorem 6.1. Let M2n−1, where n ≥ 3, be a real hypersurface in a complex
space form of constant holomorphic sectional curvature 4c > 0. Suppose that
there are smooth functions ρ and σ such that SX = ρX +σ〈X, W 〉W all tangent
vectors X. Then ρ and σ must be constant and M is an open subset of one of

(i) a geodesic sphere (as in Theorem 3.13),
(ii) a tube of radius ur over a complex projective subspace C P p, with 1 ≤ p ≤

n − 2, 0 < u < π/2, and cot2 u = p/q (notation as in Theorem 3.14 with
λ2

1 = qc/p and λ2
2 = pc/q), or

(iii) a tube of radius ur over a complex quadric Qn−1 where 0 < u < π/4 and
cot2 2u = n− 2 (as in Theorem 3.15). /

Theorem 6.1 was proved by M. Kon [1979] under the assumption that ρ and σ

are constant. For complex hyperbolic space, the analogous theorem was proved
by Montiel [1985].

Theorem 6.2. Let M2n−1, where n ≥ 3, be a real pseudo-Einstein hypersurface
in a complex space form of constant holomorphic sectional curvature 4c < 0.
Then M is an open subset of one of

(i) a geodesic sphere,
(ii) a tube over a complex hyperbolic hyperplane, or
(iii) a horosphere. /

It is not trivial to prove directly that every pseudo-Einstein hypersurface is Hopf,
even though we can observe it from Theorems 6.1 and 6.2, at least for n ≥ 3.
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When σ + 3c 6= 0, there is a straightforward proof, valid for n = 2 as well.
However, if σ + 3c = 0, one essentially has to complete the classification. Since
we have not included proofs of Theorems 6.1 and 6.2, it is worthwhile to present
a few of the basic equations. Using (6.1) and (1.11), we observe that any pseudo-
Einstein hypersurface satisfies

(A2 − mA)X = −(σ + 3c)〈X, W 〉W + ((2n + 1)c− ρ)X.

Further, if the hypersurface is known to be Hopf, then

a2 −ma = −(σ + ρ− 2(n− 1)c)

while on W⊥, any principal curvature λ must satisfy

λ2 − mλ− ((2n + 1)c− ρ) = 0.

In fact, a Hopf hypersurface will be pseudo-Einstein if and only if any two prin-
cipal curvatures λ1 and λ2 on W⊥ satisfy

(λ1 − λ2)(λ1 + λ2 −m) = 0. (6.2)

The reason that hypersurfaces of types A2 and B in C Hn cannot be pseudo-
Einstein is that the necessary condition λ1 + λ2 = m cannot hold when all the
principal curvatures have the same sign, which is the case for C Hn. In C P n,
on the other hand, the signs of λ1 and λ2 differ, so in each family there is a one
choice of radius for which the hypersurface will be pseudo-Einstein.

In the rest of this section we study several conditions that represent ways of
weakening the Ricci-parallel condition ∇S = 0. Surprisingly, many of these turn
out to be equivalent to, or to imply, the pseudo-Einstein condition.

When a hypersurface is pseudo-Einstein, it is easy to check that ∇S satisfies
the identity

(∇XS)Y = σ(〈ϕAX, Y 〉W + 〈Y, W 〉ϕAX), (6.3)

where the constant σ is as in (6.1). We shall now investigate how a condition
of the form of (6.3) restricts a hypersurface. A routine calculation yields the
following information on ∇S.

Proposition 6.3. Let M2n−1, where n ≥ 2, be a real hypersurface in a complex
space form of constant holomorphic sectional curvature 4c 6= 0. If there is a
function κ such that

(∇XS)Y = κ(〈ϕAX, Y 〉W + 〈Y, W 〉ϕAX), (6.4)

then

|∇S|2 = 2κ2(trace A2 − |AW |2). /

We now look at the standard examples in light of the condition (6.4).
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Theorem 6.4. Let M2n−1, where where n ≥ 2, be a member of Takagi’s list
or Montiel’s list satisfying the hypothesis of Proposition 6.3. Then M is pseudo-
Einstein. Specifically it is a Type A0 or A1 hypersurface or one of the Type A2
or B hypersurfaces occurring in case (ii) or (iii) of Theorem 6.1. The latter two
occur only when c > 0 and n ≥ 3.

Proof. We consider first a Type A hypersurface and derive an expression for
∇S. From Theorem 4.1 and formulas (1.10) and (4.3), we calculate

(∇XS)Y = −2c(〈ϕAX, Y 〉W +〈Y, W 〉ϕAX)+c(a−m)(〈ϕX, Y 〉W +〈Y, W 〉ϕX).
(6.5)

This implies

(∇WS)Y = 0,

and hence both sides of (6.4) vanish when X = W . Now suppose that X ∈ W⊥.
If the hypersurface is of type A0 or A1, then m − a = (2n − 2)λ where λ is
the principal curvature for W⊥ so that (6.4) holds with κ = −2nc. However, a
Type A2 hypersurface will have linearly independent values of X corresponding
to distinct principal curvatures. The only way that (6.4) can be satisfied is if
m − a = 0. This occurs for just one choice of radius for each value of p (see
Theorem 3.14), namely the one that makes the hypersurface pseudo-Einstein.
For a Type B hypersurface, we note that the principal curvatures satisfy λ1λ2 =
−c so that neither is zero. If (6.4) holds, then (as we shall see later) so does
(6.7). Hence mλ1 − λ2

1 = mλ2 − λ2
2 which is precisely the condition for M to

be pseudo-Einstein. It will become clear in the proofs of the next few theorems
that hypersurfaces of types C, D, or E cannot satisfy an equation of the form
(6.4). �

Using Proposition 6.3 and the information on the standard examples in Section 3,
we can compute the following information.

Corollary 6.5. For the hypersurfaces of Theorem 6.4, |∇S|2 is equal to

(i) 16n2(n − 1)|c|3 for Type A0,

(ii) 16n2(n− 1)|c|3 tanh2 u for Type A1 with c < 0,

(iii) 16n2(n − 1)|c|3 cot2 u for Type A1 with c > 0,

(iv) 16(n− 1)|c|3 for Type A2,

(v) 16n(n− 1)(2n− 1)2|c|3/(n− 2) for Type B . /

In particular, the value of κ occurring in any equation of the form (6.4) is nonzero
when M is one of the standard examples. Thus:

Corollary 6.6. For the hypersurfaces in Takagi’s and Montiel’s lists, the Ricci
tensor is never parallel , that is, ∇S never vanishes. In particular , none of these
hypersurfaces are Einstein spaces. /



274 ROSS NIEBERGALL AND PATRICK J. RYAN

This also proves, for n ≥ 3, the remark made in the introduction that there
are no Einstein hypersurfaces in C P n or C Hn. This statement is also true for
n = 2. A proof can be found in [Niebergall and Ryan 1996]. As a consequence of
the calculations performed in proving Theorem 6.4, we can make the following
further observation.

Theorem 6.7. The Type A0 and Type A1 hypersurfaces in C P n and C Hn,
where n ≥ 2, satisfy

(∇XS)Y = −2ncλ(〈ϕX, Y 〉W + 〈Y, W 〉ϕX)

where λ is the principal curvature for the principal space W⊥. /

We now look at the converse of formula (6.3). As a first step we show that (6.4)
implies the Hopf condition if κ 6= 0.

Lemma 6.8. Let M2n−1, where n ≥ 2, be a real hypersurface in a complex
space form of constant holomorphic sectional curvature 4c 6= 0. If there is a
nonvanishing function κ satisfying (6.4), then M is a Hopf hypersurface, and
m

2 − trace A2 is constant .

Proof. We first differentiate (1.11) to find the general expression for ∇S in
terms of ∇A to get

(∇XS)Y = −3c(〈Y, ϕAX〉W+〈Y, W 〉ϕAX)+(Xm)AY +m(∇XA)Y −(∇X(A2))Y.

(6.6)
Taking the trace of (6.6) and of (6.4) with respect to Y , we get

m(Xm) + m trace(∇XA) − trace(∇XA2) = 2m(Xm)−X(trace A2)

= X(m2 − trace A2),

and we conclude that m2 − trace A2 is constant.
On the other hand, using the fact that ∇XA2 = (∇XA)A + A∇XA in (6.6),

substituting for (∇XA)Y and (∇XA)AY from the Codazzi equation, and taking
the trace with respect to X gives

−3c〈Y, ϕAW 〉+ 〈gradm, AY 〉 +m(trace(∇Y A))

− trace(∇AY A) − (trace A∇Y A + c〈AϕY, W 〉 + 2c〈AW, ϕY 〉)
= κ〈ϕAW, Y 〉.

This equation simplifies to

κ〈ϕAW, Y 〉 = 1
2
〈grad(m2 − trace A2), Y 〉.

Since the right side vanishes, we must have ϕAW = 0 so that M is a Hopf
hypersurface. �
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Lemma 6.9. Let M2n−1, where n ≥ 2, be a Hopf hypersurface in a complex
space form of constant holomorphic sectional curvature 4c 6= 0. Suppose that
there is a function κ satisfying (6.4). Then either a is zero or m is constant .
Furthermore,

(κ + 3c)ϕAX = ((ma− a2)I − mA + A2)ϕAX (6.7)

for all X ∈ W⊥.

Proof. Combine (6.4) and (6.6) and take the inner product with W . The
resulting equation gives X(am) = 0 and (6.7). �

Lemma 6.10. Let M2n−1, where n ≥ 2, be a Hopf hypersurface in a complex
space form of constant holomorphic sectional curvature 4c 6= 0. Suppose that
there is a function κ such that

(∇XS)Y = κ(〈ϕAX, Y 〉W + 〈Y, W 〉ϕAX).

If a/2 occurs as a principal curvature on W⊥ at every point of M , then c < 0
and M is an open subset of a horosphere.

Proof. To make the argument more general, we first assume only that there is
a point where a/2 occurs as a principal curvature on W⊥ and work at this point.
Then a2 + 4c = 0 by Corollary 2.3 and hence a is not zero. If, in addition, 0 is a
principal curvature, X ∈ T0 implies that AϕX = 1

2aϕX, again by Corollary 2.3.
Substituting ϕX for X in (6.7), we get

κ + 3c = ma− a2.

This reduces (6.7) to
(mA− A2)ϕAX = 0, (6.8)

which holds for all X ∈ W⊥.
Now let V = T0 ⊕ ϕT0 and note that AV ⊆ V. Then Ṽ = (V ⊕ span{W})⊥ is

A-invariant and ϕ-invariant. From (6.8) we see that the only possible principal
curvature on Ṽ has the value m = a/2. Whether Ṽ is the zero subspace or not,
we are led to the absurd conclusion that m = trace A = a + (k− 1)m = (k + 1)m
where k is the rank of A. The result is that if a

2
occurs as a principal curvature

(with principal vector in W⊥) at some point, then 0 is not a principal curvature
at that point.

We now continue to work at a point where a/2 is a principal curvature on
W⊥. Since 0 is not a principal curvature,

(κ + 3c)I = (ma− a2)I − mA + A2.

holds on all of W⊥. The fact that a/2 is a principal curvature allows us to
compute that κ = ma/2. Further, the equation two lines above shows that any
principal curvature not equal to a/2 must be equal to m− a/2.
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Now assume the full hypothesis of the lemma. Recall that a 6= 0 and so m is
constant by Lemma 6.9. If three principal curvatures are distinct at any point,
then there is a neighborhood where they are all distinct, hence constant by the
arguments of the preceding paragraph. Since none of the standard examples with
three distinct principal curvature satisfy a2 + 4c = 0, we have a contradiction in
view of Theorem 4.13. We therefore must have exactly two principal curvatures
at each point, a and a/2. Again by Theorem 4.13, M must be an open subset
of a horosphere. �

Lemma 6.11. Let M2n−1, where n ≥ 2, be a Hopf hypersurface in a complex
space form of constant holomorphic sectional curvature 4c 6= 0. Suppose that
there is a constant κ such that

(∇XS)Y = κ(〈ϕAX, Y 〉W + 〈Y, W 〉ϕAX).

If a/2 does not occur as a principal curvature on W⊥, M is an open subset of
a Type A or Type B hypersurface provided a 6= 0. If n ≥ 3, the same conclusion
holds without the assumption that a 6= 0.

Proof. Choose a point p where the maximum number of principal curvatures
are distinct and work in a neighborhood of that point. Suppose first that 0 occurs
as a principal curvature at p so that AX = 0 for a nonzero X ∈ W⊥. Again
invoking Corollary 2.3, we have that a 6= 0 and −2c/a is also a principal curvature
with principal vector ϕX. Using the fact that 1

2 is not a principal curvature, we
can verify that 0 and −2c/a have equal multiplicities. Formula (6.8) still holds
and arguing as in Lemma 6.10, we find that κ+3c−ma+a2 = 0 and hence that
any further principal curvature λ must satisfy λ = m. In addition, Tλ must be ϕ-
invariant and so m2 = am+c by Corollary 2.3. If all four principal curvatures we
have identified are distinct, then there are also four distinct principal curvatures
at nearby points. The zero principal curvature must remain zero since (6.8)
does not allow for more than two distinct principal curvatures on W⊥. As a
consequence, M has four distinct constant principal curvatures in a neighborhood
of p. This is impossible by Theorem 4.13. There is still the possibility that a = m
or that a = −2c/a so that only three principal curvatures are distinct. In the first
case, m = a must be a principal curvature of the same multiplicity nearby. If the
zero principal curvature were to become nonzero nearby, then (6.8) would imply
that this nonzero value must be equal to m, which will not be true for sufficiently
nearby points. If a = −2c/a, the same argument shows that the zero principal
curvature remains zero nearby. In either case, M has three distinct principal
curvatures, all constant, in a neighborhood of p. Observing that none of the
standard examples has this particular configuration of principal curvatures, we
conclude that 0 cannot occur as a principal curvature on W⊥ at p.

Now that we know that 0 is excluded, there are two possibilities arising from
(6.7). The first is that a 6= 0 in which case m is constant and any principal
curvature on W⊥ satisfies a quadratic equation with constant coefficients in a
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neighborhood of p. Thus, M is locally a Type A or Type B hypersurface. If
a = 0, then m is not automatically constant. However, the quadratic equation
is still satisfied. If only two principal curvatures are distinct at p, then the same
holds in a neighborhood and locally M is one of the standard examples as in
Theorems 4.6 and 4.7 provided that n ≥ 3. On the other hand, if three principal
curvatures are distinct, say 0, λ, and µ, then λ and µ satisfy the quadratic
equation

κ + 3c + mt− t2 = 0.

Noting that a = 0, we observe that λµ = c by Corollary 2.3. Thus κ = −4c. If
the two eigenspaces are ϕ-invariant, then each principal curvature is constant,
again by Corollary 2.3. If not, then λ + µ = m and we get (n − 2)m = 0. Thus
m = 0 and the principal curvatures are constants provided that n ≥ 3. �

We can now state the result that we have been working towards. It determines
the hypersurfaces that can satisfy a condition of the form of (6.4).

Theorem 6.12. Let M2n−1, where n ≥ 3, be a real hypersurface in a complex
space form of constant holomorphic sectional curvature 4c 6= 0. If there is a
nonzero constant κ such that

(∇XS)Y = κ(〈ϕAX, Y 〉W + 〈Y, W 〉ϕAX),

then M is an open subset of a pseudo-Einstein hypersurface as listed in Theo-
rems 6.1 and 6.2.

Proof. From Lemma 6.8, M is a Hopf hypersurface. Suppose there is a point
p where a/2 is not a principal curvature on W⊥. Then Lemma 6.11 shows that
the set where all principal curvatures have the same values as they have at p is
open. Since this set is also closed, M is an open subset of a Type A or Type
B hypersurface. However, as we have seen in Theorem 6.4, a Type A or Type
B hypersurface satisfying the given condition must be pseudo-Einstein. On the
other hand, if no such p exists, the desired conclusion follows from Lemma 6.10.

�

Theorem 6.12 was proved by Kimura [1986b] for the case of C P n. Although
the assumption that n ≥ 3 is implicit in his proof (which relies on [Cecil and
Ryan 1982] to handle the possibility that a = 0), it is omitted from the stated
hypothesis.

The above argument also holds for n = 2, provided that we assume a 6= 0.
We state the result separately as follows.

Theorem 6.13. Let M3 be a real hypersurface in C P 2 or C H2. Suppose that
a = 〈AW, W 〉 6= 0. If there is a nonzero constant κ such that

(∇XS)Y = κ(〈ϕAX, Y 〉W + 〈Y, W 〉ϕAX),

M is an open subset of a hypersurface of type A0 or type A1. /
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The Type A0 and A1 hypersurfaces are also characterized by a refinement of
this condition as follows [Kimura and Maeda 1992; Taniguchi 1994; Choe 1995].

Theorem 6.14. Let M2n−1, where n ≥ 2, be a real hypersurface in a complex
space form of constant holomorphic sectional curvature 4c 6= 0. Then there is a
nonzero constant κ such that

(∇XS)Y = κ(〈ϕX, Y 〉W + 〈Y, W 〉ϕX)

if and only if M is an open subset of a hypersurface of type A0 or type A1. /

If n ≥ 3, one need not specify that κ is constant in Theorem 6.14. If κ is assumed
to be a function, it turns out to be constant. However, κ 6= 0 is essential, although
this hypothesis is missing from [Choe 1995, Theorem 3.2].

We remarked in Corollary 6.6 that none of the standard examples have parallel
Ricci tensor. It follows from Lemmas 6.9 through 6.11 that Hopf hypersurfaces
cannot have parallel Ricci tensor, at least when n ≥ 3. In fact, the following
stronger result is known [Ki 1989]. We will not give the proof here, since it will
be a consequence of Theorem 6.29.

Theorem 6.15. Let M2n−1, where n ≥ 3, be a real hypersurface in a complex
space form of constant holomorphic sectional curvature 4c 6= 0. Then the Ricci
tensor of M cannot be parallel everywhere. /

Ki and Suh [1992] proved yet another characterization of the Type A hyper-
surfaces. Recalling (6.5), which is an expression for ∇S, the following could be
regarded a kind of converse.

Theorem 6.16. Let M2n−1, where n ≥ 3, be a real hypersurface in a complex
space form of constant holomorphic sectional curvature 4c > 0. Suppose that the
mean curvature m = trace A and a = 〈AW, W 〉 are constants. Then

(∇XS)Y = −cm(〈Y, ϕX〉W + 〈Y, W 〉ϕX)

+ c(〈Y, ϕX〉AW + 〈AW, Y 〉ϕX) − 2c(〈Y, W 〉ϕAX + 〈ϕAX, Y 〉W )

if and only if M is a Type A hypersurface from Takagi’s list . /

Kimura and Maeda [1991] investigated the consequences of assuming only that
S is parallel in the direction of the structure vector W . Although we will go into
some detail concerning a similar condition on the shape operator in the next
section, we will merely state their theorem concerning for ∇WS. See [Maeda
1993] for a related result.

Theorem 6.17. Let M2n−1, where n ≥ 2, be a Hopf hypersurface in a complex
space form of constant holomorphic sectional curvature 4c > 0. Assume that
the mean curvature is constant . If ∇WS = 0, then M is an open subset of
a hypersurface from Takagi’s list . There is a restriction on the radii that can
occur . /
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For further results along these lines, see [Cho et al. 1991; Kim 1988b; Maeda
1994].

We now look at a condition analogous to the one characterizing the Type A
hypersurfaces in Theorem 4.1. However, we ask only that ϕ commute with S,
not with A. This condition is significantly weaker as it allows at least some of
each type of homogeneous hypersurface as well as as certain nonhomogeneous
ones. Relevant references are [Aiyama et al. 1990; Ki and Suh 1990; Kimura
1987b]. The original statements have been modified to take certain corrections
into account.

Theorem 6.18. Let M2n−1, where n ≥ 3, be a Hopf hypersurface in a complex
space form of constant holomorphic sectional curvature 4c > 0. If ϕS = Sϕ,
then M is an open subset of a hypersurface from Takagi’s list or a certain non-
homogeneous hypersurface. Although all types A–E occur , there is a restriction
on the radii of the tubes. /

Theorem 6.19. Let M2n−1, where n ≥ 3, be a Hopf hypersurface in a complex
space form of constant holomorphic sectional curvature 4c < 0. If ϕS = Sϕ,
then M is an open subset of a hypersurface of type A from Montiel’s list . /

A Riemannian manifold is said to have harmonic curvature if its Ricci tensor
S is a Codazzi tensor, i.e., (∇XS)Y = (∇Y S)X. Concerning this condition, we
can state the following [Ki 1989; Kwon and Nakagawa 1989a; Kim 1988a].

Theorem 6.20. Let M2n−1, where n ≥ 3, be a Hopf hypersurface in a complex
space form of constant holomorphic sectional curvature 4c 6= 0. Then M cannot
have harmonic curvature, that is, (∇XS)Y −(∇Y S)X cannot vanish identically .

/

Other versions of the harmonicity condition are pursued in [Ki and Nakagawa
1991; Ki et al. 1989; Ki et al. 1990b].

We now proceed to look at further conditions on the ∇S. First of all, it is
possible for S to be cyclic-parallel, but the condition is still a rather strong one
[Kwon and Nakagawa 1988].

Theorem 6.21. Let M2n−1, where n ≥ 2, be a real hypersurface in a complex
space form of constant holomorphic sectional curvature 4c > 0. If the Ricci
tensor S is cyclic parallel , then M is an open subset of a hypersurface from
Takagi’s list . There is a restriction on the radii that can occur . /

As long as we assume the Hopf condition, η-parallelism of S turns out to be
strong enough to characterize Type A and Type B hypersurfaces. Suh [1990]
proved the following theorem.

Theorem 6.22. Let M2n−1, where n ≥ 2, be a Hopf hypersurface in a complex
space form of constant holomorphic sectional curvature 4c 6= 0. Then M has
η-parallel Ricci tensor if and only if it is an open subset of a Type A or Type B
hypersurface from Takagi’s list or Montiel’s list . /
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For n ≥ 3, the same conclusion was obtained by J.-H. Kwon and H. Nakagawa
[1989b] under a weaker assumption. We will present a full account of their result,
organized as a sequence of lemmas preceded by a statement of the theorem and
the core of the proof.

Theorem 6.23. Let M2n−1, where n ≥ 3, be a Hopf hypersurface in a complex
space form of constant holomorphic sectional curvature 4c 6= 0. Then the Ricci
tensor of M is cyclic η-parallel if and only if M is an open subset of a Type A
or Type B hypersurface from Takagi’s list or Montiel’s list .

Proof. Suppose that S is cyclic η-parallel. Let p be a point where the maximum
number of principal curvatures are distinct. Let V be a neighborhood of p where
we can find an orthonormal basis of principal vectors. Then Lemma 6.27 (to be
proved below) shows that m is constant. For any two distinct principal curvatures
λ and µ, we have from Lemma 6.26 below that

(2λ− m)Xλ = (2λ + 4µ− 3m)Xµ = 0,

where X is the principal vector corresponding to λ. Let U = {x ∈ V : 2λ 6= m}.
Then Xλ = 0 on Ū . For any point in the complement of Ū , if Xλ 6= 0, then
2λ = m in a neighborhood of this point, which contradicts the fact that Xm = 0.
We conclude that Xλ = 0 on all of V. Similarly, we see that Xµ = 0 on the
closure of the set where 2λ + 4µ − 3m 6= 0. On the complement, however, we
have 4µ = 3m− 2λ. By the same argument as before, we see that Xµ = 0 there
as well. We have shown that every principal curvature function is constant along
every direction in W⊥. By Lemma 5.1, it is also constant in the W direction.
We conclude that V has constant principal curvatures. By Theorem 4.13, it is
an open subset of a member of Takagi’s list or Montiel’s list.

It remains to check which of the standard examples actually have cyclic η-
parallel Ricci tensor. This is covered in the next theorem, Theorem 6.24. To
complete the proof, observe that the set of points where the principal curvatures
match their values at p is open since any such point will be a point where
the maximum number of principal curvatures are distinct. Also, it will have a
neighborhood where the principal curvatures are constant. On the other hand,
such a set is closed by continuity. �

Theorem 6.24. Let M2n−1, where n ≥ 2, be a member of Takagi’s list or
Montiel’s list . Then the Ricci tensor is cyclic η-parallel if and only if the shape
operator is η-parallel ; that is if M is of type A or type B .

Proof. Lemma 6.25 below shows that in the case of the standard examples,
the cyclic sum of the expression 〈(∇XS)Y, Z〉 over principal vectors X, Y , and
Z in W⊥ is equal to

(2(λ + µ + σ) − 3m)〈(∇XA)Y, Z〉,
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where λ, µ, and σ are the respective principal curvatures. Thus a hypersurface
with η-parallel shape operator will have an η-parallel Ricci tensor. In view of
Theorem 5.3, it remains to show that hypersurfaces of types C, D, and E in C P n

do not have η-parallel Ricci tensor.
Let M be a hypersurface of type C, D, or E. Assume that the Ricci tensor

is cyclic η-parallel. Pick any three of the four principal curvatures whose prin-
cipal spaces lie in W⊥. Call them λ, µ, and σ. See Theorems 3.16 to 3.18
for the values. For a particular type (say type C), note that the expression
2(λ+µ+σ)− 3m varies continuously with u so that among all the hypersurfaces
in the one-parameter family, only a finite number will give a value of zero for this
expression. Thus, except for a finite number of values of u, the corresponding
expression involving ∇A will vanish. This holds for any combination of three
distinct principal curvatures and corresponding principal vectors. By continuity,
it holds for all values of u as well. On the other hand, the argument given in the
proof of Theorem 5.3 takes care of the case of vectors which do not belong to
distinct principal spaces. The net result is that 〈(∇XA)Y, Z〉 = 0 on W⊥. Since
this contradicts Theorem 5.3, we must conclude that no hypersurface of type C,
D, or E can have cyclic η-parallel Ricci tensor. �

Lemma 6.25. Let M2n−1, where n ≥ 2, be a Hopf hypersurface in a complex
space form of constant holomorphic sectional curvature 4c 6= 0. Then the cyclic
sum of the expression 〈(∇XS)Y, Z〉 over principal vectors X, Y , and Z in W⊥

is equal to

(2(λ+µ+σ)−3m)(〈(∇X A)Y, Z〉−(λ(Zm)〈X, Y 〉+µ(Xm)〈Y, Z〉+σ(Y m)〈Z, X〉)),
where λ, µ, and σ are the respective principal curvatures. /

Lemma 6.26. Let M2n−1, where n ≥ 2, be a Hopf hypersurface in a complex
space form of constant holomorphic sectional curvature 4c 6= 0. Suppose that the
Ricci tensor S is cyclic η-parallel . Suppose that X and Y are smooth orthonormal
principal vector fields in W⊥ with corresponding principal curvatures λ and µ.
Then

(2λ−m)Xλ = λXm,

(2λ + 4µ− 3m)Xµ = µXm. /

Lemma 6.27. Let M2n−1, where n ≥ 2, be a Hopf hypersurface in a complex
space form of constant holomorphic sectional curvature 4c 6= 0. Suppose that the
Ricci tensor S is cyclic η-parallel . Suppose further that the principal curvatures
have constant multiplicities. Then the mean curvature m is constant .

Proof. First note that Wm = 0 by Lemma 2.13. Because the principal cur-
vatures have constant multiplicities, we can always find a local orthonormal
principal frame when desired. We begin with the case a2 + 4c = 0. Assume that
there is a principal curvature λ 6= a/2 with corresponding unit principal vector
X ∈ W⊥. Set Y = ϕX so that in the notation of Theorem 6.26, µ = a/2. Then
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Xm = 0 by Theorem 6.26. Also Ym = 0 for any Y ∈ Tµ, by the first part of
Theorem 6.26. We conclude that m is constant.

Now consider the case a2 + 4c 6= 0. Then a/2 does not occur as a principal
curvature. Suppose that there is a unit principal vector field X such that Xm 6=
0. Take Y = ϕX and use the setup of Lemma 6.26. A straightforward but
tedious calculation using Corollary 2.3 and Lemma 6.26 yields

f(λ)Xm = 0, (6.9)

where f is the polynomial a0t
4 + a1t

3 + a2t
2 + a3t + a4 whose coefficients are

a0 = 8a,

a1 = −4(a2 + ma− 8c),
a2 = 2(2a3 − ma2 − 4ca− 16mc),
a3 = 2(ma3 + 6ca2 + 10mca + 16c2),
a4 = −2mca2.

If a = 0, then λµ = c by Corollary 2.3 and equation (6.9) reduces to

32cλ(λ2 −mλ + c) = 0.

Direct substitution shows that this equation is also satisfied by µ. Thus λ+µ =
m. Suppose now that ν is a nonzero principal curvature distinct from λ and µ.
Applying Lemma 6.26 again, we get

(2λ + 4ν − 3m)Xν = νXm,

(2λ + 4σ − 3m)Xσ = σXm,

where σ is the principal curvature for ϕ(Tν). Noting that νσ = c, we have

((2λ− 3m)σ + 4c)Xν = cXm,

((2λ− 3m)ν + 4c)Xσ = cXm;

these two equations can be added to yield X(ν + σ) = 1
2
Xm. Recalling that

a = 0, we know that m is the sum of n terms, each of which is either λ + µ or a
term of the form ν + σ. Thus

Xm = kXm +
n− k

2
Xm,

where k is the multiplicity of λ. This implies that n = k = 1, a contradiction.
We conclude that a 6= 0.

Now differentiate f(λ) = 0 with respect to X and use the first equality in the
conclusion of Lemma 6.26 to get

g(λ)Xm = 0,
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where g = b0t
4 + b1t

3 + b2t
2 + b3t + b4 with

b0 = 24a,

b1 = −8(2a2 + ma− 4c),
b2 = 2(6a3 −ma2 + 12ca− 16mc),
b3 = 8c(a2 + 4c),
b4 = 2mca2.

Now f(λ) = 0 and g(λ) = 0 may be regarded as equations in m of degree 1 from
which m can be eliminated to yield a degree 7 polynomial equation in λ with
constant coefficients. Thus λ is constant. In particular, Xλ = 0 and Xµ = 0 so
that Xm = 0 by Lemma 6.26. Again, this is a contradiction. We must conclude
that m is constant. �

Lemma 6.27 is the final ingredient required for the proof of Theorem 6.23. In
view of the argument in the proof of Theorem 6.23, we now see that Lemma 6.27
is true even without the hypothesis of constant multiplicities.

A Riemannian manifold is said to be a Ryan space if R · S = 0. As far as we
can determine, this term (and variations of it) were first used by Ki, Nakagawa,
and Suh [Ki et al. 1990b]. The spaces themselves were introduced in [Ryan 1971;
1972] and independently by R. L. Bishop and S. I. Goldberg [1972], and have been
studied by many authors in the intervening years. Subsequently, the same spaces
have been called Ricci-semisymmetric. See [Deszcz 1992], for example, where the
term is part of a comprehensive naming scheme for a number of conditions, all
related to the notion of pseudosymmetry. We will adopt the terminology used in
the literature being surveyed.

A Riemannian manifold is a cyclic-Ryan space if the cyclic sum over tangent
vectors X, Y , and Z of (R(X, Y ) · S)Z vanishes. A real hypersurface in a
complex space form is said to be pseudo-Ryan if 〈(R(X1 , X2) · S)X3 , X4〉 = 0
provided all Xi lie in W⊥. The Ryan condition is too strong to be satisfied by
a real hypersurface, as we shall see in Theorem 6.29. We discuss the weaker
cyclic-Ryan condition first. The following result was proved in [Ki et al. 1990b].

Theorem 6.28. Let M2n−1, where n ≥ 3, be a real hypersurface in a complex
space form of constant holomorphic sectional curvature 4c 6= 0. If M satisfies
the cyclic-Ryan condition, then M is a Hopf hypersurface.

Proof. Our initial discussion will be valid for any hypersurface in a complex
space form. We begin by applying the Gauss equation and (1.11) to get

R(X, Y )(SZ) =
(
AX ∧AY + c(X ∧ Y + ϕX ∧ ϕY + 2〈X, ϕY 〉ϕ)

)
× (

(2n + 1)cZ − 3c〈Z, W 〉W − PZ
)
,
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where P = A2−(trace A)A = A2−mA. The right side is the sum of the following
terms:

(1) (2n + 1)c2(X ∧ Y )Z,

(2) −3c2(〈Z, W 〉〈Y, W 〉X − 〈Z, W 〉〈X, W 〉Y ),

(3) −c(X ∧ Y )PZ − c(ϕX ∧ ϕY )PZ,

(4) (2n + 1)c2(ϕX ∧ ϕY )Z,

(5) 2(2n + 1)c2〈X, ϕY 〉ϕZ,

(6) −2c〈X, ϕY 〉ϕPZ,

(7) (2n + 1)c(AX ∧AY )Z,

(8) −3c〈Z, W 〉(AX ∧AY )W,

(9) (AX ∧AY )PZ.

Because of the first Bianchi identity, the cyclic sum of (R(X, Y ) · S)Z is equal
to the cyclic sum of R(X, Y )(SZ). We look at the cyclic sums of each of the
terms (1)–(9) above and conclude by straightforward calculation the following
facts. Terms (1) and (2) and the first part of (3) all sum to 0, while cyclic sum
of the remainder of (3) is equal to the cyclic sum of

−c〈(Pϕ + ϕP )Y, Z〉ϕX.

The cyclic sum of (4) and (5) taken together is zero, as is the cyclic sum of (7).
The cyclic sum of (8) is equal to that of

−3c(〈Z, W 〉〈AY, W 〉 − 〈Y, W 〉〈AZ, W 〉)AX.

The cyclic sum of (9) is zero. Here we need to use the fact the P commutes with
A. The results of these observations is that the cyclic sum of (R(X, Y ) · S)Z is
equal to the cyclic sum of

〈(Pϕ+ϕP )Y, Z〉ϕX +2〈X, ϕY 〉ϕPZ +3(〈Z, W 〉〈AY, W 〉−〈Y, W 〉〈AZ, W 〉)AX,

(6.10)
multiplied by −c. Now suppose that the cyclic-Ryan condition holds. Take
X = W and compute the cyclic sum of (6.10) to obtain

0 = 〈ϕPW, Y 〉ϕZ + 〈PϕZ, W 〉ϕY + 2〈Y, ϕZ〉ϕPW

+ 3(〈Z, W 〉〈AY, W 〉 − 〈Y, W 〉〈AZ, W 〉)AW

+ 3(〈W, W 〉〈AZ, W 〉 − 〈Z, W 〉〈AW, W 〉)AY

+ 3(〈Y, W 〉〈AW, W 〉 − 〈W, W 〉〈AY, W 〉)AZ.

(6.11)
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Apply ϕ to the right side of (6.11) and take the trace (as a linear map in Z) to
get

0 = 〈ϕPW, Y 〉(−2n + 3)− 2〈ϕPW, Y 〉
+ 3(〈ϕAW, W 〉〈AY, W 〉 − 〈Y, W 〉〈AϕAW, W 〉)
+ 3(〈AϕAY, W 〉 − 〈ϕAY, W 〉〈AW, W 〉)
+ 3(〈Y, W 〉〈AW, W 〉 − 〈AY, W 〉). (6.12)

Note that 〈AϕAW, W 〉 = 0 and trace(ϕA) = 0, so the equation reduces to

(2n− 1)ϕPW + 3AϕAW = 0. (6.13)

Let U = ϕAW and rewrite (6.12) as

〈AU, Y 〉ϕZ − 〈AU, Z〉ϕY + 2〈Y, ϕZ〉AU

= (2n− 1)
(〈Z, W 〉〈AY, W 〉 − 〈Y, W 〉〈AZ, W 〉)AW

+ (2n− 1)(〈ϕZ, U〉AY − 〈ϕY, U〉AZ), (6.14)

where we have used the fact that (A − aI)W = −ϕU . Upon taking the inner
product with U and using the fact that 〈AW, U〉 = 0, we get

(n − 1)(〈ϕZ, U〉〈AY, U〉 − 〈ϕY, U〉〈AZ, U〉) = 〈Y, ϕZ〉〈AU, U〉. (6.15)

Taking Y = U gives
(n− 2)〈AU, U〉ϕU = 0

and hence 〈AU, U〉 = 0 provided that n ≥ 3. If we put Z = U in (6.14), we get

(2n− 3)〈ϕY, U〉AU − 〈AY, U〉ϕU = 0.

Combining this with (6.15) yields

2(n− 2)〈ϕY, U〉AU = 0,

so that AU must be zero. (Again, we have used the hypothesis that n ≥ 3.)
Then ϕPW = 0 by (6.13) and we can simplify (6.11). Put Z = ϕU in (6.11) to
get

−〈Y, W 〉〈AϕU, W 〉AW + 〈AϕU, W 〉AY + 〈(aI − A)W, Y 〉AϕU = 0.

In other words,

〈U, U〉(〈Y, W 〉AW − AY ) = 〈ϕU, Y 〉AϕU. (6.16)

We intend to show that AW = aW , that is, that U = 0. Suppose then, that
U 6= 0 at some point of M . For the rest of this proof, we work in a neighborhood
where U is nonzero. Let V be the two-dimensional subspace spanned by {W, ϕU}
and let Ū be a unit vector in the direction of ϕU . We see immediately from
(6.16) that AY = 0 for Y orthogonal to V. Thus V is A-invariant, and if we
write AW = aW + bŪ and AŪ = bW + dŪ , a short calculation reveals that
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PX = (b2 − ad)X = pX (say) for X ∈ V. In the cyclic sum of (6.10), substitute
X = ϕU and Y = U , and take Z orthogonal to X, Y , and W to get

p |U |2ϕZ = 0.

So p = 0, and we conclude that P = 0. Now, let X and Y be principal vectors
in V with corresponding principal curvatures λ and µ. Since P = 0, we have
λ2 − mλ = λ2 − (λ + µ)λ = 0 so that λµ = 0. Take µ to be the zero principal
curvature. To see that this leads to a contradiction, take Z ∈ V⊥ and use
Codazzi’s equation to get

−A[Y, Z] = c〈Y, W 〉ϕZ + 2〈Y, ϕZ〉W,

which reduces to
c〈Y, W 〉 |Z|2 = 0

upon taking the inner product with ϕZ. We have to use the fact that A(ϕZ) = 0.
We conclude that 〈Y, W 〉 = 0. This makes Ū and hence W principal, which is a
contradiction. Thus M is a Hopf hypersurface. �

We can use Theorem 6.28 to get a direct proof that Ryan spaces cannot occur
as hypersurfaces when n ≥ 3.

Theorem 6.29. In a complex space form of constant holomorphic sectional
curvature 4c 6= 0, there exists no real hypersurface M2n−1, n ≥ 3, satisfying
R · S = 0. For n = 2, there are no Hopf hypersurfaces satisfying R · S = 0.

Proof. Suppose that M2n−1, where n ≥ 2, satisfies R ·S = 0. The cyclic-Ryan
condition is satisfied so M is Hopf by Theorem 6.28 if n ≥ 3. Otherwise, it
is Hopf by hypothesis. Let X be any principal vector orthogonal to W with
associated principal curvature λ. Evaluating (R(X, W ) · S)W using the Gauss
equation and (1.11), we see that R · S = 0 if and only if

(λa + c)(3c + (λ− a)(m− λ− a)) = 0 (6.17)

for all principal curvatures λ whose principal spaces are in W⊥. If λ and µ are
principal curvatures corresponding to X and ϕX respectively, we also must have

λµ =
λ + µ

2
a + c, (6.18)

by Corollary 2.3. Of the various ways in which these two conditions might be
satisfied, λa + c = µa + c = 0 is impossible since it implies a 6= 0, λ 6= 0, µ 6= 0,
λ = µ, and λ2 = λa + c. On the other hand, if λa + c and µa + c are both
nonzero, then both λ and µ satisfy the quadratic equation

t2 −mt + ma− a2 − 3c = 0. (6.19)

If λ and µ are distinct, any other principal curvature ρ (on W⊥) must satisfy
ρa + c = 0, since it cannot satisfy (6.19). However, given the ϕ-invariance of
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W⊥, and the first remark, there can be no such ρ. Thus λ, µ, and a are the only
principal curvatures.

Suppose that there is a point where two distinct principal curvatures exist as
in (6.18). First check that neither λ nor µ is equal to a/2. With this possibility
eliminated, there is a neighborhood in which m = (n− 1)(λ+ µ)+ a, m = λ+ µ,
and

λµ = ma− a2 − 3c =
ma

2
+ c.

We now calculate that

(2n− 3)a2 + 8(n− 2)c = 0.

If c > 0, this is already a contradiction. If c < 0, we continue, obtaining

λµ =
2n + 1
2n− 3

c.

Since the relevant examples of Hopf hypersurfaces with constant principal curva-
tures have λµ > 0, the situation in this paragraph cannot occur. (The coefficients
of (6.19) are constant since (n − 2)m = −a and a 6= 0 by (6.18).)

A third possibility is that for all points and every principal λa + c = 0 but
µa + c 6= 0. Then µ satisfies (6.19) as does any further principal curvature ν .
In addition, Tν must be ϕ-invariant and ν2 = aν + c. Using (6.18) and (6.19),
respectively, we can compute µ and ν in terms of a and c. If this situation holds
at a point, then it also holds in some neighborhood, which is therefore a Hopf
hypersurface with constant principal curvatures. This is clearly impossible since
none of the standard examples have three distinct principal curvatures on W⊥.
We conclude that no such ν can exist.

The only remaining possibility is that there are two distinct constant principal
curvatures on W⊥,

λ = − c

a
and µ = − ca

a2 + 2c
,

the latter having been calculated from (6.18). Because ϕ interchanges the prin-
cipal subspaces, the only possible candidates among the standard examples are
the Type B hypersurfaces. However, one can check that none of the Type B hy-
persurfaces in fact satisfy (6.17). This concludes the proof that a hypersurface
satisfying the hypothesis cannot exist. �

Theorem 6.29 was proved in [Kimura and Maeda 1989] for c > 0. For any c 6= 0
it can be deduced from the (ii) ⇒ (i) implication of the next theorem (The-
orem 6.30) by checking that none of the pseudo-Einstein hypersurfaces satisfy
R ·S = 0. We do not prove that part of Theorem 6.30 here but refer to [Ki et al.
1990b]. Weakening the condition R · S = 0 in either of two directions, we get
two additional characterizations of the pseudo-Einstein hypersurfaces discussed
in Theorems 6.1 and 6.2. In the first case, we look at the cyclic sum. In the
second case, we restrict the condition to W⊥.
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Theorem 6.30. For a real hypersurface M2n−1, where n ≥ 3, in a complex
space form of constant holomorphic sectional curvature 4c 6= 0, the following
conditions are equivalent :

(i) M satisfies the pseudo-Einstein condition.
(ii) M satisfies the cyclic-Ryan condition.
(iii) M satisfies the pseudo-Ryan condition and is a Hopf hypersurface.

Thus, if M satisfies any of these three conditions, it is one of the hypersurfaces
listed in Theorems 6.1 and 6.2.

The equivalence of (i) and (ii) was established by Ki, Nakagawa, and Suh [Ki
et al. 1990b]. Condition (iii) was studied by S.-B. Lee, N.-G. Kim, and S.-S. Ahn
[Lee et al. 1990] who proved that condition (iii) implies that M is of type A or
B. However, one can check that among these hypersurfaces only pseudo-Einstein
ones actually satisfy (iii). Thus, the three conditions are equivalent.

We will give the proof of the equivalence of (i) and (iii). To simplify the
proof, we set TZ = 〈Z, W 〉W and P = A2 − mA. Then the Ricci tensor S can
be expressed as S = c1I + c2T − P for suitable constants c1 and c2; see (1.11).
It is easy to check that 〈(R(X, Y )T )Z1, Z2〉 = 0 for any X and Y , and for Z1

and Z2 in W⊥. Consequently, for such arguments,

〈(R(X, Y )S)Z1 , Z2〉 = −〈(R(X, Y )P )Z1, Z2〉.
We now give an alternate characterization of pseudo-Ryan hypersurfaces,

which follows immediately from this discussion.

Proposition 6.31. A real hypersurface in a complex space form is pseudo-Ryan
if and only if

〈R(X, Y )PZ1, Z2〉 + 〈R(X, Y )PZ2, Z1〉 = 0 (6.20)

for all X, Y, Z1, Z2 ∈ W⊥. /

Lemma 6.32. Let M2n−1, where n ≥ 2, be a Hopf hypersurface in a complex
space form of constant holomorphic sectional curvature 4c. Suppose that M

satisfies the pseudo-Ryan condition at a point p. Let X and Y be unit principal
vectors in W⊥ at p with AX = λX, AY = µY , PX = αX, and PY = βY .
Then

(α− β)(λµ + 2nc)〈ϕX, Y 〉 = 0

and
(λ − µ)(λ + µ− m)(λµ + 2nc)〈ϕX, Y 〉 = 0.

Proof. From the definition of P , we see that α = λ2 − mλ and β = µ2 − mµ.
Consequently,

α− β = (λ − µ)(λ + µ −m). (6.21)

By Proposition 6.31,
0 = (α− β)〈R(Z1 , Z2)X, Y 〉, (6.22)
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for all Z1, Z2 ∈ W⊥. In particular, using the Gauss equation, we compute

0 = (α− β)〈R(X, Y )Y, X〉
= (α− β)

(
c + λµ + c〈(ϕX ∧ ϕY )Y, X〉 + 2c〈X, ϕY 〉〈ϕY, X〉)

= (α− β)
(
c + λµ + c〈X, ϕY 〉2 + 2c〈X, ϕY 〉2)

= (α− β)
(
c + λµ + 3c〈X, ϕY 〉2). (6.23)

We also conclude that, for any unit vector Z ∈ W⊥,
〈R(ϕZ, Z)X, Y 〉

= c〈(ϕZ ∧ Z)X, Y 〉 + c〈(ϕ2Z ∧ ϕZ)X, Y 〉
+ 2c〈ϕZ, ϕZ〉〈ϕX, Y 〉+ 〈(AϕZ ∧AZ)X, Y 〉

= (2c + λµ)(〈Z, X〉〈ϕZ, Y 〉 − 〈ϕZ, X〉〈Z, Y 〉) + 2c〈ϕX, Y 〉. (6.24)

Unless α = β (in which case, we are finished), the left hand side of (6.24) must
be zero by (6.22). Let Z run through an orthonormal basis of W⊥ and take the
sum, to get

0 = −2(λµ + 2nc)〈X, ϕY 〉,
and the conclusion of the lemma follows by using (6.21). �

Lemma 6.32 does not require that c 6= 0. However, we will have no further use
for the result in the case c = 0.

Corollary 6.33. In Lemma 6.32, suppose that Y = ϕX. If n ≥ 3 and c 6= 0,
then α = β.

Proof. Taking Z = X and Y = ϕX in (6.24) yields λµ + 4c = 0. On the other
hand, Lemma 6.32 gives (α−β)(λµ+2nc) = 0. Subtracting these equations, we
obtain 2c(n− 2)(α− β) = 0, as required. �

Proof that (i) ⇐⇒ (iii) in Theorem 6.30. Assuming (iii), we will prove
that the principal curvatures must be constant. Then Theorem 4.13 limits the
possibilities to those on Takagi’s and Montiel’s lists. Then we can pick from
these lists the examples that actually satisfy the pseudo-Ryan condition.

First suppose that there is a point where P has two or more distinct eigenval-
ues on W⊥. Then, there are orthonormal principal vectors X and Y as in the
hypothesis of Lemma 6.32 with α 6= β. Assuming that neither λ nor µ is equal
to a/2, let AϕX = νϕX. By Corollary 6.33, λ2−mλ = ν2−mν . Also, by (6.23),
λµ + c = νµ + c = 0 since span{Tλ, ϕTλ} and span{Tν , ϕTν} are orthogonal.
Thus λ = ν . This shows that λ (and similarly µ) satisfies the quadratic equation

t2 − at− c = 0. (6.25)

Note that a/2 cannot occur as a principal curvature since an application of
Corollary 2.3 would imply that a2 + 4c = 0 and hence, by (6.25), that λ = a/2.
On the other hand, the argument just completed shows that no further principal
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curvature is possible since it would have to satisfy (6.25). Thus, W⊥ decomposes
into two ϕ-invariant principal subspaces and the associated principal curvatures
are constant. This shows that M is (at least locally) a Type A hypersurface.

The alternative possibility is that P is a multiple of the identity on W⊥. In
other words, for any two principal curvatures λ and µ (corresponding to principal
vectors in W⊥) at any point, we must have

(λ− µ)(λ + µ− m) = 0.

In particular, the number of distinct eigenvalues of A on W⊥ is at most 2.
Suppose that at some point there is a principal curvature λ 6= a/2 with associated
unit principal vector X ∈ W⊥ such that AϕX = µϕX, with µ 6= λ. Then
λ2 − mλ = µ2 − mµ so that λ + µ = m. This shows that there can be no other
principal curvature on W⊥. Each of λ and µ has multiplicity n − 1. Thus, we
have

(n− 1)λ + (n − 1)µ + a = m = λ + µ

and hence,
(n − 2)(λ + µ) + a = 0.

Again by Corollary 2.3,

λµ− (λ + µ)a/2− c = 0,

so that λ and µ satisfy the quadratic equation

t2 +
a

n− 2
t + c − a2

2(n− 2)
= 0.

Again, A has two distinct constant curvatures on W⊥. Because the principal
spaces are interchanged by ϕ, we have locally a Type B hypersurface.

The existence of one point satisfying either of the conditions discussed in
the preceding two paragraphs implies that the condition holds globally. The
remaining possibility is that for all points and all principal curvatures λ 6= a/2 on
W⊥, the principal space Tλ is ϕ-invariant. If there is no such λ, then A = (a/2)I
on W⊥ and our hypersurface is a horosphere (Type A0). Now suppose that there
is at least one such λ. Then there can be at most one other principal curvature
µ. Further, arguing as in the first part of this proof, any such µ satisfies µ 6= a/2.
We can ignore this case since it was covered in the first step of the proof (Type
A2). If there is no such µ, then A = λI on W⊥ and we have a geodesic sphere
or tube over a complex hyperbolic hyperplane (Type A1).

It remains to determine which of the manifolds above actually satisfy the
pseudo-Ryan condition. In this discussion, we look at (6.20) and assume that
the vectors are taken from a principal orthonormal basis that is ϕ-invariant up
to sign. We first note that if M is pseudo-Einstein, then P is a multiple of the
identity on W⊥, so that (iii) is satisfied. Thus all hypersurfaces of types A0 and
A1 are pseudo-Ryan. Now look at the Type A2 hypersurfaces as described in
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Section 3. In (6.20), we may choose Z1 and Z2 in distinct principal distributions
(since the formula clearly holds otherwise). Then (6.20) reduces to

(λ1 − λ2)(λ1 + λ2 −m)〈R(X, Y )Z1 , Z2〉 = 0. (6.26)

If X and Y are in the same principal distribution, we calculate the curvature term
using the Gauss equation (1.8) and find, noting ϕ-invariance, that it vanishes.
Thus, we take X and Z2 to be in the λ1-distribution and Y and Z1 to be principal
for λ2. Now, using the fact that λ1λ2 + c = 0, the Gauss equation for (X, Y )
becomes

R(X, Y ) = c(ϕX ∧ ϕY ) + 2c〈X, ϕY 〉ϕ,

so that the curvature term in (6.26) is c(〈ϕY, Z1〉〈ϕX, Z2〉), which vanishes unless
Z1 = ±ϕY and Z2 = ±ϕX. In this case, however, the curvature term is nonzero
and it is necessary that (λ1−λ2)(λ1 +λ2−m) = 0 in order for M to be pseudo-
Ryan. This is precisely the condition for M to be pseudo-Einstein. We examine
the Type B hypersurfaces in the same way, using the fact that the principal
spaces are interchanged by ϕ and conclude that the only Type B hypersurfaces
satisfying (iii) are the pseudo-Einstein ones.

Conversely, if (i) is assumed, P is a multiple of the identity on W⊥. We can
use (6.21) which is a valid expression for comparing the eigenvalues of P and
does not depend on the pseudo-Ryan condition in the hypothesis of Lemma 6.32.
Because of (6.2), we get α = β in (6.21) as required. �

7. A is W -Parallel

As we have seen, ∇A = 0 is too strong a condition to be satisfied by a
hypersurface in C P n or C Hn. However, if we merely ask that A be parallel in
the direction of the structure vector W , interesting results are possible.

Theorem 7.1. Let M2n−1, where n ≥ 3, be a real hypersurface in a complex
space form of constant holomorphic sectional curvature 4c > 0. Assume that
the principal curvatures of M have constant multiplicities. If ∇WA = 0, then
M is an open subset of a Type A hypersurface from Takagi’s list or is a non-
homogeneous hypersurface which is a tube of radius rπ/4 over a certain Kähler
submanifold of C P n.

This classification was performed by Kimura and Maeda [1991]. The key to the
theorem is the following proposition, which we generalize to the case 4c 6= 0.

Proposition 7.2. Let M2n−1, where n ≥ 2, be a real hypersurface in a complex
space form of constant holomorphic sectional curvature 4c 6= 0. If ∇WA = 0,
then M is a Hopf hypersurface.

The first step in the proof of Proposition 7.2 is to show that under the conditions
of the proposition, AW must be principal.
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Lemma 7.3. Under the assumptions of Proposition 7.2, at any point p ∈ M ,
either AW = 0 or AW is principal . If AW 6= 0 then 〈AW, W 〉 6= 0.

Proof. Let X be any tangent vector field. Applying the Codazzi equation (1.9)
to X and W yields

(∇XA)W = −cϕX,

and consequently

∇X(AW ) = −cϕX + AϕAX. (7.1)

On the other hand, applying the Codazzi equation to any tangent X and Y gives

Aϕ((∇XA)Y − (∇Y A)X) = −c(〈X, W 〉AY − 〈Y, W 〉AX),

and thus

∇X∇Y (AW ) −∇∇XY (AW ) = −c(∇Xϕ)Y + (∇XA)ϕAY + Aϕ(∇XA)Y

+ 〈Y, AW 〉A2X − 〈AX, AY 〉AW.

The curvature tensor R now satisfies

R(X, Y )(AW ) = (∇XA)ϕAY − (∇Y A)ϕAX + 〈Y, AW 〉A2X − 〈X, AW 〉A2Y.

On the other hand, using the Gauss equation, we can calculate that

R(X, Y )(AW ) = c(〈Y, AW 〉X−〈X, AW 〉Y )+(〈AY, AW 〉AX−〈AX, AW 〉AY )

+c(〈ϕY, AW 〉ϕX−〈ϕX, AW 〉ϕY )+2c〈X, ϕY 〉ϕAW.

The last two equations give us two expressions for 〈R(X, Y )AW, W 〉, which we
equate to get

0 = 2(〈Y, AW 〉〈X, A2W 〉 − 〈X, AW 〉〈Y, A2W 〉)
+ 〈W, c〈ϕY, AW 〉ϕX − c〈ϕX, AW 〉ϕY + 2c〈X, ϕY 〉ϕAW 〉.

Since Y was arbitrary, we conclude that

〈A2W, X〉AW = 〈X, AW 〉A2W.

Setting X = W this becomes

|AW |2AW = 〈AW, W 〉A2W. (7.2)

If AW is orthogonal to W , then AW = 0. On the other hand, if AW 6= 0, we
can rewrite (7.2) as

A(AW ) = αAW (7.3)

for some nonzero α, and the conclusion of the lemma then follows. �
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Proof of Proposition 7.2. Suppose that there is a point p where W is not
principal, that is, where ϕAW 6= 0. Work in a neighborhood where this condition
holds. By Lemma 7.3, we know that AW is a principal vector, with principal
curvature

α =
|AW |2
〈AW, W 〉 .

Let a = 〈AW, W 〉, which is nonzero by Lemma 7.3. Then we compute

∇X(A2W ) = (∇XA)AW + A(∇XA)W + A2ϕAX,

∇X(αAW ) = (Xα)AW − cαϕX + αAϕAX.

By (7.3) the left sides of these two equations are equal. Equating the right sides,
taking inner product with Y , and subtracting the same expression with X and
Y interchanged, we get
(Xα)〈AW, Y 〉 − (Y α)〈AW, X〉 = c

(〈X, W 〉〈ϕY, AW 〉
−〈Y, W 〉〈ϕX, AW 〉 + 2〈X, ϕY 〉a)

+ 〈(A2ϕA + AϕA2)X, Y 〉
−c〈(Aϕ + ϕA)X, Y 〉+ 2cα〈ϕX, Y 〉 − 2α〈AϕAX, Y 〉. (7.4)

If we set Y = W in this equality, we get

a(Xα) = Wα〈AW, X〉+ c〈X, ϕAW 〉+ c〈ϕAW, X〉
− 〈AϕA2W, X〉 − 〈A2ϕAW, X〉 + 2α〈AϕAW, X〉.

Consequently,

a(gradα) = (Wα)AW + αAϕAW + 2cϕAW − A2ϕAW. (7.5)

Using (7.5), we can rewrite the left-hand side of (7.4) and let X = AW in (7.4)
to get

1
a
(−α2aAϕAW − 2cαaϕAW + αaA2ϕAW )

= −caϕAW − 2caϕAW − cAϕAW − cαϕAW

+ αA2ϕAW + α2AϕAW + 2cαϕAW − 2α2AϕAW.

Simplifying and noting that c 6= 0, we get

AϕAW = 3(α− a)ϕAW.

This further simplifies (7.5) and we obtain

a gradα = (Wα)AW + (2c− 3(3a− 2α)(a− α))ϕAW. (7.6)

We can also calculate directly that

Xa = 2〈AϕAX, W 〉 = 6(a− α)〈ϕAW, X〉.
Consequently, if we let σ = 6(a− α), we get

grad a = σϕAW (7.7)
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and

gradσ =
6
a
(ρϕAW − (Wα)AW ),

where ρ is a scalar. Next, compute

∇X(grad a) =
6
a
(ρ〈ϕAW, X〉ϕAW − (Wα)〈AW, X〉ϕAW )

+ aσAX − σ〈A2W, X〉W − cσ(−X + 〈X, W 〉W ) + σϕAϕAX,

and then

〈∇X(grad a), Y 〉 = −6
a

((Wα)〈AW, X〉〈ϕAW Y 〉)− σα〈AW, X〉〈W, Y 〉
+ σ〈(ϕA)2X, Y 〉+ terms symmetric in X and Y.

Using the fact that

〈∇X(grad a), Y 〉 = 〈∇Y (grad a), X〉
we see that

0 = −6(Wα)
a

(〈AW, X〉〈ϕAW, Y 〉 − 〈AW, Y 〉〈ϕAW, X〉)
− σα(〈AW, X〉〈W, Y 〉 − 〈AW, Y 〉〈W, X〉) + σ〈((ϕA)2 + (Aϕ)2)X, Y 〉 = 0.

Let Y = W in this equality to get

(Wα)ϕAW = (a− α)(3a− 2α)(AW − aW ).

Taking the inner product of this with ϕAW and AW in turn yields

(Wα) |ϕAW | = 0

and

(3a − 2α)(a− α)2a = 0.

This again allows us to simplify (7.6) to

a gradα = 2cϕAW, (7.8)

while

grad a = −6(a − α)ϕAW.

Now a 6= α, since 0 6= |AW − aW |2 = αa − 2a2 + a2 = (α − a)a, and hence
3a = 2α. Comparing (7.4) and (7.8) now gives

9a2 + 4c = 0.

Thus a is constant and grad a = 0, a contradiction. This completes the proof of
Proposition 7.2 since, by (7.7), W is again principal. �
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Proof of Theorem 7.1. By Proposition 7.2, if ∇WA = 0, then M is a Hopf
hypersurface and we can write AW = aW . By Theorem 3.1, a is constant. We
can then divide the discussion into two cases, a = 0 and a 6= 0.

Suppose that a = 0. Then AϕA = −cϕ, by (7.1). If no principal curvature
is equal to (1/r) cot(π/4) = 1/r, the focal map associated to the principal cur-
vature a has constant rank and M lies on a tube of radius rπ/4 over a complex
submanifold. This is an application of [Cecil and Ryan 1982, Theorem 1, p. 489].
Even if λ = 1/r is a principal curvature of constant multiplicity, we can make
the same claim. In this case, Tλ can be easily seen to be ϕ-invariant. Whether
or not M is a Type A hypersurface (e.g., a geodesic sphere of radius rπ/4) or a
nonhomogeneous hypersurface would depend on whether there were additional
principal curvatures.

In the case a 6= 0, the following theorem of S. Maeda and S. Udagawa [1990]
completes the proof. �

Theorem 7.4. Let M2n−1, where n ≥ 3, be a Hopf hypersurface in a complex
space form of constant holomorphic sectional curvature 4c > 0. Suppose that
a 6= 0. If ∇W A = 0, then M is an open subset of a Type A hypersurface from
Takagi’s list .

Proof. Let X be any principal vector in W⊥ with corresponding principal
curvature λ. By (7.1),

0 = aϕAX + cϕX − AϕAX = aλϕX + cϕX − λAϕX. (7.9)

Thus λAϕX = (λa + c)ϕX. Comparing this with the formula in Corollary 2.3
yields a(λ2 − aλ− c) = 0. This equation has two distinct roots, hence there are
at most two distinct principal curvatures and they are locally constant. Each
principal space is ϕ-invariant, as can be seen from (7.9). This rules out the Type
B hypersurfaces as possibilities and completes the proof. �

Related results are found in [Pyo 1994a; 1994b]. In addition, some authors have
studied similar conditions using Lie derivatives instead of covariant derivatives;
see, for example, [Ki and Suh 1995; Ki et al. 1991; Ki et al. 1992; Ki et al. 1994;
Ki et al. 1996; Kim et al. 1992a; Kimura and Maeda 1995; Pyo and Suh 1995].

8. Additional Topics

In this section we briefly discuss some topics related to the preceding material
that we have not been able to include in this article.

Ruled Real Hypersurfaces. This class of hypersurfaces that does not belong
to our list of “standard examples” but have occurred in some recent classification
results. We introduce their definition and state a few of their properties.

Take a regular curve γ in M̃ (C P n or C Hn) with tangent vector field X. At
each point of γ there is a unique complex projective or hyperbolic hyperplane
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cutting γ so as to be orthogonal not only to X but to JX. The union of
these hyperplanes is called a ruled real hypersurface. It will be an embedded
hypersurface locally although globally it will in general have self-intersections
and singularities.

Theorem 8.1. Ruled real hypersurfaces have the following properties.

(i) The holomorphic distribution W⊥ is integrable.
(ii) The structure vector W is not principal .
(iii) The principal curvatures are not all constant .
(iv) The shape operator has rank 2 and is η-parallel .
(v) The principal space for the zero principal curvature lies in W⊥. /

We will not discuss the related classification results here. Relevant references
are [Kimura 1987a; Kimura and Maeda 1989; Maeda and Udagawa 1990; Suh
1992; 1995; Ahn et al. 1993; Taniguchi 1994; Pyo 1994c; Ki and Kim 1994; Ki
and Suh 1995; 1996].

Isoparametric Hypersurfaces. In real space forms, isoparametric hypersur-
faces are characterized by the fact that all their principal curvatures are constant.
However, there are other equivalent characterizations. In the case of complex
space forms, the analogous properties turn out not to be equivalent.

The following conditions can be considered.

(i) M has constant principal curvatures.
(ii) M is one of a parallel family of hypersurfaces of constant mean curvature.
(iii) M is one of a transnormal system, a system of parallel hypersurfaces with

common normal geodesics.
(iv) The lifted hypersurface M ′ is an isoparametric hypersurface of M̃ ′.

Relevant references are [D’Atri 1979; Bolton 1973; Carter and West 1985; Li
1988; Park 1989; Wang 1982; 1983; 1987]. The new examples in C P n are hyper-
surfaces M whose lifts M ′ are isoparametric but have more than two principal
spaces that are not horizontal. Then the principal curvatures of M are need not
be constant.

Real Hypersurfaces in Quaternionic Projective Space. Several authors
have studied such hypersurfaces. Instead of the structure vector W , there is a
three-dimensional distinguished subspace of the tangent space to be considered.
Many basic questions analogous to those treated in the complex space forms
have been asked and answered. Relevant references are [Berndt 1991; Berndt
and Vanhecke 1992; 1993; Dong 1993; Hamada 1993; Ki et al. 1997; Mart́ınez
1988; Mart́ınez and Pérez 1986; Pak 1977; Pérez 1991; 1992; 1993a; 1993b; 1994;
1996a; 1996b; Pérez and Santos 1985; 1991; 1993; Pérez and Suh 1996a; 1996b].
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9. Conclusion and Open Problems

In the preceding sections we have tried to present in an orderly fashion the
central results concerning real hypersurfaces in C P n and C Hn. Because of the
limitations of time and space, we have had to forego presenting the details of all
the stated theorems, though we have done so for a good proportion of them. Two
facts emerge from our study. First, some results hold for all dimensions n ≥ 2,
while many others require n ≥ 3. Second, many results require the hypersurface
to be a Hopf hypersurface (AW = aW ) while some hold more generally. Some
papers in the literature are vague about which of these conditions are being
assumed, or rely on results that may require stronger hypotheses than those
explicitly presented. We have attempted to be as explicit as possible in our
presentation and in case of ambiguity in the literature have tried to err on the
side of caution in those cases where we did not work through the complete proofs.

The following are questions and problems that appear to us to be open.

Question 9.1. (See Proposition 1.4.) Although ϕA cannot vanish on an open
set, are there examples for which ϕA vanishes at isolated points or on sets of lower
dimension? The same question can be asked about umbilics (see Theorem 1.5)
and the vanishing of ϕA + Aϕ (see Corollary 2.12).

Question 9.2. Do Theorems 4.6 and 4.7 extend to n = 2? Are there hypersur-
faces in C P 2 or C H2 that have ≤ 2 principal curvatures, other than the standard
examples?

Question 9.3. (See Theorems 4.9 and 4.10.) R · A never vanishes for a Hopf
hypersurface. Are there non-Hopf examples for which it does? R · A cannot
vanish on an open set if c > 0. What about c < 0? Any counterexamples would
have to satisfy n ≥ 3 in view of Theorem 4.11.

Question 9.4. (See Theorem 4.12.) A hypersurface in C P n with three principal
curvatures, all constants, must be a Hopf hypersurface, and hence one of the
standard examples. Is the same true for C Hn?

Question 9.5. (See Theorems 6.1 and 6.2.) Classify the pseudo-Einstein hy-
persurfaces in C P 2 and C H2.

Question 9.6. Does Theorem 6.2 still hold if the pseudo-Einstein hypothesis
is relaxed to allow σ and ρ to be functions as is the case in Theorem 6.1?

Question 9.7. (See Corollary 6.5.) Although there are some estimates involving
|∇S| in the literature, there do not seem to be any that are as simple as seen
in Theorem 1.11 for |∇A|. Are there converses for any of the statements in
Corollary 6.5?

Question 9.8. (See Theorem 6.15.) Are there any Ricci-parallel hypersurfaces
in C P 2 or C H2? As we have seen, these could not be Hopf hypersurfaces.
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Question 9.9. Is Theorem 6.17 true for c < 0? (This theorem is concerned
with the condition ∇WS = 0).

Question 9.10. Many results have been proved for n ≥ 3 but questions remain
concerning the case n = 2. For example, Theorems 5.5, 6.18, 6.19, 6.20, 6.21,
6.23, and 6.30 can be considered from this point of view.

Question 9.11. The question of classifying homogeneous real hypersurfaces in
C Hn remains an outstanding open question. See [Berndt 1990].
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[Pérez and Suh 1996b] J. D. Pérez and Y. J. Suh, “Real hypersurfaces of quaternionic
projective space satisfying ∇UiR = 0”, preprint, Kyungpook National University,
1996.

[Pyo 1994a] Y.-S. Pyo, “On real hypersurfaces of type A in a complex space form I”,
Tsukuba J. Math. 18:2 (1994), 483–492.

[Pyo 1994b] Y.-S. Pyo, “On real hypersurfaces of type A in a complex space form II”,
Comm. Korean Math. Soc. 9 (1994), 369–383.

[Pyo 1994c] Y.-S. Pyo, “On ruled real hypersurfaces in a complex space form”, Math.
J. Toyama Univ. 17 (1994), 55–71.

[Pyo and Suh 1995] Y.-S. Pyo and Y. J. Suh, “Characterizations of real hypersurfaces in
complex space forms in terms of curvature tensors”, Tsukuba J. Math. 19:1 (1995),
163–172.

[Ryan 1971] P. J. Ryan, “Hypersurfaces with parallel Ricci tensor”, Osaka J. Math. 8
(1971), 251–259.

[Ryan 1972] P. J. Ryan, “A class of complex hypersurfaces”, Colloq. Math. 26 (1972),
175–182, 385.

[Shen 1985] Y. B. Shen, “On real minimal hypersurfaces in a complex projective space”,
Acta Math. Sinica 28:1 (1985), 85–90.

[Suh 1990] Y. J. Suh, “On real hypersurfaces of a complex space form with η-parallel
Ricci tensor”, Tsukuba J. Math. 14:1 (1990), 27–37.

[Suh 1991] Y. J. Suh, “On type number of real hypersurfaces in P n(C )”, Tsukuba J.
Math. 15:1 (1991), 99–104.

[Suh 1992] Y. J. Suh, “A characterization of ruled real hypersurfaces in Pn(C )”, J.
Korean Math. Soc. 29:2 (1992), 351–359.

[Suh 1995] Y. J. Suh, “Characterizations of real hypersurfaces in complex space forms
in terms of Weingarten map”, Nihonkai Math. J. 6:1 (1995), 63–79.

[Suh and Takagi 1991] Y. J. Suh and R. Takagi, “A rigidity for real hypersurfaces in
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(2) 39:1 (1987), 27–40.

[1991] “Hypersurfaces with harmonic Weyl tensor of a real space form”, J. Korean
Math. Soc. 28:2 (1991), 229–244.

U-Hang Ki and Young Jin Suh

[1990] “On real hypersurfaces of a complex space form”, Math. J. Okayama Univ. 32
(1990), 207–221.

[1994] “On a characterization of real hypersurfaces of type A in a complex space
form”, Canad. Math. Bull. 37:2 (1994), 238–244.

U-Hang Ki and Ryoichi Takagi

[1992] “Real hypersurfaces in Pn(C ) with constant principal curvatures”, Math. J.
Okayama Univ. 34 (1992), 233–240.



MASTER BIBLIOGRAPHY 321

Makoto Kimura

[1986a] “Real hypersurfaces and complex submanifolds in complex projective space”,
Trans. Amer. Math. Soc. 296:1 (1986), 137–149.

[1986b] “Real hypersurfaces of a complex projective space”, Bull. Austral. Math. Soc.
33:3 (1986), 383–387.

[1987a] “Sectional curvatures of holomorphic planes on a real hypersurface in Pn(C )”,
Math. Ann. 276:3 (1987), 487–497.

[1987b] “Some real hypersurfaces of a complex projective space”, Saitama Math. J. 5
(1987), 1–5. Errata in 10 (1992), 33–34.

[1993] “O(p) × O(q)-invariant minimal hypersurfaces in hyperbolic space”, Nihonkai
Math. J. 4:2 (1993), 233–238.

Makoto Kimura and Sadahiro Maeda

[1989] “On real hypersurfaces of a complex projective space”, Math. Z. 202:3 (1989),
299–311.

[1991] “On real hypersurfaces of a complex projective space II”, Tsukuba J. Math.
15:2 (1991), 547–561.

[1993] “On real hypersurfaces of a complex projective space III”, Hokkaido Math. J.
22:1 (1993), 63–78.

Norbert Knarr and Linus Kramer

[1995] “Projective planes and isoparametric hypersurfaces”, Geom. Dedicata 58:2
(1995), 193–202.

Shoshichi Kobayashi

[1967] “Imbeddings of homogeneous spaces with minimum total curvature”, Tôhoku
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[1966] “On the total curvature of surfaces in Euclidean spaces”, Japan. J. Math. 35
(1966), 61–71.



MASTER BIBLIOGRAPHY 329

Tetsuya Ozawa

[1982a] “Curvatures of PL-complexes in RN and tightness”, preprint, 1982.

[1982b] “On tight PL-manifolds”, preprint, 1982.

[1982c] “Relations between tightness and k-tightness for PL-manifolds in Euclidean
spaces”, preprint, 1982.

[1983] “Products of tight continuous functions”, Geom. Dedicata 14:3 (1983), 209–
213.

[1986] “On critical sets of distance functions to a taut submanifold”, Math. Ann.
276:1 (1986), 91–96.

Hideki Ozeki and Masaru Takeuchi

[1975] “On some types of isoparametric hypersurfaces in spheres I”, Tôhoku Math. J.
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[1976] “Krümmungsflächen von isometrischen Immersionen in Räume konstanter
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Math. 54:1-2 (1985), 1–15.

[1985b] “Tight and taut immersions of highly connected manifolds”, pp. 251–254 in
Proceedings of the nineteenth Nordic congress of mathematicians (Reykjav́ık, 1984),
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